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Abstract

Quantum computing takes advantage of inherent properties of quantum mechanics to perform computa-
tions that would be intractable on classical computers. However, current quantum devices are susceptible
to noise, and error correction techniques are needed to make reliable computation possible. With this
thesis, we present contributions along two intrinsically connected research directions. We develop a
quantum algorithm for solving certain nonlinear differential equations, and propose quantum error cor-
rection methods suitable for both near-term noisy intermediate-scale quantum (NISQ) devices and future

fault-tolerant quantum computers.

Our first contribution is a quantum algorithm for the forward scattering transform. This spectral analysis
technique computes scattering data from the initial conditions of nonlinear integrable systems, and is the
first and most computationally demanding step of the inverse scattering transform, a classical method that
decomposes certain nonlinear partial differential equations into sequences of linear steps. Our algorithm
achieves a quadratic speedup in the spatial discretization compared to classical methods. Additionally,
it applies broadly to entire hierarchies of integrable nonlinear equations sharing the same spatial Lax
operator. As a concrete demonstration, we compute the reflection coefficients for the Korteweg-de Vries
equation, a prototypical nonlinear wave equation with applications in fluid mechanics, plasma physics,

and other fields.

Our second contribution is quantum GRAND (Guessing Random Additive Noise Decoding), to our knowl-
edge, the first practical maximum-likelihood decoder for quantum random linear codes. These codes
achieve optimal error correction performance asymptotically, but have historically been impractical be-
cause their lack of algebraic structure prevented the development of efficient decoders. Rather than
relying on code structure, QGRAND exploits noise statistics to identify the most likely error patterns.
We extend QGRAND to the fault-tolerant setting by modeling the full error process during syndrome
extraction, and achieve a threshold error rate of approximately 5.5 x 1073, The techniques we develop
also enable partial error correction matched to available hardware capabilities. These results confirm

theoretically optimal quantum codes as a viable option for fault-tolerant quantum computing.

Keywords: quantum computing, quantum algorithms, nonlinear differential equations, quantum

error correction, fault-tolerant quantum computing
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Resumo

A computacao quantica tira partido de propriedades inerentes a mecanica quintica para realizar com-
putagdes que seriam intrataveis em computadores classicos. No entanto, os dispositivos quanticos atuais
sdo suscetiveis a ruido, e técnicas de correcao de erros sao necessarias para possibilitar computacao fiavel.
Nesta tese, apresentamos contribui¢des em duas dire¢des de investigacdo intrinsecamente ligadas. De-
senvolvemos um algoritmo quéntico para resolver certas equactes diferenciais néo lineares e propomos
métodos de corre¢ao de erros quanticos adequados tanto para dispositivos NISQ (Noisy Intermediate-Scale

Quantum) de curto prazo como para futuros computadores quinticos tolerantes a falhas.

A nossa primeira contribui¢cdo é um algoritmo quéntico para a forward scattering transform. Esta técnica
de andlise espectral calcula a scattering data a partir das condigoes iniciais de sistemas integraveis nao
lineares, e é o primeiro e mais exigente passo computacional da inverse scattering transform, um método
classico que decompoe certas equacoes diferenciais parciais ndo lineares em sequéncias de passos lineares.
O nosso algoritmo alcanca uma aceleracao quadratica na discretizagao espacial comparado com métodos
classicos. Adicionalmente, aplica-se a hierarquias inteiras de equacGes nao lineares integraveis que par-
tilham o mesmo operador de Lax espacial. Como demonstracdo concreta, calculamos os coeficientes
de reflexdo para a equacdo de Korteweg-de Vries, uma equagdo de ondas ndo lineares prototipica com

aplicacoes em mecanica de fluidos, fisica de plasmas e outros campos.

A nossa segunda contribuigdo é o GRAND quéntico (Guessing Random Additive Noise Decoding), tanto
quanto sabemos, o primeiro descodificador pratico de mazimum-Ilikelihood para cédigos lineares aleatérios
quanticos. Estes cédigos atingem um desempenho 6timo de correcao de erros assintoticamente, mas tém
sido historicamente impraticaveis porque a sua falta de estrutura algébrica impediu o desenvolvimento
de descodificadores eficientes. Em vez de depender da estrutura do cédigo, o QGRAND explora as
estatisticas do ruido para identificar os padrbes de erro mais provaveis. Estendemos o QGRAND para o
contexto tolerante a falhas, modelando o processo de erro completo durante a extracdo de sindromes, e
atingimos uma taxa limiar de erro (threshold error rate) de aproximadamente 5,5 x 1073, As técnicas
que desenvolvemos também possibilitam correcao parcial de erros adequada as capacidades do hardware
disponivel. Estes resultados confirmam os cédigos quanticos teoricamente 6timos como uma opcao viavel

para computag¢do quantica tolerante a falhas.

Palavras-chave: computagdo quantica, algoritmos quanticos, equagoes diferenciais nao lineares,

correcdo de erros quanticos, computagdao quantica tolerante a falhas
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27. DOI: 10.1109/TQE.2025.3595778.
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Chapter 1

Introduction

Quantum computing has established itself as one of the most significant technological developments of
this century. Quantum computers rely on fundamental properties of quantum mechanics, such as super-
position, entanglement, and interference, to process information in ways that are inaccessible to classical
systems. It could therefore revolutionize many fields of science and engineering that have traditionally
been limited by classical computation. Nonetheless, for this potential to be realized, several theoretical
and practical challenges must be overcome. In particular, new algorithms and error correction techniques

must be developed that are natively built for this new type of computing device.

Differential equations are at the heart of many problems in physics and mathematics. Unfortunately, for
certain classes of problems, it is intractable to solve them efficiently with classical computers to the desired
precision. Since some problems can be solved more efficiently by quantum than classical computers, there
has been a great deal of interest to determine to what extent these important differential equations can
be mapped to an efficient quantum algorithm that could provide a meaningful speed-up compared to the
classical alternative. However, even if such a mapping could be found, due to the current fragility of
quantum computers, considerably complex error correction techniques would be needed to allow for these
algorithms to actually be implemented and run for extended periods of time. The necessity of better
quantum algorithms and better error correction techniques then brought about the research presented in

this thesis.

The work presented here is structured around two main research directions. On one hand, developing
better quantum algorithms for solving differential equations, especially those that are classically chal-
lenging, such as non-linear partial differential equations. On the other hand, developing better quantum
error correction methods that are suitable for future fault-tolerant quantum computers. We see these
two research directions as being intrinsically connected, and therefore this work as a way of advancing
both our theoretical understanding of quantum algorithms and their possible use cases, and the practical

implementation of these algorithms in physical quantum devices.



1.1 Quantum Computing

Quantum computing takes advantage of inherent properties of quantum mechanics to perform computa-
tions that would be intractable on classical computers. The initial foundations of the field were laid in
the late 20th century with Feynman’s seminal observation that quantum systems can efficiently simulate
other quantum systems. Later, Deutsch established its first theoretical foundations by formalizing the
quantum Turing machine. In the subsequent decades, we have observed remarkable progress in the field,

from novel theoretical insights to experimental demonstrations of quantum computational advantage.

While classical computers rely on bits which can be either 0 or 1, quantum computers use instead quantum
bits (qubits), which can exist in a superposition of both states. A single qubit state is represented as
[¥) = a|0) + B]1), where a, 3 € C are normalized so that |a|? + |32 = 1. This ability of a quantum
state to be in superposition extends to multi-qubit systems, with an n-qubit state being an element of a
2"-dimensional Hilbert space. The exponential scaling of this state space with the number of qubits leads
to the power of quantum computing, by enabling quantum algorithms to explore vastly greater solution

spaces for the same (qu)bit count.

Since quantum mechanics underlies quantum computing, the same mathematical formalism applies.
Quantum states evolve through unitary transformations U € U(2"), thereby preserving the state’s norm
and allowing for reversible computation. Separable qubit systems Ha,Hp,... can be collectively de-
scribed by their tensor product as a combined system H = H4 ® Hp ® .... For composite multi-qubit
systems that cannot be separated, the partial trace operation Trp[pap] can capture subsystem proper-
ties. Quantum measurements are described by positive operator-valued measures (POVMs) and allow
the extraction of classical information from quantum states. If the measured quantum state is in super-
position, this results in wave function collapse, with the state irreversibly becoming one of the particular
basis states, with probability assigned to each basis state given by its amplitude squared. This property,
known as the measurement postulate, introduces notable differences between the way quantum and clas-
sical information is handled, and as a result, care is required when designing quantum algorithms, so that

the output data is extracted in an efficient manner that enables a computational speedup.

Quantum computers benefit from three key quantum mechanical properties that have no classical ana-
logue. First, superposition enables a quantum system of n qubits to represent all 2” computational basis
states simultaneously. Unfortunately, this level of parallelism does not allow directly for a computational
advantage, since the measurement procedure can only extract a limited amount of classical information.
Second, entanglement allows the creation of correlations between qubits that cannot be described through
classical probability distributions. As a result, entangled qubits are better thought of as a single entity,
rather than as a collection of independent states. This property allows quantum algorithms to exploit
global properties of a larger state space. Third, interference allows for the constructive amplification
of computational paths that are desirable, while simultaneously destructively interfering the undesirable
ones. This interference mechanism can then be exploited by quantum algorithms to efficiently extract

informative outputs from exponentially large superpositions.



Quantum algorithms can be described using the framework of quantum circuits. These circuits con-
sist of sequences of quantum gates drawn from a universal gate set, such as {H,T,CNOT}, where H
represents the Hadamard gate, T' the 7/8 phase gate, and CNOT the controlled-NOT gate. The Solovay-
Kitaev theorem [8] guarantees that any unitary transformation can be approximated to precision € using
O(log®(1/€)) gates from a finite universal set, where ¢ < 4, thereby guaranteeing that any arbitrary quan-
tum algorithm can be implemented using low-level gates and bounded overhead. The quantum circuit
framework has become the default method for thinking about and analyzing quantum algorithms, since

it allows them to be described in a modular way, and provides an intuitive form of visualization.

Over the years, various quantum algorithms have been presented for specific problems that demonstrate
exponential speedups over their best known classical counterparts. Shor’s algorithm [9] provides an ex-
ponential speedup for the problem of integer factorization, by taking advantage of the quantum version
of the Fourier transform in order to efficiently find periods in modular exponentiation, a key subroutine
of some factorization techniques. Its complexity scales with O(n?3) for factoring an n-bit integer, notably
more efficient than the best known classical algorithm, with sub-exponential scaling. As a result of this
breakthrough, public key cryptographic systems could potentially be broken by future quantum comput-
ers, and new post-quantum cryptography techniques are being developed that are hoped to be quantum
resilient. Also famous is Grover’s algorithm [10], which provides a quadratic speedup for unstructured
search by finding a marked element among N in O(v/N) queries, vs the classical O(N). Although it is a
less impressive improvement than Shor’s algorithm, it does apply broadly to any problem that is reducible
to unstructured search. The quantum Fourier transform acts as a cornerstone in many quantum algo-
rithms designed for problems that have some kind of inherent periodic structure. The QFT corresponds
to the discrete Fourier transform applied to quantum amplitudes, mapping |z) — ﬁ Zé\:ol wi vy,
where wy = e2™/N Notably, the QFT can be implemented using only O(n?) gates, with N = 2" while
the classical fast Fourier transform would take O(N log N') operations, an exponentially higher amount.
Therefore, for some problems, properties such as periods or eigenvalues can be efficiently obtained using
quantum algorithms that rely on the QFT. Besides Shor’s algorithm, the QFT plays an important role

in efficiently solving so-called hidden subgroup problems and in simulating physical quantum systems.

The initial quantum algorithms developed were mostly academic in nature. More recent developments
have sought to apply these quantum approaches to problems of practical value. For example, the HHL
algorithm [11] constitutes a quantum approach to solving linear systems of equations, which have a wide
range of applications, such as differential equations and machine learning. Under specific conditions, it can
achieve an exponential speedup. Additionally, quantum walk algorithms [12] lead to polynomial speedups
for some spatial search and graph problems. These algorithms, however, are only feasible to use in robust
quantum computers with negligible errors and hardware limitations, which do not yet exist. For the near-
term, variational quantum algorithms [13], such as the variational quantum eigensolver (VQE) and the
quantum approximate optimization algorithm (QAOA), rely on a hybrid classical-quantum optimization
approach to find solutions in a way that is more robust to hardware issues. Quantum machine learning

algorithms [14], often relying on similar principles, have also been proposed, promising advantages for



some specific learning and optimization tasks. However, for these near-term methods, it is yet unclear
to what extent practical quantum advantage can actually be observed, as the theoretical guarantees are

currently more limited.

Currently, there are several physical platforms that have matured enough to act as substrates for quantum
computing. The most popular rely on superconducting qubits which are based on Josephson junctions
that operate at millikelvin temperatures. This type of architecture has achieved a quantum computa-
tional advantage for sampling problems [15]. These systems can scale relatively rapidly since they can
benefit from lithographic fabrication techniques that have been established in classical semiconductor
manufacturing. Major players, such as IBM and Google, have bet on this approach, and the associated
qubit counts and gate fidelities have steadily improved over the past few years. However, other approaches
have also received significant interest. For example, trapped-ion systems can achieve the highest gate
fidelities among current platforms [16]. They work by confining individual atomic ions using electromag-
netic fields. Since these trapped ions can be individually controlled and have long coherence times, they
are an attractive candidate for precision quantum operations. That being said, scaling them to larger

qubit counts remains challenging.

Other approaches have their benefits and drawbacks, and their characteristics influence the types of
algorithms and error correction techniques that are pursued and implemented in practice. Photonic
quantum computers benefit from being operable at room temperatures and are naturally resilient to
certain types of noise. These work by encoding information in photon states [17]. However, since photon-
photon interactions require non-linear optical elements, it is particularly tricky to implement two-qubit
gates. Neutral atom approaches rely on optical tweezers to control and arrange atoms as desired, and
as a result, enable relatively flexible qubit connectivities [18]. Topological quantum computing is built
under the premise that it has inherent, guaranteed protection against certain types of quantum errors,

but is unfortunately still largely theoretical [19].

Current quantum devices still have relatively limited qubit counts (ranging from 50 to 1000) and notably
high noise levels. Consequently, they are considered to operate in the noisy intermediate-scale quantum
(NISQ) regime [20], preceding a future fault-tolerant era where qubit counts and connectivities, and
their associated noise levels, can largely be abstracted away at a high level, and quantum computers
can be thought of being noise-free in the same way that classical computers currently are. Current gate
error rates range from 1073 to 1072, which limits circuit depth to at most hundreds of gates, since
decoherence becomes a significant issue for larger circuits. As a result, current NISQ devices require
quantum algorithms and error mitigation strategies that take into account the specific features and
limitations of these devices, so that useful results can actually be extracted. To go from the current
state-of-the-art to future fault-tolerant quantum computers, significant improvements along the whole
stack will have to take place, from reducing the hardware limitations current devices to developing better

quantum algorithms.

While the standard quantum circuit model is the default theoretical framework used for quantum com-

puting, there are alternative paradigms. Adiabatic quantum computation [21] takes advantage of the



adiabatic theorem to solve optimization problems. It starts with an easily prepared ground state that
is then slowly evolved to the ground state of a chosen system that encodes the desired solution. While
the standard circuit model involves discrete gates, and the adiabatic model involves continuous evo-
lution, it turns out that the two paradigms are polynomially equivalent in computational power [22].
Measurement-based quantum computation takes pre-prepared entangled resource states and performs
the desired quantum operations by adaptively measuring selected parts of the resource state. As a result,

it shifts the complexity of gate operations to the complexity of preparing the necessary resource state.

In complexity theory, quantum computing can be neatly placed within the broader computational hier-
archy. The class BQP (bounded-error quantum polynomial time) corresponds to problems that can be
efficiently solved using quantum computers, and is the quantum equivalent of the class BPP. It satisfies
BPP C BQP C PSPACE. It is not yet known what is the exact relationship between the BQP and NP
classes, but current evidence indicates that BQP contains problems that are likely outside of NP, such
as integer factorization. Other quantum complexity classes, such as QMA (quantum Merlin-Arthur) and
QIP (quantum interactive proofs), further extend classical complexity theory to encompass the quantum
domain. These complexity frameworks help in the search for new quantum algorithms and in establishing

fundamental limits on the problems that quantum computers can efficiently solve.

1.2 Tackling Differential Equations

Differential equations are a fundamental tool to describe dynamical systems across science and engineer-
ing, from the Navier-Stokes equations that govern fluid flow to the Schrodinger equation that under-
lies quantum evolution. Computing the solution of differential equations, particularly nonlinear partial
differential equations (PDEs), is one of the most computationally intensive tasks in the field of sci-
entific computing. Classical numerical methods run into fundamental limitations when dealing with
high-dimensional systems or problems that require high precision. As a way to address these challenges,
quantum algorithms could potentially provide notable speedups for these classically computationally
intractable problems. In this section, we document the current landscape of quantum algorithms for

differential equations, with a particular focus on recent advances for nonlinear problems.

The history of classical numerical methods for solving differential equations spans centuries, from the
traditional Fuler’s method to the current state-of-the-art high-performance computing techniques. Finite
difference methods work by discretizing derivatives using Taylor expansion, and they achieve an accuracy
O(hP) for step size h and method order p. Finite element methods describe the solution as a linear
combination of basis functions chosen from a suitable set. As a result, they enable the analysis of
more complex geometries. Spectral methods use orthogonal basis functions, and they can achieve an
exponentially fast convergence for smooth problems. Unfortunately, for all classical methods, solving a
d-dimensional PDE to accuracy e generally requires O(e~¢) grid points, which leads to an exponential
scaling with dimension d. This scaling renders many important high-dimensional problems intractable

even on the most powerful supercomputers, making systems like the electronic structure of large molecules



or turbulent fluid flow hard to accurately study. Additional issues appear when discretizing differential
equations for classical algorithms to handle. The condition number x of the resulting linear systems
often scales poorly with grid size. For example, for second-order elliptic problems, it generally depends
on £ = O(h™2). Moreover, nonlinear differential equations require iterative solution methods, such as
Newton-Raphson. Its convergence depends on the quality of the initial guess and the structure of the
problem. Since iterative solvers for these systems require O(k) iterations to converge, the computational
cost is further increased. These classical limitations could be circumvented by quantum approaches that

function through fundamentally different computational paradigms.

The quantum linear systems algorithm (QLSA) [11] set the first steps towards a quantum algorithm for
differential equations. Given a sparse N x N matrix A and vector 5, QLSA prepares a quantum state |x)
proportional to the solution # = A~1b in time O(k2 log(N)poly(log(1/¢))), where x denotes the condition
number and e the desired accuracy. Since this method depends logarithmically on N, vs the classical
approaches that scale with O(Nk), it allows for efficiently solving certain high-dimensional linear systems.
By discretizing the PDE of interest into such a linear system, quantum computers then provide a new

alternative to finding the desired solution.

The original QLSA, then named HHL, algorithm uses established quantum subroutines such as quantum
phase estimation and amplitude amplification to extract eigenvalues of the linear system, invert them,
and then efficiently extract the solution. Subsequent improvements have reduced its complexity to near
the theoretical optimal scaling. Variable-time amplitude amplification [23] improved the x dependence to
O(rlog(1/€)), while [24] achieved O(kpolylog(x/€)) using a linear combination of quantum walk operators.
The optimal O(klog(1/€)) scaling was finally achieved by using a combination of adiabatic quantum
computing [25], randomization methods [26], and the quantum singular value transformation [27]. As a
result of these improvements, QLSA is considered competitive for well-conditioned systems. Though for

some applications, a high condition number is still a limiting factor in its possible use.

The quantum singular value transformation (QSVT) [27] introduced a new way of thinking about quantum
algorithms in a unified manner and, in many cases, a way of implementing these algorithms with (near)
optimal scaling. QSVT provides a way of taking block-encoded matrices and then applying polynomial
transformations to their singular values. By picking the right block-encoded matrix and polynomial
transformation, many well-established quantum algorithms, such as QLSA, quantum simulation, and
amplitude amplification, can be formulated using this framework. For a matrix A with a singular value
decomposition A = Y, 0; |u;) (v;|, QSVT implements the transformation f(A) = ", f(0;) |us) (vs] for a
polynomial function f, achieving optimal query complexity for many problems and providing a systematic
way of developing quantum algorithms for new problems. For differential equations specifically, QSVT

enables an optimal implementation of spectral method techniques and time evolution operators.

Taking advantage of these techniques, quantum algorithms for differential equations have been able to
address many different problem classes. By using truncated Dyson series and directly implementing time
evolution, linear differential equations can be solved [28] with complexity O(T'poly(log(T'/€))) for evolution

time T'. Higher-order methods have been developed [29] for sufficiently smooth solutions, using linear



multi-step techniques, achieving O(T'polylog(T/¢€)). Time-dependent linear PDEs can be tackled with
an exponential speedup in the spatial dimensions by using quantum spectral methods [30], that leverage
the quantum Fourier transform. This approach yields O(Tpoly(n)polylog(T'/e€)) for n spatial modes,
compared to the classical O(Tpoly(N)) for N = 2™ grid points. These methods have been extended so
that analytic solutions converge exponentially quickly, yielding O(Tpoly(log(T'/¢€))). Alternatively, time-
dependent differential equations can also be solved using time-marching quantum algorithms [31]. These
rely on an explicit time-stepping approach, and have more forgiving requirements on the preparation of
the initial state, compared to approaches based on spectral methods. It is also applicable to a broader
class of problems, since it can handle time-dependent coefficients and nonlinear terms by linearizing
them. Its complexity is O(T?poly(log(T'/¢))) for general initial conditions and O(Tpolylog(T/e)) for

smooth conditions in particular.

These algorithms have demonstrated that quantum computers can yield an exponential speedup in the
problem dimension while achieving a similar error scaling to the classical approaches. As a result, quantum

algorithms could be particularly attractive for tackling high-dimensional PDEs with smooth solutions.

However, nonlinear differential equations present a fundamental challenge for quantum algorithms, since
quantum mechanics is inherently linear. The no-cloning theorem prevents copying quantum states di-
rectly, which makes it difficult to straightforwardly implement some nonlinear operations. Unperturbed
by these limitations, in recent years, several approaches have been presented to tackle nonlinear problems
in a quantum setting. Most of these methods circumvent the issue by embedding the nonlinear component
within a larger linear system or by decomposing the nonlinear problem into a sequence of linear steps.
Depending on the approach, there are trade-offs between the accuracy of the solution, the efficiency of

the method, and the class of nonlinearities that are suitable for the approach.

One such technique is Carleman linearization, which provides a systematic method for converting non-
linear ordinary differential equations (ODEs) into infinite dimensional linear systems [32]. Carleman
linearization takes a nonlinear ODE, such as ¢ = f(z), and builds an infinite hierarchy of equations
involving products of variables, resulting in &; = f;(z), &;0; = &;2; + 2;&;, .. .. In cases where the higher
order terms contribute increasingly less, a truncation of this infinite system to finite order can be a good
approximation to the original problem, and the resulting linear system is amenable to QLSA. A quantum
Carleman linearization algorithm has been recently developed [33] that scales as O(Tpoly(log(T'/¢))) as
long as the nonlinearity component is relatively small compared to the dissipation term. This restriction
limits the algorithm to weakly nonlinear or strongly dissipative systems. Alternatively, quantum algo-
rithms based on homotopy perturbation methods [34] interpolate between a solvable linear problem and
the nonlinear system of interest. They work by iteratively solving a sequence of intermediate problems
where the solution at each step is the initial guess for the next. Under certain regularity conditions, the
algorithm can achieve an exponentially better error dependence than Carleman linearization, scaling as
O(Tpoly(log(1/¢))). Finally, the Koopman operator technique builds upon the evolution of observables
rather than working directly with states. For a nonlinear system, it acts on the infinite-dimensional

space of observables in the system, in order to simulate nonlinear dynamics. Using Koopman approaches,



quantum algorithms for studying classical dynamical systems have been developed [35] that achieve a
polynomial speedup for computing certain quantities of interest, such as Lyapunov exponents. This
technique does have drawbacks, as it requires an efficient representation of observables in a quantum
state, which may be feasible through polynomial or Fourier basis functions for some problems, but not

necessarily in general.

With this thesis, we work towards a novel quantum algorithm for solving certain nonlinear partial dif-
ferential equations, based on a novel quantum implementation of the inverse scattering transform (IST).
The classical IST has been developed for nonlinear integrable systems, and it decomposes the nonlinear
evolution of the system into a series of linear steps. The first step, called direct or forward scattering,
maps the original problem into its associated scattering data. This is followed by the time evolution of
the scattering data, and concluded by mapping the evolved scattering data back into the desired solu-
tion using an appropriate inverse scattering method. In this thesis, we focus on the first step, which
even classically is already relatively involved. As an example of the procedure, we focus our analysis on
the Korteweg-de Vries (KdV) equation, which is one of the most well known nonlinear equations that
can be solved with this transform. Our quantum algorithm for this step achieves a query complexity
of O(r polylog(r/e)), where r is the spatial discretization parameter and e the desired accuracy. This
corresponds to a quadratic speedup in r compared to classical approaches such as conjugate gradient

descent.

The quantum inverse scattering transform works by noting that, for the class of integrable equations,
the scattering data associated with the solution evolves linearly in time, even though the solution itself
evolves nonlinearly. Therefore, as long as the forward and inverse scattering steps can be linearized
accurately and efficiently, the whole procedure becomes linear, and quantum subroutines can speed up
the more computationally intensive spectral transformations (from and to the scattering data) to yield
a fast method to retrieve the equation’s exact solution (or a very good approximation of it). While our
focus for this thesis is on the KdV equation, the method could potentially be expanded to other integrable
problems, such as the nonlinear Schrodinger equation, the sine-Gordon equation, and the Toda lattice,

making it easier to study soliton dynamics and nonlinear wave phenomena using quantum computers.

As is also the case for other quantum algorithms tackling differential equations, the feasibility of these
techniques is largely dependent on the extent to which the quantum states encoding the initial and final
data can be efficiently prepared and read out, respectively. For general classical data, the preparation
or read out stages may end up negating any speedup achieved in the computational stage. Fortunately,
structured data can be efficiently encoded in a quantum register, and many problems can be described
with sparse or low-rank representations. For the readout stage, we may be restricted to only comput-
ing observables of interest, in order to maintain the quantum advantage. Nonetheless, these methods’
quantum state outputs can also be used as inputs for later quantum calculations, or as a subroutine of
a larger algorithm. Additionally, the error propagation estimates for these quantum algorithms often as-
sume fault-tolerant computation, which would require applying considerable error correction techniques

for larger scale problems, and motivate the development of better quantum error correction methods.
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1.3 Quantum Error Correction

Classical error correction can rely on straightforward strategies such as redundancy and majority voting,
since bits can only suffer discrete flip errors. Quantum states work differently, since they live in a
continuous space where a continuum of possible errors can occur, and the no-cloning theorem [36] prevents
creating backup copies that could be used for redundancy-based correction. Moreover, attempting to
measure a quantum state to check for errors would generally collapse it, destroying the very information
we want to protect. Despite these seemingly insurmountable obstacles, reliable quantum computation
is achievable, as long as physical error rates remain below certain thresholds. Quantum error correction
is the essential mechanism that makes this possible, and in this section we cover its foundations and

practical implementations, focusing on the novel decoding methods we develop in this thesis.

One of the earliest and most important results, due to Shor [37], showed that correcting a discrete set
of errors is enough to handle arbitrary quantum errors, even continuous ones. Any single-qubit error
can be decomposed as E = agl + a1 X + axY + a3Z, with a; € C and {I, X,Y, Z} the Pauli matrices,
and correcting all four Pauli errors automatically handles their linear combinations, which effectively
digitizes the problem. The stabilizer formalism [38] then provides a systematic way of constructing and
analyzing quantum codes that takes advantage of this discretization. A stabilizer code encodes k logical
qubits into n physical qubits by having n — k independent, commuting Pauli operators {51, 52, ..., Sp—r}
that generate a stabilizer group, and the code states are those satisfying S; [¢)) = |¢) for all generators,
thereby forming a protected 2*-dimensional subspace. Errors are detected by measuring these stabilizer
operators. The formalism also makes possible the efficient classical simulation of Clifford circuits, which
plays an important role when designing fault-tolerant protocols. Additionally, the quantum error correc-
tion conditions [39] provide the necessary and sufficient criteria for a code to be able to correct a given
set of errors. For a code with a projector P onto the code space, errors {E;} are correctable if and only
if PE;r E;P = «a;; P for some Hermitian matrix o, meaning that different errors must map code states
to distinguishable subspaces, so that unambiguous correction is possible. These conditions generalize to

approximate error correction and are used to design codes tailored to specific and realistic noise models.

Among the various code families, surface codes have emerged as one of the most promising candidates
for near-term experimental implementation [40], since they only require local stabilizer measurements
between neighboring qubits and have comparatively high threshold error rates. Qubits sit on a two-
dimensional lattice with X-type and Z-type stabilizers alternating on plaquettes and vertices, and a
lattice of size L x L encodes one logical qubit with distance d = L, meaning up to |(d — 1)/2] errors can
be corrected. Encouragingly, recent experiments have already demonstrated error suppression with small
surface codes [41]. One of the most established decoding techniques for surface codes is minimum weight
perfect matching (MWPM), which works by building a graph where vertices correspond to syndrome
defects and edge weights reflect error probabilities, and then finding the minimum weight matching to
identify the most likely error configuration. This achieves near-optimal decoding performance with O(n?)

complexity.
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Quantum random linear codes (QRLCs) are the quantum analogue of classical random codes, and they
achieve optimal error correction performance in the asymptotic limit. Constructing one only requires
picking a random n x k matrix G over o and defining the associated encoding, and with high probability
the resulting code achieves distance d ~ nH (1 — k/n) for binary entropy function H, which is suffi-
cient to saturate quantum channel capacity for general Pauli channels. QRLCs have been impractical

historically because their lack of algebraic structure prevented the development of efficient decoders.

We present quantum guessing random additive noise decoding (QGRAND), which to our knowledge is the
first practical maximum-likelihood decoder for QRLCs. Rather than relying on code structure, QGRAND
exploits noise statistics. Given a syndrome s, it generates candidate error patterns in order of decreasing
probability and checks each against the observed syndrome, with the first consistent match being the
maximum-likelihood estimate. A distinctive feature we incorporate into QGRAND is error degeneracy,
a uniquely quantum phenomenon. Two errors E; and F» are degenerate whenever they differ only by
a stabilizer element (E; = E»S for some S € S), which means that physically distinct errors can have
similar effects on the code space. By grouping degenerate errors and tracking only one representative per
equivalence class, QGRAND significantly reduces its search space under generic noise conditions. The
number of non-degenerate errors scales as O(n) rather than the naive O(n?) for QRLCs, which keeps the

decoder efficient even as the code size grows.

However, for quantum error correction to be useful in practice, the correction procedure itself must not
introduce too many new errors. Achieving this is non-trivial, since syndrome extraction circuits, which
measure stabilizer generators without disturbing the encoded information, must be carefully designed
so that faults do not cascade through the circuit, as even a single fault in a poorly designed extraction
can propagate into an uncorrectable error. Techniques such as flag qubits, redundant measurements,
and verified ancilla preparation have been developed to contain this kind of propagation. We extend
QGRAND to this fault-tolerant setting by modeling the full error process during syndrome extraction,
accounting for preparation faults, gate errors, measurement errors on ancilla qubits, and propagation
through CNOT gates. With this comprehensive noise model, fault-tolerant QGRAND achieves a thresh-
old of approximately pg, ~ 5.5 x 1073 for QRLCs, despite these codes having no exploitable algebraic
structure. Circuit design is also important. QRLCs have dense stabilizer generators with an average
weight of 3n/4, which means that their syndrome extraction circuits require O(n?) CNOT gates that
can each propagate errors. However, exploiting gauge freedom in the stabilizer formalism reduces the
average weight to (2n + k + 2)/4 and notably lowers both the circuit complexity and the level of error
propagation. Our decoder adapts naturally to these optimized circuits by updating its error probability

calculations accordingly.

Underlying all of these error correction results is the threshold theorem [42], which guarantees that
arbitrarily long quantum computations become feasible when physical error rates stay below a critical
value. Its proof relies on concatenated codes, where logical qubits are recursively encoded to suppress
errors at a double-exponential rate: for a base code correcting t errors at physical error rate p < pe, k

levels of concatenation reduce the logical error rate to O((p/pth)(t"rl)k). This makes reliable quantum
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computation possible with only polynomial overhead in circuit size and depth. Recent work on flag fault-
tolerance and single-shot error correction has further improved these threshold estimates while reducing

the associated resource requirements.

Besides surface codes, other topological code families offer different trade-offs for quantum error correc-
tion. Color codes [43] allow the transversal implementation of Clifford gates, while fracton codes [44]
achieve a better ratio of logical to physical qubits, and in all of these codes, local errors create localized
excitations that can be tracked and corrected, while logical errors correspond to non-trivial topological
operations spanning the entire system. On the experimental side, significant milestones have been reached
in recent years. Repetition codes have been used for error detection [45], small surface codes for logical
qubit encoding [46], and increasing code sizes for demonstrating active error suppression [41]. While
these results validate theoretical predictions, they also expose practical challenges absent from idealized
models, such as correlated errors, leakage to non-computational states, and frequency crowding in multi-
qubit devices. Narrowing this divide between theory and experiment continues to drive the development

of better error correction methods, including those we present in this work.

With this thesis, we contribute to quantum computing along two directions. On one hand, the quantum
inverse scattering transform shows that certain nonlinear differential equations, which have long been
considered beyond the reach of efficient quantum approaches, can be tackled by decomposing their evo-
lution into a sequence of linear steps. On the other hand, QGRAND and its fault-tolerant extension
demonstrate that QRLCs, despite their lack of algebraic structure, can be practically decoded under
realistic noise conditions. The threshold of approximately 5.5 x 10~2 that we achieve confirms these

theoretically optimal codes as a viable option for fault-tolerant quantum computing.

The techniques developed in this work should become increasingly relevant for problems of practical
importance in the field, as quantum hardware continues to mature. We aim to bridge the divide between
theory of quantum algorithms and their implementation on physical devices, by deliberately incorporating

current hardware limitations into our models.
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Chapter 2

Quantum Forward Scattering
Transform for Nonlinear Differential

Equations

2.1 Introduction

Differential equations play a fundamental role in various scientific fields, such as fluid mechanics, plasma
physics, and quantum physics. The Schrodinger equation is central to quantum physics and was one of
the initial motivations for developing a quantum computer. Hamiltonian simulation, done by simulating
the Schrodinger equation, can be efficiently performed for several systems, and a range of important
techniques has been developed in this area [47, 48, 49, 50, 51]. The quantum linear systems algorithm
(QLSA) [11], which solves linear systems of equations, has been successfully applied to various problems,
including differential equations and machine learning [29, 52, 53, 54, 33, 55]. Over time, improvements
have been made to the run-time of the algorithm [56, 57], including scaling with the condition number
k and the solution error €, with the state-of-the-art method currently scaling with «log(1/€) [58, 59, 60,
61].

Recent work has explored the use of quantum algorithms for solving differential equations. Nonlinear
differential equations were first studied in [62], and subsequently, a quantum algorithm for solving linear
inhomogeneous equations using high-order methods was presented in [29]. In [52], a quantum algorithm
was developed for solving linear differential equations using truncated Taylor series. These results were
further improved in [63]. In [54], a quantum algorithm for solving time-dependent linear differential
equations was introduced using spectral methods, and in [53], these methods were applied to develop a
quantum algorithm for solving linear partial differential equations. In [64], time-marching techniques were
shown to enable solving similar problems under less restrictive setups. Recent advances in quantum linear

ODE solvers continue to improve efficiency, including non-asymptotic cost computations [65], logarithmic
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error dependence via Dyson series [66], and Schrodingerization techniques for converting PDEs to unitary

formats [67].

In [33], a quantum algorithm to solve dissipative nonlinear differential equations is given using the so-called
Carleman linearization. This algorithm is efficient when the ratio of nonlinearity to dissipation is small.
Its error dependence is exponentially improved in [68], using homotopic perturbation methods. Recent
work has extended Carleman linearization beyond dissipative regimes through resonance conditions that
encompass the Korteweg-de Vries equation [69], efficiency improvements via higher-order methods [70],
and applications to fluid dynamics [71]. However, fundamental limitations exist for chaotic systems with

positive Lyapunov exponents, where complexity scales exponentially in time [72].

Alternative linearization strategies include the Koopman operator framework, which transforms nonlinear
dynamics into linear unitary evolution in higher-dimensional spaces [73], and Koopman-von Neumann

linearization for specific classes of nonlinear ODEs [74].

In [55], a method for nonlinear differential equations is given for short simulation times. Despite this
recent progress, there is still no efficient quantum algorithm to solve general nonlinear PDEs whenever

the nonlinearity is not small.

The Inverse Scattering Transform (IST) is a mathematical technique that was originally developed to solve
the Korteweg-de Vries equation [75, 76, 77], and was later extended to other nonlinear partial differential
equations, including the nonlinear Schrédinger equation [78, 79] and the Sine-Gordon equation [80]. In
general, this technique may be applied to a wide range of integrable evolution equations [81, 82, 83, 84,

85].

IST enables some nonlinear PDEs to be mapped to a system of linear PDEs, by working with the
scattering data. Unlike the approximate linearization techniques of Carleman and Koopman methods,
this mapping is exact for integrable systems, and yields the exact solution u(x,t) to the original nonlinear

PDE. Suppose we have some operators L and P, called Lax Pairs [86], such that, for some function ¥ (x, t),

Ly = X%, (2.1)
P = 0, (2.2)
dL dA?
— LP— PL = —2). 2.
— [+ o = Ly (2.3
Requiring d\?/dt = 0 leads to
drL .
T [P,L] = nonlinear PDE. (2.4)

In this chapter, we present a quantum algorithm for the forward scattering transform, a fundamental
spectral analysis technique that computes scattering data from initial conditions by solving the spatial
eigenvalue problem L(ug)y = A\%. This forward scattering step is valuable in its own right and has

broad applicability beyond any single application.

16



Notably, the forward scattering transform applies to entire hierarchies of nonlinear equations. For in-
stance, the KdV hierarchy consists of infinitely many nonlinear PDEs that all share the same spatial Lax
operator L but differ in their time evolution operators P. The forward scattering data computed from L
is thus relevant to all equations in this hierarchy, not merely the KdV equation itself. This universality

makes the forward scattering transform a powerful tool for analyzing broad classes of integrable systems.

The scattering data comprises two components: the continuous spectrum, characterized by reflection
coefficients R(A) for A € R, and the discrete spectrum, characterized by bound states. The reflection
coeflicients describe how plane waves scatter off the potential, while bound states correspond to poles of
the transmission coeflicient in the complex plane and represent localized, exponentially decaying solutions

(solitons). Together, these components encode essential spectral information about the operator L(ug).

One important application of forward scattering is as the first step of the complete Inverse Scattering
Transform (IST) method for solving certain nonlinear PDEs. The IST method proceeds in three stages:
(1) forward scattering computes the scattering data from initial conditions; (2) time evolution advances
the scattering data using the P operator; and (3) inverse scattering reconstructs the solution u(x,t) from
the evolved scattering data via the Gelfand-Levitan-Marchenko equation. However, even independently
of the complete IST method, the forward scattering data provides valuable spectral information with

applications in signal processing, soliton theory, and the analysis of integrable systems.

Our quantum algorithm efficiently computes the continuous spectrum component (reflection coeflicients)
of the forward scattering data, achieving quadratic speedup compared to classical methods. The algo-
rithm’s formulation as a linear eigenvalue problem makes it particularly amenable to quantum computa-

tion and demonstrates concrete quantum advantage for this fundamental spectral analysis task.

Theorem 1 (Main Result—Informal Version). Consider the forward scattering problem for initial con-
ditions ug(x) that are either (i) analytic in a strip around the real axis with exponential decay, or (ii)

have derivatives that decay faster than 1/|x|.

Our quantum algorithm produces a quantum state

R) = 3 S ROV (25)

A€A

that encodes the reflection coefficients R(\) for a discrete set A of wavenumbers, with error € in €2 norm.
The algorithm achieves quadratic speedup in the spatial discretization parameter r compared to classical

methods such as conjugate gradient descent, with query complexity
O(r polylog(r/e)). (2.6)

The formal complexity statement with precise definitions of all parameters appears in Section H as The-
orem 2. The conditions on uqg that guarantee all technical assumptions are satisfied are established in

Section E (analyticity, Corollary 1) and Section F (derivative decay, Theorem 4).
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2.2 Forward scattering

We first need to solve Eq. (2.1) for t = 0 and & — +00, or equivalently, to find the associated scattering
data (see Fig. 2.1). In this work, we focus specifically on the computation of the continuous spectrum
(reflection coefficients). We wish to perform this forward scattering process for a representative sample

of A\ values.

As a concrete example for our forward scattering algorithm, we consider the Korteweg-de Vries (KdV)
equation,

Opu — 6udyu + O3u = 0, (2.7)

a widely studied nonlinear PDE. It describes the evolution of long, one-dimensional waves in many
physical settings where solitary waves (solitons) are present (see Ref. [87]), like ion acoustic waves in a

plasma. In this case, the Lax Pairs are

L=-9*+u (2.8)

P =492 — 6ud, — 30,u. (2.9)

See Appendix A for a possible derivation of these Lax Pairs. In order to elucidate our method, we will
consider the initial condition ug(z) := —4sech(z)? throughout, and demonstrate how to find the forward

scattering data.

Using Eq. (2.8) for the KdV equation, Eq. (2.1) becomes the time-independent Schrodinger equation,
O3 (w3 X) = (uo(x) — A (w; ), (2.10)

where ug(z) is the initial condition for the KdV equation. The exact scattering data that we need to
extract depends on the particular method used for the Inverse Scattering step. Here, we employ the
method of Faddeev-Marchenko [88, 89]. For the Jost solutions of the Schrédinger equation (i.e., A € R),

we require the reflection coefficient R(\).

In this work, we solve the Schrédinger equation using the method of Ref. [54], adapted to our use case.
Subsequent work has improved on its results [63, 64] to yield better methods to solve time-dependent
ODEs. Nonetheless, in any of these methods, the behavior of the matrix A, and in particular its norm,
plays a major role in the query and gate complexities of the resulting methods. Therefore, methods
that turn equations such as Eq. (2.10) into numerically stabler problems would always be of interest,

irrespective of the particular technique used.

In Ref. [54], the ODE considered is time-dependent. Starting with the initial conditions at ¢; = 0 the
ODE is used to evolve the solution to the final time ;. For our use case, we wish to start with the
initial condition at x = x; and use the Schrédinger equation to evolve it in space to x = x;. In the
context of forward scattering, we do not have a time component, and we treat the spatial domain as the

time domain would be treated in Ref. [54], referring to the initial conditions of Eq. (2.10) as those of the
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Figure 2.1: Schematic of the quantized version of forward scattering: using the Liu-Childs method, the
reflection coefficients from the interaction between plane-waves with wavelengths 27/A and the poten-
tial ug for the operator L(0) are put into probability amplitudes of a superposition of quantum states
corresponding to a discrete sampling of wavenumber A\ values. The left-hand side shows the reflection
coefficient R()\) times the incoming plane wave, while the right-hand side shows the transmission coeffi-
cient T'(A) times the transmitted plane wave. The procedure yields a quantum state with the scattering
data (reflection coefficients) in superposition.

spatial domain.

Directly solving the Schrodinger equation (Eq. (2.10)) numerically is challenging due to the highly oscil-
latory nature of the solutions ¢ (z; A), particularly for large A. This oscillation leads to numerical stiffness
and requires fine discretization. To address this and create a system amenable to efficient quantum sim-
ulation, we reformulate the equation to solve for the slowly varying envelope of the solution rather than

the oscillating wave function itself.

We start by rewriting the Schrodinger equation in a manner that makes it more efficient to solve, for

xr — +oo.

Lemma 1. Defining

k(xz; N) = /A2 —ug(x) (2.11)
() =: ¢t (@3 \) cos(kz) + ¢ (3 \) F(N) Smgff”) , (2.12)
C+
c(x; N) = (2.13)
—
sin(kz)? —2kxz+sin(2kx)
. Ok T 2k2 fN)
Ac(x’ A) T % 2kx+sin(2kx) sin(kx)? (214)
2700 %
for some chosen function f(\), Eq. (2.10) can be rewritten as
Ozc(x; N) = Ac(x; Ne(z; A). (2.15)

Moreover, A, satisfies the assumptions required in Ref. [54] to solve Eq. (2.15) efficiently, with ||A.||

being bounded and Re(eigenvalues of A.) < 0.
See Appendix B for more details. In practice, we use f(A) = max {1, \}.

Although we wish to decompose 9 as in Eq. (2.12) in order to solve the Schrédinger equation (Eq. (2.10)),

extracting the scattering data requires us to write 1 as
Y(x;\) = at (23 N) e 4 a7 (23 N)e ", (2.16)
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since the a®(x — 4o00; \) coefficients will correspond to the sought-after scattering coefficients. We may
T
impose initial conditions on the Schrodinger equation by choosing the values of these a := (a+ a‘)

coefficients. We have a = Hc, with

1 *U;(A)
. 2.17
1 4 ( )

k

H(x; \) :%

If wo(x) and the coefficients ¢ are slowly decaying as * — +00, then we may apply some of the techniques
in Ref. [90] to map the non-negligible portion of ug(z) to a smaller part of the z domain. As a result, we
ensure that we work with a formulation of the problem where uy decays quickly enough for the spatial
domain to be relatively small, and for the cutoff error to decay exponentially quickly, as required by

Lemma 10.

Consider z;, zs the start and end points used, with X := |z —;|. Using the results from Ref. [54] and the

stabilization formulation above, we obtain a quantum algorithm with query complexity O(rq polylog(rg'/eg))

to produce the quantum state |R) o ), R()) |\) encoding the reflection coefficients. The formal com-
plexity statement with precise definitions of all parameters (r, ¢, g, g') appears in Lemma 10 (Section H).

See also Section B for implementation details.

Having established Lemmas 1 and 10, we can build a quantum algorithm for forward scattering. Using
this method, the state )", R(\) |\) encodes the reflection coefficient R(\) for the desired A values. See

Fig. 2.2 for an example.
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Figure 2.2: R(\) for ug(z) = —4sech(z)?, as computed analytically (solid lines), which can be done

exceptionally for this case, and numerically (circles) with the quantum forward scattering technique.
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2.2.1 Complexity analysis

For the Jost solutions, the query complexity is
O?S = O(rqpolylog(r/e)). (2.18)

The gate complexity has an additional multiplicative O(polylog(Ny)) factor arising from the theorems in
Ref. [57], used by Ref. [54].

Since this approach formulates and solves the Schrodinger equation as a linear matrix equation via a
spectral discretization, we first estimate the complexity scaling of solving this specific matrix equation
using the classical Conjugate Gradient (CG) method. For a s-sparse matrix with condition number &, its
scaling is O(Nsklog(1/e)) (see Ref. [91]), assuming we wish to extract the full vector from the solution,
which we do, since we need to compute non-trivial steps on the solution later on. For the Liu-Childs
method, s = O(nsa), k, = O(rn®®) and Ny = rdn (where r comes from Lemma 10). We consider
n ~ O(polylog(r/e)). Therefore, the scalings for solving the stabilized linear system for the Jost solutions

are

1
Classical (CG on Spectral Discretization): O <N)\7"2dSA polylog (r, ) > , (2.19)
€

1
Quantum (Gate Complexity): O <T$Aq polylog (r, d, Ny, ) > . (2.20)
€

The quantum algorithm exhibits an exponential speedup in d and N, and a quadratic speedup in r
compared to the CG benchmark for this algebraic problem. For the KdV equation, d = 2 = O(1)
and Ny = polylog(1/e), so the quadratic speedup in r is the most apparent advantage in this specific

comparison.

We may contextualize this result within the landscape of specialized classical algorithms for the FST.
The state-of-the-art classical approaches are Fast Nonlinear Fourier Transform (FNFT) methods, which
often achieve near-linear scaling (e.g., O(rlog?r)) for the 1D KdV equation. When compared to FNFT,
the quantum algorithm does not offer a polynomial advantage in the spatial parameter r for 1D KdV.
However, the advantages stemming from the exponential speedup in d (for higher-dimensional integrable

systems) and the efficient parallelization over N remain significant.

We have an additional ¢ dependence, so handling ug cases that are (close to) reflectionless (i.e., R(A) = 0)

requires some care.

2.3 Discussion

In this work, we have presented a quantum algorithm for the forward scattering transform, a critical
component of the Inverse Scattering Transform method for solving nonlinear partial differential equations

that can be expressed in terms of Lax Pairs, such as the Korteweg-de Vries equation.

We have shown how, under reasonable assumptions, we can efficiently compute the scattering data as-
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sociated with the nonlinear equation and initial condition uy. We observed that the complexity scaling
of our forward scattering algorithm quantitatively mimics the scaling of QLSA [54], from which it in-
herits its speedup. For its use to be viable, we have shown how to reformulate the forward scattering
problem into an equivalent matrix problem that satisfies the assumptions of Ref. [54]. We note that this
mapping found is highly non-trivial, and not expected to exist a priori, given that the two formulations
are qualitatively distinct. Additionally, we note that certain assumptions from Ref. [54] can be relaxed,
as demonstrated in the appendices and similarly indicated in Ref. [63], and this relaxation considerably

extends the scope of our approach.

The stabilized formulation in Lemma 1 transforms the oscillatory Schrédinger equation into a numerically
stable ODE system, crucial for both quantum and classical implementations. Our algorithm efficiently
extracts the reflection coefficients for the continuous spectrum, encoding the scattering data in quantum
superposition. Beyond the quantum speedup, our stabilized formulation yields a classical algorithm with
improved scaling compared to traditional methods based on finite differences or the Fast Nonlinear Fourier

Transform.

Classical algorithms for the forward scattering transform have been extensively developed. Traditional
transfer-matrix methods such as the Boffetta—Osborne algorithm [92] achieve O(N?) complexity, where N
is the number of spatial discretization points. The Fast Nonlinear Fourier Transform (FNFT) introduced
by Wahls and Poor [93] reduces this to O(N log® N) for the defocusing nonlinear Schrédinger equation,
with subsequent work extending these techniques to other integrable systems [94]. For linear systems
arising from the discretized scattering problem, conjugate gradient methods [95] provide O(N sk log(1/€))
complexity, where s is the sparsity, x the condition number, and € the target accuracy. Our quantum
algorithm achieves O(r polylog(r/€)) query complexity, providing quadratic speedup over these classical

approaches in the spatial discretization parameter.

Overall, we highlight that, for the forward scattering step, we have presented a description of our method
with generalizability in mind. This does not preclude further complexity improvements obtainable in
particular use cases, where it may be possible to further optimize the different substeps. For example,
scenarios with no solitons can use an optimized approach, as the quantum state does not need to encode

the non-existent information about the norming constants.

The quantum algorithm achieves quadratic speedup in the spatial discretization parameter » compared
to classical conjugate gradient methods. For higher-dimensional problems where d > 2, an exponen-
tial speedup in d becomes apparent, making the approach particularly attractive for vector nonlinear
Schrodinger equations and coupled systems. Since, for the KdV equation, d = 2, this improvement goes
unnoticed. The most practically significant extension of this work lies in applying these techniques to
higher-dimensional scattering problems. In higher dimensions, the scattering geometry becomes fun-
damentally richer: instead of just two scattering directions (left and right) as in one dimension, there
are infinitely many scattering directions parameterized by angles on a sphere. While the mathematical
structure differs substantially from the one-dimensional case, the stabilization techniques and quantum

algorithmic approaches developed here may translate to these more complex settings. Higher-dimensional
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scattering has broad practical applications in quantum mechanics, electromagnetic wave propagation, and

acoustic scattering, making quantum algorithms for these problems particularly valuable.

The techniques developed here may also extend to other one-dimensional integrable systems beyond the
KdV hierarchy. The nonlinear Schrédinger equation, Sine-Gordon equation, modified KdV equation, and
Toda lattice all admit IST solutions, and similar stabilization approaches may yield quantum algorithms
for their forward scattering transforms. For these equations, formulations analogous to Lemma 1 may

enable application of quantum spectral methods with noteworthy speedups.

2.4 Conclusion

This work establishes forward scattering as a concrete example where quantum algorithms can address
components of nonlinear PDE solvers through exact decomposition into linear subproblems. We have
demonstrated a quantum algorithm that achieves quadratic speedup in the spatial discretization pa-
rameter for computing the continuous spectrum of the forward scattering transform. The stabilized

formulation we introduce improves numerical stability for both quantum and classical implementations.

Our work addresses the continuous spectrum (reflection coefficients), but a complete IST implementation
would additionally require computing the discrete spectrum (transmission coefficient poles corresponding
to bound states/solitons). Extending the quantum algorithm to efficiently extract these bound state pa-
rameters would enable the complete forward scattering step. Beyond this, the remaining IST components
include: (1) time evolution of scattering data using the P operator, which we expect to be straightfor-
ward through application of diagonal matrices encoded in unitary operations; (2) inverse scattering via
the Marchenko equation, which presents challenges due to the scarcity of quantum methods for integral
equations and would likely require decomposition into sparse matrix form solvable by QLSA with addi-
tional QSVT overhead; and (3) efficient extraction of the solution u(z,t) from quantum amplitudes, which

may require measurement of specific observables or post-processing depending on the desired output.

Our results open pathways for quantum advantage in scientific computing applications involving inte-

grable nonlinear systems.

Appendices

A Determining Lax Pairs

We wish to find the Lax Pairs L and P [86] such that the Lax equation

dL
— = |P, L 2.21
" e (2.21)
equals the Korteweg-de Vries (KdV) equation
up — 6uty + Ugge = 0. (2.22)
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A common starting ansatz is

L(t) = =02 + u(x, t), (2.23)

which leads to % = Oyu. We now look for an operator P such that [P, L] = 6uu; — tugzz,. We consider a

more general ansatz including any relevant polynomial term, of the form
P = aud, + buy + cd3. (2.24)

We exclude any other additional polynomial terms, as they cannot contribute to the final equation. For
example, a term proportional to u in P would lead, at most, to terms proportional to u? and u,,, which
we know do not exist in the KdV equation, so we do not include that term in the ansatz. Similarly, any

term involving derivatives of higher than third order should not be present.

We obtain
d
up =Sy (2.25)
[P, LJt) = Pl—t)35 + u)] — Laut)y + bugh + cthgas) (2.26)
= auuz) + (@ + 2b + 3¢) Uz Vr + (2a + 3¢)ugpr + (b + C)tgrat) (2.27)

The only solution that matches the KAV equation is a = —6,b = —3, and ¢ = 4. Consequently, we have

determined the operator P, and we have the Lax Pairs.

B Scattering data from a linear time-dependent ODE

The Forward Scattering step of the inverse scattering method was described in Section 2.2 of the main
text. We now present a quantum algorithm to recover this data. Our approach is to cast this recovery
problem as a linear ODE initial value problem, to which we can apply the method of Ref. [54] and we

begin by seeing the reformulation in the following,

Some figures in this appendix use ug(z) = —2sech(z)” (reflectionless) instead of —4sech(z)® to better

illustrate the numerical formulation.

Lemma 2. Consider the time-independent Schrodinger equation
Ozp(5 A) = (uo (@) — A?)ep(x; A). (2.28)
Define

E(z; \) := /A2 —ug(x), (2.29)

sin(kx)

Y(x; N) == ¢ (25 \) cos(kz) + ¢ (23 M) () e and (2.30)
sin(kz)? —2kx + sin(2kx)
SVTLN B 2k2 e
Ac(w; ) := Oz | 2kz + sin(2kz) sin(kx)? ’ (2.31)
2F(N) k
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for some chosen function f(\). Then, the solution &(x; \) to the initial value problem
0C(x; A) = Ac(z; N)E(z; N), (2.32)

T
with initial condition &(x;; \) = <C+($i; A) o (m; )\)) at a fixed x; € R, gives exactly the coefficients

P
¢(x;A) = (2.33)

to y(x; ) for all x € R.
Proof. The solutions of the Schrédinger equation can be written as
Bl A) = (Vb (3 0) + e~ (Vb (33 V), (2.34)

where by, b_ are a pair of linearly independent basis functions, each a viable solution. For our use case,

we choose

by (z;\) = cos(k(x)x) (2.35)
sin(k(z)z) o
ooy = | TV k) 20 o
fX)z, k(x;\) = 0.

with k(z; A) = v/A%2 — ug(x). This choice of basis functions has the advantage of being continuous for all
A € C. Note that we consider the square root extension to complex values, identifying the square root

with the root with smallest argument.

Consider a step function approximation tg(x) of ug(x), with step size of length 2h, where ug is sampled
at the midpoint of each step. Let ’L/NJ(I') be the resulting solution of the Schrédinger equation when using
p(x) for the potential.

Let y be some point where g (y) is discontinuous. Since ¢(x) and ¢/(z) (i.e., its derivative) must be

continuous at x = y, we must have

_ - sin(k(y=\)y)
%(yi,)\) _ cos(/f( £y ) FN= fi(yi ) ¢ty N) (2.37)
PN\ kN sin (Rt ) F0)cos(Rut ) ) \e 50
_ cos(k(y + b \)y) PG | [N
—k(y £ h; \)sin(k(y £ h; N)y) - f(A) cos(k(y £ h; N)y) | \e™ (™5 A)
ct(yE; )
_ B:I: ;>\ .
E (i 0) o (2.39)
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Figure 2.3: Solving the Schrodinger equation directly (left) vs finding the c coefficients (right) following
the formulation in Lemma 2, with ug(z) = —2sech(z)” and A = 5. The change of variables approach
is also used. We observe that the c are not only more numerically stable, but they also converge to a
concrete value as || — oo, while ¢ maintains its oscillatory behavior.

Since 9(x) and ¢’(x) must be continuous at = = y, we must have

— (7Y (2.40)
Pyt N) V(Y A)
Tyt ) _ cty—5N)
BiyN| o =Bia| (2.41)
c(ytA) c(y75A)
From here, we conclude that
1| [Ty N) cy—N) g cty—5N)
5 - =57 [B+(y,)\) "B, (y;A) — 1] . (2.42)
(™ A) c(y73 ) (Y75 A)
with I the identity matrix. In the limit when h — 0, we get
0zc(y; A) = Ac(z; /\)c( i A), (2.43)
with Ac(z; A) = lim - Lo [B+(y,A)—1B; (y; ) — 1] (2.44)
8k(x A) k(y + h; A) — k(y — h; )
wd ey = i TS 24

yielding Eq. (2.31).

Using the Picard-Lindeldf theorem, as g (z) converges uniformly to ug(x), so does the resulting solution
to the Schrodinger equation. Therefore, Eq. (2.32) in the limit when A — 0 provides the same solution

as the traditional Schrédinger equation, in Eq. (2.28). O

See Fig. 2.3 for a comparison.

We have thus reformulated the recovery of Jost solutions ¢ to Eq. (2.28), or their scattering data, up to
a change of basis, as the problem of recovering the solution to the initial value problem Eq. (2.32), with

initial conditions given by the coefficients ¢* at some z; € R. In practice, we have only access to the
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(asymptotic) scattering data c¢*(—oo; \) or ¢*(400; \), based on the incoming direction of a plane wave,
prior to scattering at the potential given by wug(x). Moreover, in discrete formulations and with finite
resources, we may only be able to practically solve the ODE in Eq. (2.32) in some finite window [z;, z]
for given —oco < z; < xy < 0o. Combining these two limitations together and supposing that we have

access only to ¢t(—oo; \), we find that setting the initial condition

elzis\) = (2.46)

for the ODE in Eq. (2.32) gives a new solution in the window [z;, ], which we denote by €[y, »,1(; \).
Since the initial condition does not agree with the coefficients ¢*(x;; \) of the Jost solution ) (z;; \),
this discrepancy introduces some difference between the true scattering data, which would be given by
€[—c0,00], and the solution €, ;-

We will develop solutions to Eq. (2.32) with the limitations just discussed in mind and we will discuss
the error €[y, 2 ,1(%; A) = €[—o0,00) (73 A) || for @ € [7;, 74]. A numerical and quantum algorithmic approach
to approximating €[, ., can be developed based on the methods of Ref. [54], which abstractly speaking,

provides a quantum algorithm to solve linear ODE initial value problems of the following form,

Problem 1 (Adapted from Problem 1 in [54]). Consider the system

= A (2)é(x) (2.47)

where &(x) € C?, and A (z) € C**? for all v € [z, 2], and [A.];r € C([xi,x¢]) for all j,k € {1,2}.
Suppose that we are given an initial condition é(x;) € C? as well as oracles that compute the locations and
values of nonzero entries of A.(x) for any x, and that prepare the normalized state |¢(x;)) proportional
to ¢(x;) for any x € [x;,xy] (cf Refs. [54, 52, 57] for detailed oracle definitions). Then, the goal is to

output a quantum state |&(xy)) that is proportional to ¢(xy).

The quantum algorithm presented in Ref. [54] for solving this problem crucially involves yet another
reformulation, which linearly transfers Eq. (2.47) into a system of linear ODE initial value problems for
the coefficients of the Chebyshev decomposition of the solution. This is efficient due to the smoothness
assumption of the entries of A.(x), which yield fast decaying Chebyshev coefficients. Moreover, the
efficiency of their quantum algorithm benefits from partitioning the solution domain [z;,zf] into m
smaller sub-intervals and solving for n Chebyshev coefficients in these intervals. Then, the complexity
depends on growth rates of ¢(x) and its n derivatives along each of the m sub-intervals. Since Chebyshev
polynomials are an orthonormal basis in L?([—1,1]), each component of the system of linear ODEs along
sub-intervals is linearly mapped into the domain [—1,1]. We summarize the steps to this reformulation

in the following method.
Method 1 (Liu-Childs, Ref. [54]).

1. Divide the domain [x;,xy] into m intervals [To,T'1],[['1,T2], ..., [Tm=1,Tm] withTo = x;, Ty, = z;.
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Let h denote the index of the interval Iy, :== [Ty, Tpy1].

2. Map each interval linearly onto [—1,1], using the mapping

2(2 - Fh)

Cp:iz—1-— .
IS

(2.48)

Let &x(x) be the solution ¢(z) at I, under the mapping Ch,.

3. Assuming that the initial condition at each interval is known, formulate the ODE (Eq. (2.47)) using

the Chebyshev decomposition of the solution &,(x) at n Chebyshev points, for each interval.

4. Encode the reformulated ODE (see Eq. (2.10) of Ref. [54]) as a matriz equation (see Section 3 of
Ref. [54]).

5. The resulting solution to the matrixz equation for Chebyshev coefficients can be reformulated as a
vector c(x) that approximates the desired solution ¢(x). Given e, we can choose n based on the

growth of ¢(x) and its n derivatives in each of the intervals Iy, such that c(x) is e-close to ¢(x).

The quantum algorithm introduced in Ref. [54] uses the preceding method to produce a quantum state
e, . (7)), whose amplitudes are the normalized values €y, »,)(2f)/lCe, o/ (7y)| that approximate
Clas,a ) (Tf)/lI€2; ) () fOr €s, ;) the solution to Eq. (2.47) in the domain [z, x¢]. In our application,
this can be employed directly to solve Eq. (2.15) in the window [x;,x] with a given initial condition
Eq. (2.46) for each X in some finite choice of A C R, to yield the state
ct o (xpN) e (zpi )
&R | et o) 4 Ty ) (2.49)
xea et n@s M le,ap (@ M|

Then, the ¢2 error in the approximation of the normalized solutions, over all A € A, by the amplitudes of

this state is given by

€ = max
AEA

Cara )@ N [lefag) (@r5 A

é[ml,xf](xﬁ)\) C[z ] va ||

As discussed above, the discrepancy in the placement of the initial condition at z; > —oo introduces an

additional source of error, which we call the cutoff error, in the obtained solution, given by

€. 1= Max (E A _ (A:[T“Tf] (@si ) with (2.50)
A€A HCf(A)H Cla;, 2] l‘f,)\ H
cr(N):= i Clu: o T A). 2.51
cr(A) o Cle, A@gsA) (2.51)
The total error
€ 1= max ?f()‘) Clri.a)(T73 X (2.52)
AeA [HIer NI ||ewse (@ A H

scales as € ~ O(e +€.).

We note that, in Section G, we modify the implementation to more easily compute the coefficients ¢ for
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the different )\ of interest, and encode in a quantum state. Nonetheless, the error stemming from this
analysis, with the state in Eq. (2.49), stands as an upperbound for the implementation discussed in that

later Section.

We employ the notation [m] := {1,...,m} and [m]p := {0,1,...,m}. We are interested in applying
Method 1 to Eq. (2.15), for every A value of interested. From Ref. [54], we then have the following

theorem.

Theorem 2 (based on Theorem 1 in [54]). Consider an instance of the quantum ODE problem as defined
in Problem 1, and ¢(x) its exact solution for a A value chosen a priori. If assumptions 1 to 5 are valid,
then there exists a quantum algorithm that produces a state c(xs)/||c(xy)|| e-close to ¢(zf)/||€(xy)]| in £

norm, succeeding with probability Q(1), with a flag indicating success, using

O(rq poly(log(rg'/eg))) (2.53)

queries to oracles O a(h,l) (a sparse matriz oracle for Ay (t;)) and O, and Of(h,l). Here,

pim (o [fep e YAl A= e A (254)
z€[xi,xs] TE€[x;,xy]
g = |le(@)], ¢ = max max max ||é§f+1)(x)||, g:= max el . (2.55)

w€lzi,zs] ke[n] helm] w€lzi,zy] |lc(zy)]|

The gate complexity is larger than the query complexity by a factor of poly(log(rg’/e)).

Proof. From Ref. [54], we have Theorem 1. Modifying it using the results in Ref. [63], we may replace
the xy dependence by the more general C'(A.) dependence.

Note that the definition of ¢’ has been tightened, relative to its definition in Ref. [54].

Here we are considering a particular value of A. Given the construction of the matrix L that includes all
A € A (as explained in Section G), it is straightforward to show that the theorem applies by replacing

every quantity with its maximum over all A € A.

Assumptions 1 to 4 stem from the application of the Liu-Childs method from Ref. [54] (with the modi-
fication based on Ref. [63]). Assumption 5 is an added requirement, since in this case the original setup
requires considering x € R, and not its finite window approximation x € [z;,xs]. Using the bounds in
Section F, we may choose the window so that assumption 5 holds, which is an equivalent statement to
having

X ~ O(log(1/e)). (2.56)

In this case, the polylog factor in Eq. (2.53) can absorb the X term, so it may be removed from the
definition of r. O

For Theorem 2 to hold, the following assumptions need to be valid.
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List of assumptions. Let A be the set of values of A to be sampled. These values are set based on
the sampling required to accurately extract the scattering data. For the forward scattering transform, we
focus on sampling continuous spectrum values (A € R) for the reflection coefficient R()). In this Section,
we present an analysis of the Forward Scattering step that keeps the set of sampled A values (i.e., A)

arbitrary, but finite.
In the context of Lemma 1, consider the following assumptions. For all z € [z;, 2] and X\ € A:

Assumption 1. A (z; ) can be diagonalized as A.(x;\) = VDV =1 where D(x; \) = diag(v1(z; \), va(x; )
with Re(v;(t)) <0 for each i € {1,2}.

This assumption is inherited from Method 1, and ensures that the solution to the ODE in Eq. (2.47)

doesn “t grow arbitrarily in norm.

Assumption 2. The spectral norm

Al = A (x; A 2.
A= max (Al )] (257)

s bounded.

The Liu-Childs method starts by reformulating the ODE of interest so that the norm of the result-
ing rescaled matrix is kept below 1. As a result of this reformulation, the method’s complexity scales

proportionally to ||A.||. Therefore, for the method to be applicable, this norm must be bounded.

Assumption 3. The quantity

C(A.) = max HeAc(I%A)(I—fm)
XeA,z€lz;,xy]

’. (2.58)

18 bounded.

Following the analysis in Refs. [54, 63], the quantity C(A.) is proportional to a bound for the condition
number sz, of the matrix L defining the matrix ODE to be solved to find c(zf). As the complexity of
the Liu-Childs method scales at worst with 7, the method can only be guaranteed to require a finite
number of steps if C'(A.) is bounded. Note that the result in Ref. [54] use ky (the condition number of
the matrix V' in assumption 1) instead, but their result was improved in Ref. [63] by using C'(A.) instead.

We use the latter in our analysis.
See Fig. 2.4 for common examples of setups where assumptions 2 and 3 hold.

Assumption 4. The derivatives of cp(x; \) obtained from solving Eq. (2.15) are bounded. Its maximum

over all intervals Iy, is given by

= max max max [|¢/""V(2)]|. 2.59
g z€[x;,x 5] k€[n] he[m] I h (@)l ( )

As discussed above, the Liu-Childs method employs Chebyshev decomposition at n points across each of

m sub-intervals partitioning the solution domain [z;,z ], to approximate the solution to the ODE. The
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Figure 2.4: [|A.|| (top) and ||eA<(@N@=2) || (bottom) for ug(z) = —2 sech(x)? (left) and ug(z) = —4/(1+
x1) (right), with f(\) = 1, for different values of A and for x € [—4,4]. The ug(z) = —4/(1 + z*) case
incorporates the variable change technique described in Section F, since its default implementation would
not satisfy assumption 5. See Section C for a detailed analysis of the norm of A..

error of the Chebyshev approximation scales with the norms of the derivatives of the solution, so these
being uniformly bounded is sufficient to efficiently bound the approximation error. Here, we use a tighter

definition of ¢’ than the one used in Ref. [54], which was likely relaxed for the sake of clarity.
Assumption 5. Following the discussion after Method 1, we impose the condition that €. ~ O(g).

As previously discussed, in the forward scattering setup we are interested in solving an ODE for z € R,
which clashes with the formulation in Ref. [54], which assumes a finite interval for x. Formulating our
setup with a finite window introduces a new source of error, the cutoff error, which is not considered in
the complexity analysis of the Liu-Childs method. To circumvent this limitation, assumption 5 implies
that the cutoff error does not dominate the total error, and therefore the complexity analysis of Ref. [54]

is still applicable to our use case.

The following Sections C to F are dedicated to discussing the conditions under which the preceding
assumptions hold. In Section C, we show that assumptions 1 to 3 generally hold. Assumption 4 is

discussed in Sections D and E, and assumption 5 in Section F.

C Properties of A,

Observing that
o
K () = —0(@) (2.60)
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Figure 2.5: Absolute values of the components ¢ (solid lines, filled dots) and ¢~ (dashed lines, unfilled
dots) of the exact solution to Eq. (2.47) for ug(z) = —2sech(z)® and A = 1, when considering = € R (blue
lines) and = € [—2,2] (red lines). The finite window introduces a cutoff error that leads to a discrepancy
between the obtained values €[_3 )(2; A) and the exact values ¢(x; A). Moreover, the numerical application
of the Liu-Childs method also introduces an additional source of error, leading to the values cj_ 9)(z; )
(dots) that are actually obtained by the method. Here, for the sake of clarify, the errors are greatly
exagerated due to poor choices of z;,z s, and parameters for the Liu-Childs method.

we get

A(z) =V(2)A(z)V(z)! (2.61)

g(x, k) := —1 + cos(2kx) + 22%k* > 0, for both k € R and ik € R (2.62)
iv/2g — 2sin(kz)” —iy/2g — 2sin(kz)?

V(z) = F) k(2kz + sin(2kx)) JA) k(2kz + sin(2kx)) (2.63)

1 1

up(z)y/g (-1 0

Alx) =i ——=L=
(@) 2v2k2 \ 0 1

(2.64)

Since k2 € R, then the eigenvalues of A, are always purely imaginary. Therefore, assumption 1 always

holds.

Let ky (x) be the condition number of V' (x). We observe that kK, — co only when 2 — 0. In this case,

23

At first, this may seem like an unavoidable limitation, since ky appears in the complexity scaling of

Ref. [54]. Using its derivation, we would obtain

=

| =[[Ver V| < ky, (2.66)

since A only has imaginary eigenvalues.

Fortunately, when = — 0, the eigenvalues are also going to zero, and this cancels the rising xy . In fact,
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Figure 2.6: sy (top, log scale) and HeAc(x;’\)(”_””i) (bottom) for ug(z) = —2sech(z)” (left) and ug(z) =
—4/(1 + %) (right), with f()\) = 1, for different values of A and for = € [—4,4]. The setup is identical to
that in Fig. 2.4. Note that, while ky — oo as x — 0, ||eAC(“"5)‘)(x’zi)H actually goes to zero, indicating
that ky can be a poor bound to use. As expected, we also have that HeAc(”?’\)(x_’”)
of interest.

< Ky, for all \,z

we may use the general bound derived in Ref. [63], and replace ky by the general term

Cr(A,) == Ier[rglvaﬁf] HeA”(w“\)(m’“)

. (2.67)

See Fig. 2.6 for a comparison between the two approaches. For our use case, since A, is a 2 X 2 matrix,
it is not difficult to estimate C\(A.) a priori, either by computing it directly or by computing some
upperbound given in Ref. [63]. Note that, unlike in Refs. [54, 63], the interval used starts at x; and not

zero, so an x; term must be added to the definition in Eq. (2.67).

For the norm of A., we have

[Aclly < 2[Ac oy < 2[Acll, (2.68)

max —

2[|Acllnax = lug(2)]x

| sin(2kx)|? 1 |sin(2kz)| 1 | — 2kx + sin(2kz)|
m“{ e ’(””'*2 ] )|f<A>|’( B )'f“"}' (2.69)

This expression includes the case k € C\R, where sin becomes sinh. From Eq. (2.68), we know we can

max

use this bound for the norm of A, and at most overestimate it by a factor of 2.

Nonetheless, we observe that, for k£ € R, the norm of A, is clearly bounded. For imaginary k, the sinh
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Figure 2.7: Norm of ¢t (top) and ¢~ (bottom), for A = 0.2 (left) and A\ = 5 (right), for different f(\)
factors. When X is high, the dominant component ¢~ benefits from using f()\) = A\. When X is low, |¢7|
increases but |ct| decreases. Therefore, to minimize the norm of ¢, an acceptable middle ground would

be f(A) = max {1, A}.

component may lead to an exponential growth in the norm for high x. For Jost solutions, this regime is
only encountered for at most a limited window of z (i.e., when ug(x) > A2), so the norm is still reasonably

bounded.

Choice of f()\) factor. We may also control the norm of A, by choosing an appropriate function f(\).
For instance, by choosing f(A) = X for low A, we reduce the last factor in Eq. (2.69), and potentially

reduce the norm of A..

However, it is necessary to consider the effect of f(\) not only on A, but also on the norm of c(z; \), as
A varies. Since, for the Jost solutions, the reflection coefficient R(\) needs to be extracted from c(x; A)
by using amplitude amplification (see [54]), poor behavior on the norm of ¢ for different  and A may

lead the parameter ¢ in Theorem 2 to be unreasonably high.

In particular, we may show that, following the implementation of Section G with f(A) = 1, that
llc(z ;s M)l ~ O(A), which harms the sampling of low A values. By choosing f(A) = max{l,\}, we
contain the growth of ||c||, leading to ||c(zs; A)|| ~ O(1). See Fig. 2.7 for examples.

This analysis covers assumptions 2 and 3.
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D Derivatives of ¢

The Liu-Childs method [54] contains a dependence on the derivatives of the solution, through the factor
g'. In order to employ the method while preserving the claimed complexity scaling, one must ensure that
g’ does not scale poorly. In our case, ¢’ is related to the derivatives of c, so we must ensure that these

derivatives are well behaved.

When dealing with derivatives of ¢ that may grow arbitrarily, there are two possible ways to modify the

method to guarantee that it still scales as intended. Using the notation of Ref. [54], we may
e Increase m, the number of intervals in the method.

« Increase n, the number of Chebyshev points (per interval).

original
0 [ |
1k |
5
= 2| ~
3
-3 |
4 |
T
increased n increased m
0 | |
1k |
5
= =2 g
3
-3 |
4L |

Figure 2.8: Liu-Childs method, with ug(x) = —4sech(x)? (black line), using m = 3 and n = 4 in its
original configuration (top). We use z; = —3 and x; = 3. The vertical dashed lines mark the borders of
the m intervals. The n + 1 color dots (per interval) mark the n + 1 samples of ug used by the Liu-Childs
method for that interval. The samples at a border are used by both intervals (purple dots). If the
derivatives of the desired solution c(z) do not satisfy the premises of the method, a viable and equivalent
problem may be solved instead, by either increasing the number of Chebyshev points per interval (bottom
left), or by increasing the number of intervals (bottom right).

35



See Fig. 2.8 for a pictorial explanation. We can look into how these two approaches impact the complexity

scaling.

Lemma 3 (m increase). Suppose the Liu-Childs method is deployed (Method 1). Let n be the number of
Chebyshev points used (chosen a priori). Let m be the a priori choice for the number of intervals, dictated
by the Liu-Childs method, so that m > %. Let ¢, be the c coefficients rescaled such that x € [—1,1],
for interval I, (h € [m],). Let M (k) be a known positive function, and p(n) its mazimum in the region
1,n+1]. If

|0%cy(x)|| < M(k)E,  Va,k,h (2.70)

then rescaling m to be

Mpew = p(n)m (2.71)

results in new rescaled coefficients ¢ for each of the myew intervals, with

[oFep™(2)|| <1,  Vae[-L1,k<n+1,p€ [Muewly (2.72)

The rescaling results in an increase in m by a factor of p(n), so the Liu-Childs complexity scaling is

increased by a multiplicative factor of u(n).

Proof. Consider the setup of the Liu-Childs method (Method 1). W.l.o.g., assume the intervals I, are of

equal length £ = X./m. Following Eq. (2.48), the mapping is given by

Z(Z—Fh) _1_2<Z—Fh).

Cy:iz—1-— =
g Iy —Tp IS

(2.73)

After the rescaling, we have mye = p(n)m intervals, each of size £/u(n). Consequently, the new mapping

is
2(z — I‘;ew)
€ .

Let c(z) be the original coefficients in the domain [z;, x|, cp(x) the rescaled coefficients in interval I,

Cpy™ iz 1—p(n) (2.74)

with the original m, and ¢, () the rescaled coefficients in the refinement [, 7] (for p € [m™*V]o)

of the intervals [T'y,Tp41] of p € [m]o. We have

OFc(x)  OFcn(Chlx))  OFchov(Chev(x))

ozk Ox* N ok ' (2.75)
Looking at the first derivative, we have
dcn(Ch(x)) _ Oc,™ (Cp™(x))

Oz B Oz (276)
Gorly)|  2Culz) _ 0 G, (@) (2.77)

Oy ly=cn(=) Oz 0z le=cpew(e)y Oz '
8ch(y)‘ <_2> _ 9™ (%) (_ 2“(”)) (2.78)

oy ly=cu@\ ¢ 0z l=Cpv(o) £
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den(y) 9™ (2)
= — . 2.79
dy ’y:Ch(:v) 0z z:Cz‘;e“’(a:)M (n) ( )
Similarly, we may show that
e (y) OFehev(z) k
= 7 2.80
5‘yk y=Cp (x) 0z z:C“CW(LE)M(n) ( )
— H@’;ch(y)H‘ = leEee @ n)*. (2.81)
yi Cnew
Therefore, if
oyen(y)| < M(k)*, Yy, k.h (2.82)
then
k k
10 en ()l < M(k) (2.83)
105 cp(2)]| w(n)* < M(K)*,  with 2 = Cp*V(C, () (2.84)
b <k> ’
|02 ¢cp(2) ) <1, Ve e [-1,1,k <n+1,p € [Mnewly- (2.85)

as expected. Since the Liu-Childs method scales with O(m), the new scaling is O(mpew) = O(p(n)m). O

Lemma 4. By applying the mapping in Fq. (2.48) (with equal sized intervals) to c(x), we get

k
loten()l = (5,-) 1oketa)l. (2.56)

Proof. Using the same reasoning as in Lemma 3, we have (using £ = X/m)

O cn(y) 2\"  dFc(z)
_2) = 2.
8yk ’y Ch(m)< f) 0zF  a=u ( 87)
O%ecn(y) X \Foke(z)
(2 2.
8y’“ ‘y Ch(x) ( 2m> 0zF .=z’ ( 88)
yielding Eq. (2.86). O

Lemma 5 (n increase). Assume m is fized a priori. Let cj, be the c coefficients rescaled such that

€ [-1,1], for interval I, with h € [m],. Let N (k) be a known positive function.

If
|0%ch ()| < N(k), Vo, h; k<mn, (2.89)

and

, 2
N(k+1) <ePFlosk for0<p < =, (2.90)
€

then, for sufficiently small €, we have

0~ (9( ! ﬂ10g< )/1og(

1og<1>)> ~ O(log(1/e)), (2.91)

CMN)

m\w
Q
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that is, the complexity scaling of n with € for the Liu-Childs method is maintained.

Proof. From the Liu-Childs method [54], let

Gn) = haelod ] 107 en ()] (2.92)
Qn,€) = CW;O—FG) (2.93)
o log(2(n, €)) log(2(n, €))
bne) = g llog(2(m, e))) Logaogm(n,emJ | (2.94)
We have that if

w(n) := Cm(m +1) (2.95)

e[| _log®(n.0) log(w(n))
"= Hlogaog(ﬂ(n,e)»J ’ Logaog(w(n)))J } (2.96)

where ||| is the norm of the initial state, then the error associated with the Liu-Childs method is upper
bounded by e. For sufficiently small ¢, the Q(n, €) term in Equation (2.96) dominates over the w(n) term.

We have

2 @),
"= Togllog(@m ey ™) (2.97)
= we" = 7% (2.98)
with w = fé log(2(n,¢€)), s:= Zn +6(n,e) (2.99)

Equation (2.98) has one viable solution in this context, the Lambert W_; function. Consequently, we

have

w=W_1(-1/s) (2.100)
<~ Q(n,e) = exp(—sW_1(—1/s)) (2.101)
emG(n)

exp(sW_1(~1/s))

MGM) (W (~1/s))

€ =

(2.102)
1—

However, the direct utility of this last expression is limited, since it implicitly depends on € through the

definition of s and #. For sufficiently high n, s is also high, and we have
—W_1(—-1/s) = log(s) + log(log(s)) + o(1). (2.103)

Considering the worst case, where 6(n, €) = 0, we have the simpler upper bound
G 2 2 2
€< emG(n) exp (—n [log(n> + log(log(n>)]> (2.104)
g e e e
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Necessarily, we have G(n) < N(n + 1), and the dominating term is exp(f%nlog n), leading to

€~ O(N(n +1)exp <anog n>> (2.105)

If Equation (2.90) is satisfied, then

(s (2 )atoen)) 2100
e~ 0w (1)) @107

where we used the Lambert Wy function. Exponentiating on both sides and using the asymptotic limit

Wo(z) = logz —log(log ) + o(1), for x — oo, (2.108)

we retrieve Equation (2.91). O

Theorem 3. Let N(k), M (k) be known positive functions, and

wuin) = 1grl?gar)f+1 M (k) (2.109)
2

N(k+1) <ePFlosk for0 < g < =. (2.110)
e

Let ¢, be the rescaled coefficients for interval Ij,. If
[0Fcn(z)| < N(k)M(k)*,  Va,k,h, (2.111)
then, increaing m by a factor of u(n), we end up with
||8§c;ew(x)|| < N(k), VreRk<n+1,p (2.112)

and, for sufficiently small e,

n ~ O(log(1/e)), (2.113)

as required to maintain the scaling associated with the Liu-Childs method.

Proof. Using Lemma 3 with myuew = p(n)m, we end up with an equivalent problem where Equa-
tion (2.112) holds. Since Equation (2.110) holds, then, from Lemma 5, we conclude that Equation (2.113)
holds. O

Corollary 1. In particular, if the derivatives are bounded by a factorial, as in

|0%ch(x)|| < (k) RF,  Va,k,h (2.114)
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for some b € RT, then, since (bk)!RF < (bkR)*, we may choose

w(n) = nbR (2.115)

N(k) =1, (2.116)

so the complexity grows by a multiplicative nbR factor. The extra n ~ O(log(1/€))) factor is absorbed by
the polylog term in the Liu-Childs complexity expression.

Lemma 6. For D C R, if ug € C"(D), then c(z) is in C"~1(D), for a given \. If ug is analytic in D,

so is c(x).

Proof. Let g(x) = (A2 — ug(x))z?. Since 22 and A\? are in C¥(R), we conclude that, for D C R,

w € C™(D) —> g eC"(D). (2.117)
Noting that
cos(k(z)z) = cos(k(z)x]) = b (9(+)) (2.118)
P = r B e = af O (o(2) (2119
with
hy(z) = cos(vz). =0 (2.120)

cosh(\/—x), if x <0.

sin(v/x)/v/z, if x >0,
ho(z) := sinh(v/=z)/v=z, ifz <0, (2.121)
1, if x =0.

we observe that hi(x) and hg(z) are analytic in R, that is, in C*(R). Given the rules for the composition

of differentiable (and analytic) functions, and the dependence of the entries of A. on uj(x), we conclude
ug(z) € C"(D) = uy(x) € C" (D), g(x) € C"(D) = [Aw € C" (D). (2.122)

Similarly, we have
up(z) € C¥(D) = ug(x) € C¥(D),g(z) € C¥(D) = [A ]ap € C¥(D). (2.123)

Given the differential equation 0,¢(x) = A (x)¢é(x), we have that A.(x) € C*(D) implies ¢(z) € C"(D)

(and similarly for analyticity), reaching the result in the lemma. O

Remark 1. The n-th derivative of a real analytic function for |x| < L is upper bounded by M R™n!, for
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some value of R and M dependent on C. Thus, by Lemma 6, if ug(x) is analytic, so is c(x), and its

derivatives follow the bound in Corollary 1, meaning that Theorem 3 can be applied for |x| < L.

E Relation between ¢ and ug

Since the behavior of ¢ is not known a priori, we may attempt to estimate it from the known behavior

of Uugp.
The behavior of the derivatives of ¢ may also be estimated from behavior of the A, entries.

Theorem 4. Let

Us(x) = max, ul” ()] (2.124)
If
ug” ~o(1/la]), vr=1, (2.125)
then, by employing Theorem 3, we get
105¢p(@)|| ~ O(Us41(x)), (2.126)
for sufficiently high |x|, for interval I,.
Proof. We have
/
! —Uo(x)
= . 2.12
K = s (2127)

Note that each entry of A.(z) can be written as

Q(Co, C1, g, a1, B, y)ug(x) (2.128)
with

Q(C()a Ola o, (1, 57 ’Y) = Ook(x)aop(a:? B) + Clk(l‘)alT($7 ’Y) (2129)
Cy,Ch €R (2.130)
Qop, 041,5 S/ (2131)

z, B=1
p(z,B)=q1, =0 (2.132)

0, B<0
T(x,7) := sin(2k(x)x + g’y),’y eZ. (2.133)

For A € R, V§ > 0,3C such that, for |z| > C,

Ik(z) — |\ < 8 (2.134)
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T (2,7 <1, (2.135)

Consider a smooth function P(z) such that |P®)(z)| < max{1,|z|},Vz € R,s € Ny. For an arbitrary
function

R(z) := k(x)*P(x), €L, (2.136)

a bound on R(x) and its derivatives will be given by

. S s a(sfkr)k )
IR ()] = P(k)(z)W_(k)), s € Ny (2.137)

k=0

S s a(sfkr)k(l.)a
< max {1, ]|} ) . ‘ax(g_k)

k=0

(2.138)

Given Eq. (2.127), the s-th derivative of k(x)® will be a linear combination of N ~ O(a?®) terms (for some

constant a > 1) of the form
(D3 () - - (02up(2))72 (Dpuo ()1 k(2)?, with j; € No, 8 € {a,..., a0 — 2s}. (2.139)

Given Eq. (2.125), the single term with js = 1, j£, = 0 will dominate, being upperbounded by O(U,(z))
defined in Eq. (2.124). Equation (2.125) implies that the remaining terms follow, in the worst case,
o(Us(x)/|x]). To simplify the analysis, we can consider the scaling of all these terms to be Ug(x).

Therefore, we have

RO (@) < max {1, 2]} 3 j O 7)OUs()) (2.140)
j=0
< O((2a)°Us(x)|z)). (2.141)

As A, can be written as in Eq. (2.128), and the functions p(z; 8) and T'(z; ) can be thought of as taking
the role of the function P(z) in the definition of R(x), then each entry of 5A. can be described as the
function R(z) in Eq. (2.136), which we know is bounded by O((2a)*Us(z)|x]|), for some a € R.

The norm ||@3c|| can then be similarly bounded by a linear combination of O(b*) terms (for some constant

b>1)of |0IA.], for j < s. Consequently, we get
|05c(@)| ~ O((2ab) Upsa(@)lel),  (2ab) € RY. (2.142)
By considering Lemma 4, and using Theorem 3 with
X
= (2ab)— 2.143
pln) = (2ab); (2143)

we may absorb the (2ab)® term, yielding the result in the theorem. The behavior of ¢(z) and c,(z) may
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be related by using Lemma 4.

O

Remark 2 (Connection to main theorem assumptions). When the condition in Theorem 4 is satisfied—

namely, when u(()r)

~ o(1/|x|) for allr > 1—the bounds on ||05c, ()| established in the theorem guarantee
that the derivative growth assumptions required by the Liu-Childs method (assumptions 1 to 5 in The-
orem 2) are satisfied. Similarly, when ug is analytic (as discussed in Lemma 6 and the accompanying
remark), the factorial bound in Corollary 1 ensures all technical assumptions hold. Together, these results

establish the precise function classes for which our quantum algorithm achieves the complexity stated in

Theorem 1.

F Minimizing cutoff error

In order to compute the scattering data, we must know the behavior of ¥ at x — +oo. If we attempted
to employ the standard technique of Ref. [54], this would requiring using R as the domain of interest,
which is infeasible for the method. Consequently, we consider a bounded domain [z;, ], where z; and
x¢ are chosen to be in a region where the initial condition ug is negligible. Nonetheless, this limitation
imposes an additional source of error, the cutoff error, that will depend on how negligible the ignored
region actually is. To circumvent this limitation, there are several possible techniques [90]. We may
employ a spectral method different from Chebyshev’s at the boundaries, i.e., one that is suitable for
infinitely sized domains, such as Laguerre’s [96]. Alternatively, we may start by applying a suitable
change of basis, which compresses the x domain, so as to concentrate the effect of the ug potential in
the region considered. Ultimately, we wish to choose a change of variables that enables us to preserve
the logarithmic dependence on € in the complexity of the method. See Figure 2.9 for a few examples. In

general, this approach leads to Lemma 8.

Lemma 7. When using the Liu-Childs method with the finite size window [x;,x¢], the cutoff error scales

€~ O(/m lug(z)z|dx + /OO u{)(a:)x|dx> (2.144)

—0oQ xf

as

Proof. First consider the cutoff present due to z; being finite. For high x, given Lemma 1, the derivative

of ¢ can be upper-bounded, elementwise, by
dpct () < Club(z)z|c* (z), (2.145)

for some constant C'. Assuming the worst case scenario, we have

Opct(x)

c(x)

= lim c[j[_wxf](x) :c[i_oo,wf](mf) exp(C/z

x—+00

= |up(z)z] (2.146)

|u'0(a:)x|dm> , (2.147)

f
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from which we get that the cutoff error (following Eq. (2.50)) is approximately given by

(’)(exp (C’ /00 |u6(m)x|dx> — 1> (2.148)

~ O (/ |u6($)m|dx>, for high z . (2.149)

f

Following a similar derivation for the cutoff at x;, we get Eq. (2.144). O

Corollary 2. For high |z|, if uo(z) ~ O(exp(—cx)), for some ¢ € R, and picking —z;, = x5 = X/2, then

€. ~ O(X exp(—cX/2)). (2.150)
Corollary 3. For high |z|, if uo(z) ~ O(Z), for some ¢ > 1, and picking —x; = x5 = X/2, then
1

Lemma 8. Let ug(z) € C™ (resp. C¥). Defining x =: v(y), for some bijective function v € C" (resp. C¥)

with non-zero derivative, leads to Equation (2.15) converting into

. 2 - -
sin (kv(y)) —2kv(y) + sin (ka(y))
ok T = F) | et
Bye(y; \) = - | ko 2% (2.152)
9 | 2kv(y) + sin (2kv(y)) sin (kv(y)) ¢
2f(N) ok
=: Ac(y)e(y; V), (2.153)
with k := /X2 — o (y), Go(y) := uo(v(y)) and &(y; \) := c(v(y); ). We also have
JAdl = [0 @Al oy (2.154)
Proof. From Equation (2.31), we have
Ac(y) = Ac(ir)‘z:v(y)v/(y)a (2155)
for some choice of v(y). Similarly, we have
Dy€(y; A) = 0ac(2; ) amu(y) V' (1), (2.156)
leading to
8mc(w; )‘)|m:v(y) = Ac(x)|m:v(y)c(x; )‘)|x:v(y) (2157)
1 1 -
——0,C¢(y; \) = A (y)c(y; A 2.158
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By€(y; A) = Ac(y)e(y; \), (2.159)
which is Equation (2.152). Moreover, from Equation (2.155), we get

AW = 1Ac(@)omuiv' W] = [ W[ Aclo—y(y)s (2.160)

thereby proving Equation (2.154). O

Remark 3. In practice, it is useful to focus on choices of v(y) that are convenient to minimize the cutoff
error, while not distorting the original behavior of the problem in the region where the potential ug(x) is
far from zero. A good example would be v(y) = Uysinh((y — yo)/Uy), where yqo is the center of mass of
luo(x)| (i.e. yo = [gx|uo(x)|dz/ [§ lug(x)|dx) and Uy is the interval length where the potential is most
concentrated. It behaves as v(y) = y for y in the region where ug is non-negligible, but then increases

exponentially in the region where ug is small, and where we wish to reduce the associated cutoff error.

Lemma 9. Following Lemma 8, let v(y) = sinh(y). If
[0zc(x)|| ~ Olgs(x)),  as |z| — oo, (2.161)
for some function gs(x), then

o5l ~ 0 mas, {005,000} ). 216

<j<s

Proof. Using Faa di Bruno’s formula, we have
Oey) = D Buk (@), 0" (0), - 0" )k e(a), (2.163)
k=1

where B,, ;, are the exponential Bell polynomials. With this expression, we can find a crude bound for

10ze(y)l -

jopew)l = kz B/ (5,0 (9), ., 0+ () hc(0) (2164)
< z B! (), (@), ., o H ) k(o) (2165)
< Z Buk (0 @ @), -, oD () oke(@)| (2.166)
< Bus(Va(w), Vo), Vo) e(a)]|, with Vao) i= mmax b0 (2167
- kzn:_l {: V()| 0k e(a)]|. (2.168)
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—2.5 N v(y) = sinh(y) 2.5 o

default
= wu(y) = sinh(y)

10 15 20 25 30 35 40 20 40 60 80 100
X X

ot

Figure 2.9: R(\) error as a function of X = |xy — x;|, either using the default method or preapplying
a change of variable, with v(y), as in Lemma 8. For both plots, n = 30 and m = 5X were used, in
order to leave the cutoff as the only source of error. (Left) For ug(z) = —4sech(z)?, the cutoff error €
dependence on X goes from O(exp(—cX)) (exponential) to O(exp(exp(—cX))) (super-exponential), for
some c. (Right) For ug(z) = —4/(x? + 1), the dependence goes from O(1/poly(X)) to O(exp(—cX)).
The variable change thus enables the latter case to maintain a logarithmic scaling with e, in the forward
scattering process, since we’ll have X, = polylog(1/¢). The error plateaus indicate floating point limita-
tions (for e ~ 1071%).

n
where are the Stirling numbers of the second kind. For v(y) = sinh(y), we have

k

[v(y)| — exp(y)/2, as || = oo (2.169)

W ()] = exp(y)/2,  as |z] = oo, (2.170)
so that V,,(y) = exp(y)/2 = z. Using Eq. (2.161), we conclude that

" In

logew)l ~> 2*O(gi(x)) (2.171)
k=1
0Ga(#) S ™Y with Go(e) i j 2.172
~ OGu(a) -4+ with Gua) = o, I35 (0) (2172)
~ O(Gn(2))B, (2.173)
0.792n \"
~ O(Gp(2)) <log(n n 1)> , (2.174)
with B,, the Bell numbers.
The n™ factor can be absorbed using Theorem 3, yielding
10y €l ~ O(Gn(z)) (2.175)
~ O(Gn(v(y)))- (2.176)
O

Remark 4. In order to incorporate the various approaches discussed in this section, some care needs to
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be taken. The approach in Theorem 3 should be taken first, yielding bounds for Jjc derivatives. Once
these bounds are known, Lemma 9 can be used, as it establishes a relation between the previously computed
scaling of 9y ¢ and that of 0} ¢. If the latter’s scaling is adequate, then the method’s implementation can

proceed.

We note that the scaling given by Theorem 3 and Lemma 9 is not tight, so it is possible for the Liu-Childs
method to work with initial conditions for which these results do not provide adequate bounds for the
derivatives of c. An example can be seen on the right of Fig. 2.9, where ug(x) ~ O(1/x°) (for some

¢ > 2) appears to work numerically, even though Lemma 9 would suggest unbounded derivatives for €(y).

G Implementing the forward scattering method

For the particular case of the Jost Solutions, we are interested in extracting the reflection coefficient R(\),

for all A € A. In particular, we wish to obtain the quantum state

C[;i7wf](xf; )\) 1
) = RO, (2.177)
AEZA Vo e @R N AZA

where N stands for the normalization factor. Note that this quantum state differs from the one defined
in Eq. (2.49), since here we are computing the result for the different A values in superposition, instead

of using different registers.

In Section B, we set up the scattering data (under a linear change of coordinates) in the format given by
Lemma 1, derived from the Schrédinger equation. While this is the version to consider for the numerical
analysis using the method in Ref. [54], it poses a challenge to define the boundary conditions for the

Schrodinger equation, and to compute the scattering data.

Consider an alternative formulation. Decomposing 1) as
P N) = at (@ 0)eTN a7 (23 \)e 7, (2.178)

enables us to straightforwardly define the initial conditions, by choosing values for a®

, and enables to
straightforwardly extract the scattering data, since the a*(z — 400; \) coefficients will incorporate the
sought-after scattering coefficients. As we cannot work numerically with an infinitely sized window for z,
we consider a finite approximation, where we work in the interval [z;, x ], with X := |z — z,| its length.
For the sake of simplicity, we define a;(\) := a®(z;; \) and a?()\) = a*(zs; \). We have

4

Wi A) S (s N (2.179)
iz — —ixag uo(x) iz — —iAx
af (Ve +a; (Ne™™ =5 af (Ve +ar (Ve ™, (2.180)

where — denotes the effect of the potential ug on ¥ through the Schrodinger equation, and how the

behavior of ¢ at x; shapes its behavior at z;. The transmission and reflection coefficients (7'(\) and
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R()), respectively) are such that

ixz wo(z) 1 AT R()\) —iAT
— — 2.181
e — 0 + T(/\)e , ( )
or alternatively
T(\)eis ") gide | p(y)e—ire, (2.182)

As previously stated, we may impose initial conditions on the Schrédinger equation by choosing the values

T
of these a := (cﬁ a*) coefficients. We must have

Y N) = at (@ 0)e T 4 a7 (23 \) e = e (a3 \) cos(kx) + ¢ (23 \) f(N) smi: z) , (2.183)
where k is given in Equation (2.29). Equivalently,
+ilz cos(k +ilx
Y(z;\) =al ¢ =c’ ( ?) —THT| € , (2.184)
i\ sin(kx) i\
e*l x f()\) % e*'L x
(1 i
with H(z; \) i= 5 ; ff&) : (2.185)
1
k
implying
a=Hec. (2.186)

Therefore, specifically for the points z; and x¢, we may incorporate a basis change into the formulation

+idx

in Ref. [54], so that we compute the initial and final points using the e basis with a, while keeping

the convenient formulation with the c coefficients for the overall computation.

From Equation (2.178), we have 4 parameters, ali and a?. From these, we may choose two initially,
with the other two being determined by satisfying the Schrodinger equation. In particular, for the Jost
solutions (i.e., A; € R), we use the formulation of Equation (2.182), so that R()) = a (}).

We note that, depending on the choice of a* parameters to set, this formulation may no longer correspond
to an initial value problem, and instead to a boundary value problem. In particular, for the Jost solutions,
we set the value of a;{ to be 1. While the main result of Ref. [54] is applicable to initial value problems,
the modification we make to the Liu-Childs method in the rest of this section extends the technique for
boundary value problems. While Ref. [54] had also covered boundary value problems, their approach was
suboptimal, since it did not split the  domain into intervals (i.e. it used m = 1). As a result, the optimal
choice of n scaled with ||A||, which led the full algorithm to scale with ||A[|*. We adapt their method by
maintaining the splitting of the problem into m intervals, which makes the complexity analysis for initial

value problems applicable to the boundary value problem case we cover here.

The linear system to be solved has the form
L|X)=|B), (2.187)
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with

N

L:=L(\) @& Lx,) =@ LK) (2.188)
N>\ I‘Z/vjl

| X) = 69 [X(X))  B):= 69 [B(A5)) 5 (2.189)

where & denotes the direct sum, and Ny = |A|. For each )\;, the L matrix, |X), and |B) vectors used
are based on those from [54]. Since there is no interplay between the different );, we may analyze each

A; value independently. With these choices, the linear system has the form (with d = 2)

L + La(Ao) L
L Ly + Lo(Ar)
L(\j) = ks L+ LalAn) (2.190)
" LE Lf |
Lf LY
LE LE
P, = Z cos(klm/n) [IXk| (2.191)
1,k=0
n+1 . _
2 . 2 k=0
Du= Y LIkl on= (2.192)
kj=0 °F 1 keln]
>k
k4 odd
Ly=1;® <|O><0|Pn +)° |l><l|PnDn> (2.193)
=1
La(Ap) = = Anlt) @ [1){1|P, (2.194)
=1
d—1 n
Ly =Y (—1)*i0)(ik| (2.195)
1=0 k=0
L§ = (—1F[10)(1k| (2.196)
k=0
L ==Y A, 1 =10+ 1)1 (2.197)
=1 =0
LE = —[10)(1n]. (2.198)

Note that the matrices P,, Dy, L1, Lo, and L3 have the same definitions of Ref. [54]. The matrices [,31'“37
L, and LE have slightly modified definitions. As we are only concerned with extracting the reflection
coefficient R();) = a (A;), and not the full c(2; A;) vector, the matrices are slightly modified from those
of Ref. [54] to ensure only copies of R();) are encoded in the |X();)) state, instead of the full a or ¢
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vector. See Equation (2.199) for the usual form of | X (\;)). The matrices Li and L{ impose two of the
four possible aijE / ajﬂf values as initial conditions. Irrespective of being in x; or zy, we impose the values of
a™ (resp. a”) by imposing the first (resp. second) row of H in Equation (2.185); call this row h™ (resp.
h™), so that H = (h+ h—)T. Let w:= (1,...,1) be a vector of size n+ 1, and v* := h* @ w. L} starts
by being equal to the L; matrix. If we are setting a;r, we set the first row of L! to be v*; otherwise, we
set the row’s elements to zero. If we are setting a; , we set the (n + 2)-th row of L} to be v™; otherwise,
we set the row to zero. L{ is initially a d(n + 1) x d(n + 1) zero matrix. If we are setting a;[, we set the
first row of L{ to be vt; otherwise, we set the row’s elements to zero. If we are setting ay, we set the

(n + 2)-th row of L{ to be v~ ; otherwise, we set the row to zero.

The vector | X (A;)) has the form
c1,0(T'1)
c11(T1)

cn(I)
c2,0(I'1)
c21(T1)

can(I'1)
|X(/\j)> = Cl’o(rz) (2199)

where the entries are the amplitudes of the basis states, up to a normalization factor. The ¢; ;(T'p+1)
terms are the Chebyshev series coefficients for the é-th components of ¢(I'y4+1) and a; (A;) = R();) is the

final state.
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The vector |B(A;)) has the form

o O o o o o =

(2.200)

where the entries are the amplitudes of the basis states, up to a normalization factor. The 1 entries come

from setting a? (xf) =1.

Example. For ug(z) = qsech(x)Q, R()\) is known to have the analytic expression

s T,
RO\ = CO%T’”S) FF((_ZX) r (; — i+ 5)r (; —iA— 5)

A numerical example of the method’s convergence can be seen in Figure 2.10.

H Formal complexity statement

(2.201)

(2.202)

Having established the implementation details of the forward scattering algorithm in this appendix, we

now present the formal complexity statement that ties together all the components discussed above. This

lemma provides the precise query complexity for producing the quantum state encoding the reflection

coefficients, building on Theorem 2 and the stabilization techniques described in Section 2.2.

Lemma 10 (Formal Complexity Statement). Given an oracle O, that efficiently prepares the initial

conditions for ¢, and oracles that compute the locations and values of nonzero entries of A.(x; \) for any

x, \, the goal is to output the quantum state |R) o< >, R(X\)|\), where R(\) = a™ (z — 4o00;\). Then

there exists a quantum algorithm that produces a state e-close to |R) in I? norm, using

O(rq polylog(rg'/eg))

o1

(2.203)



10%10(@?()\))

Figure 2.10: R(\) error as a function of the parameters m and n in the Liu-Childs method [54], for

ug(z) = —4 sech(ac)2. As expected, the error decays exponentially quickly as n increases, with the decay
being faster for higher m. Nonetheless, as long as m is higher than the minimum set by the method (in
this case m > 2), the slope is negative. The plateau at 107! is due to floating point limitations.

queries to oracles O 4 and O., and with

r = [ Al max | [A] = popax [A@)[] g := llc(zf)
/ Loyt o
g = max [ () ||

max
z€[z;,x5],hE[m]o k<n E+1

q::=max e(z; A/ (IRO)P)

n = O(log(r/ min {ge/e, [|c(x;)]|}))
where n is the number of Chebyshev points used. The gate complexity is larger than the query complezity

by a factor of poly(log(Nxr/e)).

This lemma, combined with the stabilization formulation in Lemma 1 and the conditions established in

Sections E and F, constitutes the complete formal statement of our main result.
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Chapter 3

Quantum Error Correction via Noise

Guessing Decoding

Abstract

Quantum error correction codes (QECCs) play a central role in both quantum communications and
quantum computation. Practical quantum error correction codes, such as stabilizer codes, are generally
structured to suit a specific use, and present rigid code lengths and code rates. This paper shows that
it is possible to both construct and decode QECCs that can attain the maximum performance of the
finite blocklength regime, for any chosen code length when the code rate is sufficiently high. A recently
proposed strategy for decoding classical codes called GRAND (guessing random additive noise decoding)
opened doors to efficiently decode classical random linear codes (RLCs) performing near the maximum
rate of the finite blocklength regime. By using noise statistics, GRAND is a noise-centric efficient universal
decoder for classical codes, provided that a simple code membership test exists. These conditions are
particularly suitable for quantum systems, and therefore the paper extends these concepts to quantum
random linear codes (QRLCs), which were known to be possible to construct but whose decoding was not
yet feasible. By combining QRLCs and a newly proposed quantum-GRAND, this work shows that it is
possible to decode QECCs that are easy to adapt to changing conditions. The paper starts by assessing
the minimum number of gates in the coding circuit needed to reach the QRLCs’ asymptotic performance,
and subsequently proposes a quantum-GRAND algorithm that makes use of quantum noise statistics, not

only to build an adaptive code membership test, but also to efficiently implement syndrome decoding.

3.1 Introduction

Quantum technologies have the potential to revolutionize industries across the globe. By harnessing the
power of quantum mechanics, technologies such as quantum computing, quantum simulation, quantum

communication, and quantum sensing can be used to solve a wide range of hard problems in different areas,
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such as in the pharmaceutical, materials science, cryptography, machine learning, logistics optimization,
finance, energy, and aerospace sectors [97, 98, 99]. Nevertheless, for these technologies to be viable,
significant progress needs to be made in quantum error correction, to reduce the error rates of these

quantum systems to tolerable levels.

Implementing quantum computers and other devices bearing quantum memories will require quantum
error correction of the stored quantum states [100, 101]. Moreover, a number of applications, such
as quantum key distribution, distributed quantum computing, or the connection of different quantum
sensors, require the existence of quantum networks and quantum repeaters in order to sustain end-
to-end quantum connections between several devices [102, 103, 104, 105, 106, 107]. Quantum states
are notoriously sensitive to noise, so quantum error correction must be employed when establishing
entanglement or for preserving quantum states in memory. Quantum gates still exhibit very high error
rates, even though they have fallen in the last decade from ~10~2 [108] to ~10~2 [109]). Thus, it
is paramount to have scalable quantum error correction codes (QECCs), meaning that errors can be
exponentially corrected while the encoding/decoding complexity increases sub-exponentially with the
number of qubits in the codewords. A very recent breakthrough toward this objective was communicated
in [109], showing experimental results for a surface code that seem to pave the way for practical and
scalable QECCs. The problem of quantum error correction has been looked at in[110] in a broader
prospective than the traditional one of designing a fixed code. The authors proposed using quantum
neural networks that work as autoencoders that optimally adapt the design of the QECC to the existing
noise statistics. Note that making use of noise statistics is also a central idea of the proposal in the present
work. QECCs designed for a particular type of channels, where the statistics of the errors show that one
type of quantum errors is the most likely one, appeared in [111]. [112] presented an encoding method for
quantum random codes and analyzed its performance. [113] performed a similar analysis, but using a
code construction akin to low-density parity-check codes (LDPCs) and based on constraint satisfaction.
The works in [112] and [113] are mainly concerned with the efficiency of the encoding process, and both
consider a decoder for an erasure channel, rather than a Pauli decoherence channel, which is considered
in our work. Furthermore, important findings for QECCs designed for the deletion channel (i.e., when a

qubit is removed without notice from a stream of qubits) have been communicated in [114].

A Short linear codes: a historical context

Many ideas for designing QEEC can be traced down to the developments made in classical error correction,
and in [115] one can find an exhaustive list of those connections. The concept of error correction appeared
in tandem with the one of channel capacity in the pioneering work of Claude Shannon [116], who proved
that the capacity of a channel could be attained by using a uniform-at-random code that maps any k
bits of information onto codewords n bits long. This mapping should be random, in the sense that each
of the 2¥ codewords should be assigned to one of the 2" possible words, and should be made according to
a uniform distribution. Shannon’s random code construction provably reaches capacity when the length

of the codewords tends to infinity (n — oo0) and the decoder picks, among all possible codewords, the
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most likely one, by applying maximum-likelihood (ML) decoding with the received observation and the
codewords’ prior distribution. Nevertheless, Shannon’s codes are too complex and have never been used
in practice because that would imply storing all the 2* codewords at the transmitter side, and applying

ML decoding at the receiver, which is an NP-hard problem.

Classical random linear codes (RLCs) offer a solution to the codewords’ storage problem, given that only
the random generation matrix needs to be stored. Moreover, they are known to achieve capacity in the
binary symmetric channel [116, 117]. Although an exhaustive search among all the 2% codewords of a RLC
remains prohibitively complex, ML decoding is known to be attainable by other means. An exhaustive
search entails searching through all the 2¥ = 2" codewords when the code rate is R < 1/2, however,
when R > 1/2, it is preferable to look at the 2(n=k) — on(1=F) gyndromes and perform syndrome-based
decoding, which also delivers the ML decoding performance. In short, as it is well known, the complexity
of an exhaustive search approach amounts to 2" ™n(1=5) [11g].

It is known that the computational complexity of decoding any (deterministic or random) linear block
code (LBC) can be greatly reduced by using set information set decoding algorithms (see [118] and
references therein), or by having a trellis representation of the LBC and running the Viterbi algorithm on
that trellis. The latter technique has been known since [119], when Wolf showed how to construct a trellis
representation of a LBC using its parity-check matrix. However, as described in [120], research on trellis
decoding of LBCs was not very active until the paper by Forney (and in particular its appendix) came out
[121]. In [120], Kschischang and Sorokine provided a (arguably) more elegant manner of constructing the
trellis of a LBC by using the spans of the so-called atomic codewords, which is a tool to find the unique
minimum trellis of a LBC. A measurement of the complexity of the resulting trellis is the maximum
number of states existing across all its sections, and that number can be shown to be syax = gmin(k,n—Fk)
This corresponds to the bound given by Wolf [119] and also found in [122, 120]. Forney’s work was, in fact,
much broader, unlocking the trellis representation of lattice codes (of which LBCs are a particular case),
and therefore permitting ML lattice decoding of specially designed lattices [123], and also approximate
ML decoding of random lattices [124].

The path taken by coding theory (and coding practice) in the following years focused on finding practical
codes that would achieve Shannon’s capacity; regardless of the family of codes being studied, the efforts
were concentrated on long codes (with large n) and typically not having a very high rate. This may
explain why the work on trellis decoding of LBCs (summarized in [125, 126]), as well as the various
information set decoding algorithms, have been overlooked as a possible low-complexity ML decoding

solution for RLCs. All these decoding approaches deal with lists of size 2(—%):

being it the number of
syndromes, or the number of coset representatives described by the trellis of the code. While syndrome
decoding would involve storing all those syndrome pairs and the associated coset representative in the
so-called standard array, a ML Viterbi trellis decoder implies storing a trellis with the same number of
paths (each of which associated with a coset representative). When the redundancy of the code (i.e.,
n — k) is large, the memory requirements for syndrome decoding become too large, and in the case

of trellis decoding, the trellis comprises too many states, in both cases limiting the real-world use of

capacity-achieving RLCs.
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Motivated by both power- and complexity-limited devices in wireless communications, and also due
to the goal of reducing end-to-end coding/encoding latency, research only recently shifted to the finite-
blocklength, with an emerging interest for short codes and high rates, eventually culminating in a practical
method for decoding RLCs dubbed guessing random additive noise decoding (GRAND) algorithms [127,
128, 129, 130, 131, 132]. At its core, GRAND is focused on guessing the noise that corrupted the
transmitted codeword, rather than exhaustively going through all the possible codewords in order to
find the one that fits the ML criterion, and is proven to still lead to ML decoding [127]. GRAND is a
universal decoder, enabling the decoding of any block code of moderate length or high code rate, when
dealing with low entropy noise. The only requirement is that a practical membership test exists to assess
whether some word belongs to the codebook or not. The decoding complexity is measured by the average
number of membership tests needed until a valid codeword is found. Given that the space of possible
words has size 2", and that there are 2¥ valid codewords, that average number of attempts until one finds
a codeword is given by the ratio g—: = 27~k = 9n(1=R)  Therefore, that number can be low, provided
that the codeword are short or that the code rate is high, which is particularly attractive for quantum

setups, where the number of available qubits is modest.

Although ML decoding could be implemented for the particular case of low-redundancy RLCs via the
above-listed techniques, one would still face memory constraints. Contrary to information set decoding,
syndrome decoding, or trellis-based decoding, GRAND does the decoding on-the-fly, dispensing any type
of storage besides the parity-check matrix of the RLC (or any particular LBC). Note that computing a
minimal trellis of an RLC is a non-negligible preprocessing that is needed each time the RLC changes.
Additionally, GRAND can outperform those techniques (designed for memoryless channels) in the case
of non-independent and non-identically distributed noise having memory [133]. In fact, any prior infor-
mation about the structure of the noise can lead to performance improvement or to further complexity
reduction. For example, incorporating the geometry of the used symbol constellation can significantly

reduce GRAND’s complexity [134].

B Scope and Contributions

Due to the technical difficulties in manipulating qubits, the error correction codes applied to qubit packets
in quantum communication links or quantum memories are necessarily ones with short codewords, and
for that reason, quantum error correction is a good fit for GRAND-inspired strategies. Since all quantum
operations are required to be unitary, the construction of quantum random linear codes (QRLCs) is
not as straightforward as in classical RLCs. This difficulty in adapting classical codes to the quantum
setting is typical; it also took an extensive effort to find quantum LDPC codes whose properties matched
their classical counterparts, and these issues continue to be the focus of intensive research [135, 136,
137]. Similar issues plagued the development of quantum turbo codes [138]. Furthermore, to borrow the
performance guarantees existing in the classical setting, many of these adaptations amount to Calderbank-

Shor-Steane (CSS) codes, which have suboptimal channel capacity [139, 140].

Fortunately, for QRLCs, simple (randomized) constructions exist [141, 112], leading to codes whose
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performance is primarily conditioned by the number of quantum gates used as building blocks for the
coding circuit. For codewords with n qubits, and in a setup with all-to-all connectivity (i.e., when
any qubit can be directly entangled with any other), O(n log? n) two-qubit random Clifford gates and
O(log3(n)) circuit depth has been shown to lead to codes with a reasonable Hamming distance [141].
More recent results have expanded the capabilities of QRLCs for the case of limited qubit connectivity,
and eased the gate requirements [112]. In general, the more gates used, the more the code approaches
a “truly” random QRLC. As part of the encoding for stabilizer codes, they may also constitute a vital
piece in quantum error correction for quantum computing, quantum networks, and quantum memories.
However, these codes have suffered from some of the same disadvantages as classical RLCs, as they have
been too difficult to decode in practice. In fact, to the authors’ best knowledge, only recently has been
presented in [142] a practical decoding technique, based on tensor networks, applicable specifically to
low-depth circuits with one-dimensional connectivity. They numerically verify that their code reaches
the hashing bound [143], but do not prove it mathematically. The recent work in [142] does consider a
Pauli decoherence channel, however the results are presented using different variables and parameters,
difficulting a direct comparison with our proposal. We note that, from a practical perspective, our model
has some limitations. We consider all-to-all qubit connectivity, noiseless encoding circuits, as well as a
noiseless syndrome extraction procedure. We also consider noiseless quantum gates. These assumptions
are regularly used to analyze a code’s performance [144], and they are used similarly in other results in

the literature [112, 142, 113]. These limitations are further addressed in Section 3.8.

Interestingly, research on trellis decoding has recently also begun being studied as a possible practical
way of implementing ML decoding for any quantum stabilizer code over a finite field of prime dimension
[145]. As in the case of the trellis decoding of classical RLCs (mentioned in Section A), a trellis-based

approach may also open doors to the decoding of QRLCs.

The present paper extends the noise-decoding concept to quantum systems, allowing one to tackle the
decoding of QRLCs for the first time in the typical Pauli decoherence channel. Meanwhile, results on
the use of guesswork in the decoding of designed families of quantum codes have appeared in [146]. The
concept of universal guessing-based decoding was tested there with non-random codes, i.e., quantum

codes that are known and hold a design structure that fits particular decoding methods.

Our work considers a system model with perfect encoding and perfect measurements, focusing on correct-
ing the errors that arise in the communication channel, which is a common model used in the literature
[147, 146]. By making use of the key features of GRAND, this work shows how to take advantage of
QRLCs to construct stabilizer codes that are shown, via semi-analytical simulation, to be near-capacity
achieving and decodable in practice, leading to quantum error correction codes able to cope with large

channel error rates, even at reasonably high code rates.

As it is a universal decoding method, the proposed quantum-GRAND (QGRAND) constitutes a general
approach to QEC that is amenable to any code length size n and a sufficiently high code rate R. Fur-
thermore, it is highly adaptable to on-the-fly changes depending on noise statistics, and is likely suitable

to scenarios where less than all-to-all connectivity exists. For these reasons, the combination of QRLCs
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and QGRAND stands out from the well-established QECCs. This combination is potentially of high
importance to future implementations of quantum error correction for quantum computing and quantum

networks, as recently highlighted in [148, sec. VIL.B].

The literature on the use of GRAND to decode classical RLCs is quite recent and it often directly
compares the decoding complexity of RLCs via GRAND with the one of ML decoding. The historical
context (given in Section A) brought to attention several other approaches that enabled the decoding
of RLCs. That account is further complemented in Section 3.2. Besides that, the main contributions
of the paper are i) the analysis of the requirements for the construction of a good QRLC, including the
implications to the associated encoding complexity, measured by the number of gates in the encoding
circuit, and ii) the proposal of a quantum-GRAND approach that enables the numerical assessment of
the performance of QRLC’s for the first time, and measuring how close those results are from the optimal

performance, which is analytically derived.

C Organization and Notation

The paper is organized as follows: Section II presents a brief introduction to classical RLCs, and introduces
GRAND in the classical domain. Section III provides some quantum error correction basics, and Section
IV details the approach taken by stabilizer codes. Section V presents some theoretical and numerical
results (using a semi-analytical framework) for QRLCs, and the noise model considered. Section VI
describes how to construct a stabilizer code from this quantum RLC encoding. These ideas are later
combined in Section VII, where QGRAND is showcased. The numerical results are displayed in Section

VIII, and a final discussion appears in Section IX.

For the sake of clarity, we opted to denote matrices and vectors in non-bold, as that is the traditional
notation in the field of quantum signal processing, with the exception of the classical vector s and the

zero vector 0.

It should be noted that error rate is used throughout the paper in the same sense that bit error rate is
used in classical communications, meaning that herein the term is used with respect to qubits after their
discretization. The literature on QECCs often calls it error probability instead, and rather associates the

error rate with the continuous errors of the physical qubits [149].

3.2 Toward Shannon’s Codes: Classical RLCs

In 1948, Shannon proved [116] that (classical) random error correcting codes with codewords of length
n and having 2* valid codewords randomly chosen out of the 2" possible words are able to achieve the
capacity of the Gaussian noise channel, as n — co. Even so, randomly selecting the codebook members
leads to: i) a storage problem, given that all codewords would have to be stored both at the encoding
side and at the decoding side, and ii) a decoding complexity problem, given that, when applying ML

decoding, a corrupted codeword needs to be compared with all codewords in the codebook.

The storage problem posed by Shannon’s construction (to generate uniform-at-random codes) has been
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overcome by RLCs, of rate R = k/n, because, as in the case of any LBC, its generator matrix constitutes
a very short description of the code. Without the size constraints of many families of classical structured
codes, that impose constraints both on the admissible codeword lengths and code rates, RLCs can be
constructed with any size and rate, and having those degrees of freedom is a major practical advantage

for most engineering applications.

A Decoding Classical RLCs by Noise Guessing

A paradigm change in the decoding of classical codes recently occurred for codes with short codewords
or having low redundancy (i.e., high rate). GRAND [127, 129, 130, 131, 132] fundamentally shifts the
role of detection from searching codewords in the codebook to searching for the error pattern that took

place.

Let us assume that a received block Y = X @ F; has been affected by some error pattern F;, which could
have occurred with probability p;. The statistics A of the possible error patterns are known, and the N
candidate error patterns E; are ordered from the most likely (i = 1) to least likely (i = N). GRAND
consists of subtracting the error pattern FE; from Y, starting from ¢ = 1 and progressing down the list in
N.If X =Y © E; is a valid codeword, then X is accepted as the decoded data. Otherwise, it moves to
the next error pattern E;,; and the process is repeated. Here, it is important to note that having a tool
to test if X is a codeword (i.e., a membership test [127]) is absolutely necessary. If our noise statistics
N encompasses all possible error patterns, it is guaranteed that a valid codeword X is found at some
iteration. As proven in [127], for noise with Shannon entropy H(N) (or entropy per bit h(N) £ H(N)/n)
and a code rate R = k/n below capacity (i.e., R < 1 — h(N\)), the expected number of error patterns
needed to be tested until finding the true noise pattern is 2" mi“{hl/Q(N)’l_R}, for large n, where hy /5 is
the Renyi entropy of order 1/2 [150], per bit. GRAND works best when the noise entropy is low or the
code rate is high. In that case, the set of 2" words is densely populated by codewords, and therefore the
number of tests can easily be much lower than 277, the expected number of tested patterns for standard
ML decoding. Given the focus on decoding the noise, exploiting the prior knowledge of the noise statistics

plays a central role in boosting the overall decoding performance of GRAND [133].

GRAND performs ML decoding and can therefore provide capacity-achieving performance when decod-
ing structured capacity-achieving codes or RLCs. For practical reasons, one may be interested in the
most likely errors only, and the search may be abandoned after iterating through slightly more than
the first 27"W) error patterns, and quit afterward. This variant is called GRAND with abandonment
(GRANDAB) and still provides ML decoding. In this manner, GRANDARB is also capacity-achieving,

using many fewer iterations.

Although these results have been rigorously proven for uniform-at-random codes as n — oo, experimen-
tal applications using structured linear codes of small blocklength, and also RLCs in particular, have

produced striking results [151, 152, 153, 154, 133, 128], consistent with these theoretical guarantees.

It should be credited that very related ideas appear in [155, pp. 220-227], namely i) codeword guessing
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decoding based on the posterior probability of the noise, and ii) proving Shannon’s capacity theorem for

RLCs via counting arguments based on the number of distinct syndromes.

3.3 Quantum error correction

Quantum error correction attempts to restore a decohered quantum state, which has undergone some
error, back to a quantum state encoding the original data [100, 101]. Qubits can undergo more types
of errors than their classical counterparts, making QECCs in general more complex. Moreover, while
classical use cases, such as wired communications or data storage, commonly offer error rates below 1072,
current quantum technologies need to be able to handle much higher error rates, similar to the ones
encountered in uncoded classical wireless links (between 1073 and 10~2) [108, 109]. In addition to that,

the construction and decoding of QECCs faces extra difficulties [156]:

1. the non-cloning theorem shows it is impossible to copy an arbitrary quantum state, thereby forbid-

ding the use of copies as redundancy;

2. quantum errors are continuous in nature, as the quantum state can be in any superposition of the

basis states;

3. any measurement performed on a state in superposition destroys that superposition, and thus its

quantum information is lost.

Surprisingly, it is possible to circumvent these issues and construct QECCs that reliably protect quantum
data against errors. Just as in the classical case, QECCs work by encoding a quantum state composed

of k qubits into one with n qubits, in such a way that errors can be detected and corrected.

Any quantum channel error E, discrete or continuous, acting on a quantum state, can be written as a

linear combination of these Pauli matrices. For one qubit only, one has
E = Olo] —+ OélX + OZQZ + OZ3Y, (31)

for some set of complex values ;. I is a 2 x 2 identity matrix and

0 1 1 0
7= . Y =iXZ, (3.2)
10 0 -1

are Pauli matrices. Since Y = iX Z, as long as QECCs can correct X (bit-flip) and Z (phase-flip) errors

simultaneously and for each qubit, then they can also correct any arbitrary n-qubit error.

From this digitization, it can be shown [156] that a quantum error channel for n qubits may be decomposed

as a combination of Pauli strings

P,=¢20,®...00,,

with 0 € {0,1,2,3}, 0, € {I,X,Y,Z}. (3.3)
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and ® denotes the tensorial (or Kronecker) product. This description is named Pauli channel.

The Clifford group is the set of unitary transformations that transform any Pauli string into a Pauli
string. Clifford circuits are built solely from unitaries of the Clifford group. Any such Clifford unitary

can be implemented via composition of the simple 1- and 2-qubit unitaries

1 ({1 1 1 0 I 0
H=— NZ = ,CNOT = : (3.4)

v2\1 1 0 i 0 X
With these Clifford circuits, it is possible to construct an encoding for a QECC, in order to protect the
desired quantum data. The backbone and inspiration for most quantum error correction methods are the

so-called stabilizer codes [157], and for that reason, this work will chiefly focus on these codes as the core

machinery needed to produce random QECCs.

3.4 Stabilizer codes

A stabilizer S; of the quantum state |¢) is any Pauli string that acts as the identity on |¢), that is, S; [¢) =
|t)). The stabilizer group S is the set of all such stabilizers. As there is a one-to-one correspondence
between [¢) and its stabilizer group, stabilizer circuits can be efficiently simulated using only Clifford
unitaries (see [158, 159]). The stabilizer group can be generated by some (non-unique) subset Spin, whose
elements are the minimal stabilizers. These minimal stabilizers can be used to create a type of QECC,
called a stabilizer code (see Fig. 3.1). For simplicity, henceforth we will refer to the minimal stabilizers
of stabilizer codes simply as stabilizers.

Syndrome extraction
Error - = ~ Recovery

Vol U el B 18y [ 1Snr R [

Encoder

[0)1— H H u

|0) - H H H ZU

Figure 3.1: Quantum circuit for a (n, k) stabilizer code, depicting the encoding and decoding process.

Starting with the k-qubit quantum data [¢) ;, and (n — k) redundancy qubits in the state |0...0) , which
have been entangled by some Clifford unitary encoder U, then the resulting n-qubit logical state [¢);
(amounting to a codeword) must have s 2 (n — k) stabilizers Sy, which must commute with each other.
It also has 2k logical operators X;, Z;, for 1 < i < k, which act on |¢)  similarly to X;, Z; on |¢) , and

which can be combined to form a total of L £ 22* logical operators.

Suppose that a Pauli error string E affects [¢),, resulting in \@)L = E|¢),. If we conditionally apply
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a stabilizer to WJ)L, controlled by an ancilla qubit in the state |[+) = H[0) = (|0) + [1))/v2, and
subsequently apply the Hadamard gate H a second time (see (3.4) (3.4)), we obtain

By, L 5)
S B 10)+ S.E 1), 1) (36)
Ay ST+ SE ) 10)+ (1 = S)E ) 1] (37)

Since both the error patterns and the stabilizers are Pauli strings, they must necessarily commute or
anticommute. If they commute, the state in (3.7) will be E |¢), |0), otherwise, we will have E 1), |1).
Consequently, the conditional application of each stabilizer provides us with 1 bit of information about
the nature of the error. With s stabilizers, we have a s-bit syndrome, allowing one to discern between
S £ 2% error patterns, while in the case of no error, one obtains the zero syndrome. This information
enables us to correct the quantum state by undoing the effect of the error. This recovery process R will
consist of applying the inverse of the error pattern F ascertained from the syndrome. Since all Pauli

strings are both Hermitian and unitary, for a Pauli channel, we have E~! = FE.

3.5 Quantum RLCs encoding

The construction of classical RLCs mentioned in Section 3.2 involves random generator matrices, whose
only constraint is that they ought to be full-rank. Because quantum operators should be unitary, the
construction of QRLCs is a rather more constrained problem. The generation of QRLCs is nevertheless
possible: starting with a quantum state of k qubits, to be encoded into n > k qubits, [141] presents
a method of generating a random qubit encoding. One starts by randomly selecting Clifford unitaries
from the Cy group (i.e., Clifford unitaries for 2 qubits). There are |C3] = 11520 such unitaries, and
all of them can be built by simple combinations of the Hadamard, CNOT, and phase gates, which
have efficient physical implementations in virtually any quantum setting. After selecting these random
unitaries from Cy, one successively applies each of them to a random pair of qubits, taken from the set
of n qubits, assuming that all-to-all connectivity (between any of the n qubits) is possible in practice.
This assumption is required for the scaling results in [141], and is used in this work. However, it may be
dropped for practical reasons, as the more recent results in [112] suggest, and it is the subject of future
work. This process leads to an encoding unitary for our stabilizer code which, when applied to the initial
k qubits and (n — k) extra |0) qubits added, returns a n-qubit encoded quantum state. As shown in
[141], as long as O(nlog® n) gates are used, with a circuit depth of O(log®n), the construction leads to
a highly performant (n, k) code, and from [112] it is already known that these complexity orders can be

further lowered.
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A Robust encoding

In this context, the QRLCs’ performance will also depend on the noise statistics. Nonetheless, in order to
effectively protect our quantum data from noise in an efficient and practical manner, the noise statistics
about the particular environment in question should be known. In the quantum setting, assuming we

wish to correct the IV error patterns in the error set
EL (BN, with By 21, (3.8)

and we know the probability of them affecting our data to be P £ {pi}i]io, with pg £ P(no error), then
our encoding and decoding procedure should have into account the noise statistics, denoted by the set of
pairs

N2 {(pi, )Y, (3.9)

with the error patterns ordered by decreasing probability, so that p; > p;y1, for all i. For an encoding
with n qubits, using GRAND requires N + 1 = 4", with >, p; = 1, as 4" is the total number of Pauli
strings of n qubits. If using GRANDARB, the unlikely errors may be disregarded, so a much lower N, and

> pi <1, is assumed.

As the encoding is randomly chosen, to ascertain the code’s performance, we may compute the syndromes
associated with every error pattern in &£, and check whether the code is robust to all of them, in O(N)
time. The code is robust if each F; € £ has a unique syndrome or, for degenerate codes, if E; shares a
syndrome with E; and E;E; € S, that is, the combined action of the two errors does not change the

quantum state.

Nonetheless, we may not require that all errors in £ be correctable. For low entropy noise, some errors
may be very unlikely to surface. If a random code happens to not correct these unlikely errors, it may

still function adequately in the high probability case that more likely errors occur.

Classically, for a channel with input X and output Y, its capacity is given by the maximum of the mutual
information I(X,Y") over the possible probability distributions of X. In the quantum case, for the case of
stabilizer codes, the quantum capacity is given by the coherent information of the quantum channel [156,
sec. 7.6], [143, sec. 24.6.3]. For a Pauli channel, this capacity is associated with the so-called hashing
bound [143, sec. 24.6.3], [160]. Using the results in [143, sec. 24.6.3] we observe that, as long as

n>k+HWN), (3.10)

the code is able to correct the error patterns in A" with high probability. This is a direct consequence of
information-theoretic arguments based on set counting, and interpreting the entropy of the noise, H(N),
as the number of bits needed to describe the noise, which establishes how many different noise patterns
can occur. Note that, in theory, due to the possibility of degenerate error patterns, it is sometimes possible
to surpass the hashing bound [161, 162]. Nonetheless, in Section B we motivate why degenerate errors

have negligible effects in our setting, and consequently, in our numerical analysis in Section 3.7, these
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error patterns are approximately considered to be uncorrectable. Therefore, to obtain a near-capacity
achieving code, we must only ensure that (3.10) is satisfied, and that sufficient 2—qubit gates are used to
create the random encoding, as indicated previously, and as will be analyzed in Section C. This result is

derived for large n, but similar results are applicable to lower n, as we see in the next section.

B Comparison with ideal random codes

In order to assess the results obtained numerically, we may compare the QRLCs’ performance with
the expected performance of a simpler approximation. Similar techniques [112] have been previously
employed in the literature, since they allow us to better gauge the behavior of QRLCs, as it is too

difficult to analytically estimate their performance.

As an ideal approximation, we consider a code that maps each of N error patterns (plus the no error
case) randomly, using an i.i.d. uniform distribution, to one of the S syndromes. This approximation
constitutes a more manageable mapping for analytical study, when compared with the mapping produced
by a QRLC, since it does not present the linearity constraint, nor the added structure present in quantum
codes. Nonetheless, since QRLCs may be thought of as a subset of the codes that this ideal approximation

may generate, its performance may be considered to provide an upper bound for the QRLCs of interest.

For N error patterns, plus the no-error case, let u be the number of unique error syndromes associated

with them. In general, the average number of unique syndromes is

(W) i1 = Sll - (1 - ;)NH], (3.11)

and the correctable error fraction is given by

US,N+1
= . 3.12
! N +1 ( )

If we wish to correct all N error patterns (i.e., f = 1), we must have (N + 1) distinct error syndromes,

which happens with probability

P(f=1)= ﬂ (?) (3.13)

=0
N
_; N(N +1)
~ irs — R S
fj];[oe exp( 53 > (3.14)

with the approximation achieved by the Taylor expansion of e*. Note that the probability of correcting
absolutely all N error patterns P(f = 1) may be very low, while still having P(f > 1—¢€) ~ 1, for e < 1.

In fact, reminding that S = 2"~*, we have

N(N +1
P(f:1)21—6<:>n2k+10g2<(2+)> (3.15)
€
N
f21—6<:>n2k+10g2<2). (3.16)
€
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These equations directly showcase the relation between the choice of n for the encoding and the code’s

performance. Unlike (3.10), their derivation does not assume large n.

For (n,k) QRLCs, each of the possible 4" Pauli strings will be associated with one of the S = 2"~
syndromes. Due to the linearity of the code, the strings will be distributed equally through the syndromes,
so that each syndrome will have 2"t% = S[ associated Pauli strings. In fact, for s = 0, the associated
strings will amount to all the combinations of the S total stabilizers and the L = 2%* total logical

operators.

When creating a QRLC, it is possible to obtain a degenerate code. For an error pattern E; € £, we obtain
a degenerate code when 37,j such that ¢ # j and E;E; € S. In these situations, F; and E; have the
same effect on the encoded state and, consequently, can be treated as the same error. For two random

error patterns E7, Eo with the same syndrome, the probability of F1 F5 being a stabilizer is ~ 1/L.

For simplicity, we consider a code that can fully correct the error patterns in € a (good) degenerate code,

while making no distinction between faulty codes that do or do not present some level of degeneracy.

1.0 - =
\ — good
0.81 — non-degen.
; —— degenerate
0.6 —— success
A, °©  approx.
0.4
0.21
0.000 0.005 0.010 0.015 0.020
N/S

Figure 3.2: Probability of obtaining a “good” code (blue), that corrects all N error patterns, vs. the ratio
N/S, for a (16,1) code, for the maximum noise entropy case. Even if obtaining a good code is unlikely,
it still corrects almost all errors, so the probability of a successful correction is high (red). The dots
indicate the theoretical approximations given by (3.20), (3.13), (3.21), and (3.12), respectively, which

closely match the observed behavior.

The probability of obtaining a “good” code, i.e., a code that is capable of correcting all the N error
patterns, can be estimated by considering the probability that either the syndrome of E;F; differs from
0 (non-degenerate case) or equals a stabilizer (degenerate case). As there are (Nz+ 1) such E;E;, this

probability is given approximately by

N+1)

P(good) ~ (P(non-degen.) + P(degen.))( 2 (3.17)
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N {5—1 n S} ("5) (3.18)

{1_1(1_1””2“) 510)
(MDY, 50)

As the probability of obtaining a working non-degenerate code is approximately given by (3.13), the

probability of obtaining a working degenerate code can be estimated by
P(degenerate) = P(good) — P(non-degenerate). (3.21)

Fig. 3.2 presents 2000 samples of (16,1) random codes. Most of the “good” codes are non-degenerate,
so every error pattern has its distinct syndrome, but a small percentage may be degenerate, since k =
1 is very low. As expected, the probability of obtaining a code that corrects all N error patterns
present quickly decreases with increasing IN. Nonetheless, the probability that faulty codes will succeed
in correcting any particular error is still high for larger N (red). For the highest shown N/S, with
N/S =0.025, P(success) = 0.99, while P(good) ~ 0. As noted previously, this large discrepancy between
P(success) and P(good) stems from the fact that we may have P(f > 1 —€) ~ 1 while also having
P(f=1)~0.

Bernoulli process

As an example, we may consider the noise model in which quantum errors consist of a Bernoulli process,
with each individual qubit having a probability p of suffering an error. The error can be of type X,Y,
or Z (i.e., depolarizing noise), and the error types are identical and independently distributed (i.i.d.) for

each qubit.

The number of distinct error patterns of weight ¢ < t is
i n
B, 2> Ay, with A, 23 : (3.22)
t'=0 t

For t' < t, as error patterns of weight ¢’ are always more likely than error patterns of weight ¢, for this
noise model, then whenever an error pattern of weight ¢ has the same syndrome as a weight-t’ error
pattern, it cannot be corrected. Here, the degenerate scenarios are disregarded, since they are negligible
for large k. The expected number of syndromes M; with a weight-¢ error pattern as the most likely one
mapped to them is M; = (u) 5.8, — (u) s.B,_,- The correctable error fraction f of weight-t error patterns

that can be corrected will be, on average,

Mt S _ Bt _ A
f—E_A—te s (1—6 S),forS>>1. (3.23)

This expression enables a useful comparison for the performance of QRLCs, as shown in Fig. 3.3 (and
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later in figures 3.5 and 3.6).

C Minimum number of random gates

It is important to assess how deep (i.e., number of concatenated gates) the generator circuits need to
be such that the QRLC they generate approximates the ideal performance. In order to do so, we have
implemented the methodology in [141] and, for a varying number of gates, we measured the relative

deviation

5f £ (ftheory - fexp)/ftheorya (3.24)

5P £ P(f = 1)theory - P(f = l)expa (325)

where the f stands for the fraction of weight-t error patterns a code can correct. fiheory amounts to
the average correctable fraction coming from the approximation in (3.12), and fexp is the result of
averaging the observed correctable fraction of 31 QRLC samples, for a given number of gates. Similarly,
P(f = 1)theory is given by (3.13), and P(f = 1)exp is the ratio of the 31 samples that had f = 1 for weight

t = 1. For the noise statistics, we assume a Bernoulli process, as previously described in Section B.
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Figure 3.3: (a) Relative deviation d, for different (n, k) codes and error patterns of weight ¢t. The shaded
region indicates the 80% confidence interval, obtained by constructing 31 random codes for each case

presented. (b) Minimum number of gates to achieve a relative deviation § < 0.02, for varying nlog3(n).

67



The simulation results presented in Fig. 3.3 indicate that, as the number of gates used for the encoding
increases, so do the codes’ correction capabilities, eventually reaching (6 < 0.02) those of the ideal
random code. The codes’ error correction capabilities start off worse for error patterns of larger weight,
but converge to a similar minimum number of gates needed. We considered codes for several n and k to
estimate this behavior. These results, shown in Fig. 3.3, indicate that this minimum number of gates is
given by Nmin. gates = MmN logg(n). From [141], we expect the minimum number of gates to scale with
O(n log2(n)). Although this theoretical result is only proved there for some codes, here we experimentally
observe it for the mean (n, k) code (with m ~ 0.13 — 0.15), which is of more practical relevance, and for
the case where we require that all ¢ = 1 error patterns must be correctable (m ~ 0.21). Consequently,
even for larger quantum codes with n = 128, 1000 Cy Clifford gates should suffice to ensure that the
resulting code has a very high performance for that rate and code length. Given that most of these gates
will be applied in parallel, with depth O(log3 n), this approach enables the creation of high-capacity

codes with low-depth quantum circuits.

D Determining the stabilizers

The traditional approach in the construction of stabilizer codes is to start by defining the stabilizers, and
then find the associated encoding process. The proposal in this paper uses a random code construction,
and therefore the first step is the definition of the encoding circuit and only after one determines the

stabilizers associated with that particular code.

The construction of a QRLC only involves Clifford unitaries, and therefore the encoding process U is
a stabilizer circuit. The Gottesman-Knill theorem indicates that stabilizer circuits with n qubits can
be simulated using only O(poly(n)) classical resources (see [158, 159]). From this efficient classical
simulation, the desired stabilizers may be extracted [112]. In particular, the (n — k) ancilla qubits used
for the encoding, in state |0), start by having the associated minimal stabilizers Z;, for k +1 < i < n,
since Z; |0);, = |0),. The classical simulation takes these starting stabilizers and modifies them through

the encoding U, resulting in the desired minimal stabilizers .S;, which can be used for the stabilizer code.

3.6 Quantum-GRAND proposals

We are now ready to construct GRAND-inspired decoding techniques to decode QRLCs. This common
framework of quantum-GRAND (QGRAND), in the case of stabilizer codes, consists of the steps herein

summarized:

1. Generate a random QRLC encoding U, robust to the noise statistics N'. This can be efficiently

done, for instance, by combining random 2-qubit Clifford unitaries (Sections A and C);

2. Determine stabilizers of the chosen encoding by efficiently simulating the stabilizer circuit (Sec-

tion D);

3. Perform syndrome measurement using all the minimal stabilizers (Section 3.4);
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4. Apply decoding using an iterative noise guessing recovery procedure, similar to the one in classical
GRAND (Section A), by applying the inverse of the error pattern determined to the encoded

quantum data.

These steps can be implemented in slightly different manners, as will be described in the following

subsections.

A The syndrome as membership test

Syndrome measurement setups are a central building block in QEEC [147, 136, 137]. As in classical
GRAND, the syndrome measurement step of the stabilizer code may be considered simply as a member-
ship test, accepting the quantum state if the syndrome s is zero, and rejecting the error-affected state if
s # 0 (see Fig. A). If the syndromes associated with each error pattern are not known a priori, then it
will be necessary to measure all s = n — k minimal stabilizers to verify if no error has occurred. Since
the encoding and subsequent stabilizers are random, it will take only ~ 2 stabilizer measurements, on

average, to obtain a nonzero syndrome bit when an error actually occurred.

For a (n,k) code, we do not necessarily require the measurement of the full syndrome to perform the
GRAND iteration procedure. If we are not taking advantage of the information encoded in the syndrome,
and wish to use it only as a membership test for the codebook, then we just need to check whether or

not the syndrome is nonzero.

As the chosen encoding is random, so are its stabilizers. Consequently, each error pattern has a probability
of p = 1/2 of anticommuting (and thereby being detected) by each stabilizer, and this behavior is inde-
pendent for each error pattern. Therefore, the average number of stabilizers measured until encountering

a 1 bit, for some error pattern, is

(Csp)) =D il —=p)'p (3.26)

<2. (3.27)

As we generally don’t know a priori whether or not an error has occurred at the first iteration, before
the trial-and-error correction process commences, there is the possibility that we will need to measure
all s minimal stabilizers, in the case with probability py where no error has occurred. In that case, the
average number of stabilizer measurements required to determine whether an error has occurred or not

will be

(Cs(po)) = pos + (1 — po) (Cs) . (3.28)

If an error is observed, then at each iteration ¢ > 0 of the trial-and-error correction attempt, the average

number of measurements is Cs(p;/q;), with ¢; £ 1 — Z;;}) Dj-

The average total number of iterations in the trial-and-error procedure, for N error patterns, is I =

69



Zij\;o (i + 1)p;. Consequently, the average total number of stabilizer measurements until the procedure is

completed is

(€)= s+ (I—1)(Cs) < s—2+2I. (3.29)
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Figure 3.4: Flowchart of QGRAND, when (a) using the syndrome solely as a membership test, or (b)
also as an aid for decoding. Going beyond stabilizer codes, (¢) QGRAND may also be employed in a

more general context.

A downside of this approach is that the error correction and syndrome extraction must be applied

physically in the quantum circuit at each iteration. As this correction consists of applying EJ = F; to
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the circuit, and the syndrome extraction step might have a non-negligible number of gates (see Fig. 3.1),
then, for error-prone implementations, this approach may lead to a costly error correction process, as

each application of correction gates adds error itself to the encoded state.

For the case without abandonment, the error correction process can fail solely when an observed error
pattern has the same syndrome as an error pattern that was more likely to occur, given the noise statistics.
This amounts to the scenario where the coset leader chosen for a syndrome is not the error that occurred.
As previously alluded to in Section A, when abandonment is implemented, a second source of failure is
the probability that an unlikely error occurs, beyond the errors that one wishes to correct. Nonetheless,

as indicated in Section A, n should be chosen to ensure that this probability of failure is low.

B Syndrome decoding

Alternatively, as long as partial or full access to the actual syndrome is available, one may use that
information to improve the error correction process, while still taking advantage of the known noise
statistics (see Fig. A). There are several possible approaches along this route. For instance, one may rely
on the classical computation of the syndromes associated with each relevant error pattern, both before

and during the correction process.

To take advantage of syndrome decoding, let Ap C N be the set of error patterns for which we wish
to precompute and store the error syndrome, and Ay = M\Np the error patterns for which we wish to
compute the error syndrome on the fly, as necessary. We have N = Np + Ny, with Np = |Np|, Ny = |Nj|.
Its Np x s syndrome matrix Mg, which stores the Np syndromes, each s-bits long, can be computed by
the matrix product of the Np x 2n error matrix Mg and the S X 2n parity check matrix A, through

Ms = MgAT [156]. If Np is small, this syndrome matrix can be classically stored in memory.

Additionally, the precomputation of the Np error patterns’ syndromes enables checking a priori whether
or not our random linear code can distinguish between all the Np error patterns, lest it have more than
one relevant error pattern with the same syndrome (cf. Section B). Therefore, we may try other random

encodings until we are sure that one satisfies the requirements at hand, instead of relying on (3.10).

Given the random nature of the linear code, it takes, on average, log, Np bits to identify each of the Ap
error patterns, for a total of at most ~ 2Np bits to store, using a binary tree. To single out a particular
error pattern in A/, we require, on average, log, (N + 1) stabilizer measurements. Note that logy (N + 1)
may be much less than s bits in practice (see (3.10)). After log,(Np + 1) stabilizer measurements, we are
likely to rule out almost all error patterns in Np. However, the error patterns in Nj have not yet been
ruled out. To be sure of which error actually occurred, log,(Np + Ny + 1) measurements are needed. For
that, the syndromes of the other Nj error patterns needed to be checked. These are error patterns that
we still wish to correct, but whose syndrome we did not keep in memory due to memory constraints.
These computations can be performed in parallel, and we only need to compare, and thus compute, on
average, < 2 bits among the measured syndrome bits, to check whether one of these error patterns is the

measured one.
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In the case with abandonment, it is possible that none of the Np or Ny error patterns explain the observed

syndrome, if the error that occurred was very unlikely and not worth correcting.

C Ordering the stabilizers

With direct access to the syndrome information, it might be tempting to order the stabilizer measurements
so that, at each iteration, there is maximum information gain. However, it can be shown that this
costly computation results in negligible savings in the average number of measurements that need to be
performed to determine the error (see Section A), when compared with a random ordering. Similarly,
ordering the stabilizers to try and create a more efficient membership test would also result in minimal

improvement in performance.

If s > logy(N + 1) > H, one may work with a smaller subset of the s minimal stabilizers, since, on
average, we only require log, (N 4 1) measurements (in the highest entropy case) to determine the error.
In this case, it is possible to choose stabilizers that have low weight or that are easier to implement, based
on the hardware restrictions. However, this biased sampling may negatively affect performance. In any
case, it should be noted that, if the encoding is chosen according to (3.10), then one should not have

s> H.

D Adapting to changing noise statistics

As the set of noise statistics N takes center stage in the decoding process, QGRAND may be adapted
on the fly to suit a changing noise environment, or changing error tolerances. For the latter case, less
(more) strict correction expectations can be achieved by discarding (including) some error patterns FE;
with low associated p;. Similarly, for the former case, if /' no longer accurately represents the new noise

environment, a new A/ may be considered, resulting in different errors having correction priority.

If changing N is not sufficient, the code can still be quickly adapted by undoing the old encoding U and
implementing a new encoding U’, keeping in mind the expected performance indicated by (3.10), (3.15),

and (3.16).

E A general approach: beyond stabilized codes

The QGRAND concept is not limited to stabilizer codes. A general high-level implementation of QGRAND-
inspired decoders may be applied to other QECCs, consisting of the following steps, as depicted in Fig.
A:

1. Preprocessing/Encoding: The initial quantum data, pp, is preprocessed by U, possibly com-
posed by ancilla qubits, unitary transformations, and projective measurements, into its encoded
version p; (with j = 0). p; enables the desired operations WW; on the quantum data to take place,
transforming the state into pj~. All of these states p;, j > 0 should be robust to errors. At desired

intermediate steps, the data is verified.

2. Data verification: A membership test is performed to verify if the encoded state p; has been
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corrupted by errors beyond the maximum tolerable error weight - fail case - or if it is still in a state
acceptable for further operations - pass case. Depending on the implementation, the membership
test may provide further information Z; about the failure, facilitating its subsequent correction.
Note that the use of the membership test may itself modify p;, as long as this modification simply

aids the correction, and does not induce further significant errors in p;.

. Iterative correction attempt: A recovery operation R is attempted on the state p;. This
operation is chosen based on the information Z; provided by the previous membership tests, and
on the noise statistics A" known about the setup a priori. This verification should be reversible, so

that subsequent iterations may undo the effects of failed correction attempts.

. Error correction: Steps 2 and 3 are repeated either until no feasible further recovery attempts
are possible - leading to a failed correction - or until a membership test indicates that p; is now in

an acceptable state, and the potential operations W; can resume.
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3.7 Performance vs code rate trade-off
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Figure 3.5: BLER and correctable error fraction f for QRLCs with n = 128, considering p = 10~2, when
trying to correct error patterns of weight up to ¢ = 3. Top curves: BLER, with shaded areas marking an
80% confidence interval. Bottom curves: fraction f of error patterns of weight ¢ that can be corrected by

the code, for a given code rate.
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Figure 3.6: BLER and correctable error fraction for QRLCs with n = 32, considering different p values,
when trying to correct error patterns of weight up to ¢t = 3. Top curves: BLER, with an overall behavior
similar for both p = 1072 and p = 1073, but the lower p enables 2 to 3 orders of magnitude lower error
rate. Bottom curves: fraction f of error patterns of weight ¢ that can be corrected by the code, for a

given code rate. This value is independent of p.

As motivated in Section A, the alteration of quantum states follows a noise model where a quantum state

0, in density matrix form, gets transformed into
N
p=Y pEcE], with Eg=1. (3.30)
i

After measuring some syndrome s, and applying the associated correction (either directly, if possible,
or by iteratively guessing), we obtain the corrected state. Unlike the classical case, where bit-flip errors
definitely map a codeword to a different word, in the quantum case the error’s actual effect will depend
on the original quantum data |¢), and it may go from doing nothing to mapping |¢)) to an orthogonal
quantum state. As an example, consider ¥ = 1 and only the error Z. If |[¢) = «|0) + B|1) (with
|a|? 4+ |B]? = 1), and the affected state Z |¢) is not corrected, the decoded state’s fidelity will be

F=[{|Zly)[* = o] - |81, (3.31)

7



which may be any value from zero (if |o| = |f]) to one (if |«| or |8| equal one). As we wish to determine an
estimate of the QGRAND’s performance which is independent of the initial quantum data of interest, we
may estimate a lower bound F;;, for the fidelity of the corrected state, averaged over the noise probability
distribution, for any given initial quantum state. A straightforward lower bound may be obtained by
considering the worst-case scenario, where all errors in £ (except Ey = I) map the initial quantum data

to an orthogonal state, resulting in F' = 0 if an error occurs. Therefore, we have the lower bound

(F) > Fyin = Zei > Z e; =1 — BLER, (3.32)
icC 1€Cnon—degen.

with C the set of indices for error patterns that can be successfully corrected by the code. Chon—degen. €
C considers only errors that are correctable thanks to a distinct syndrome, and not thanks to code
degeneracy. 1 — Fiin turns out to be further lower bounded by the block error rate (BLER) in classical
error correction, with the difference resulting from code degeneracy. Since the probability of an error
being degenerate roughly scales with 1/L = 1/22% (cf. Section B), this possibility can be disregarded for
moderate or high k. Nonetheless, by computing the BLER, our results slightly underestimate the codes’

performance for very low values of k.

The error probability associated with quantum communications and quantum computation is typically in
the order of 1073 —107! ([163, 164, 165]), higher than what is usually encountered in classical applications.
For fault-tolerant computation, it is estimated that an error probability below ~ 10~2 would be required
[108]. To motivate the use of QGRAND for near-future applications, for this work, we consider error

probabilities in this range.

Figures 3.5 and 3.6 show how both the block error rate (BLER, which is an upper bound to the infidelity
in the quantum setting) and the fraction of error patterns of weight ¢ evolve as a function of the code

rate for QRLCs with codeword lengths n = 128 and n = 32, respectively.

These results are obtained semi-analytically, as the QRLCs are constructed randomly, but their per-
formance is computed exactly from each QRLCs’ list of minimal stabilizers, represented by the parity
check matrix A. The implementation uses the Python package Qiskit. For n = 128, we compute 31
samples for each & > 90. For n = 32, all k are considered. For each sample, a QRLC with the indicated
number of gates (it varies for n = 128, and it is always 2000 for n = 32) is constructed. Its performance
is obtained by summing the probabilities p; of the most likely error patterns F; € £ associated with
each syndrome. These are the error patterns that can, in fact, be corrected by QGRAND (disregarding
degeneracies). The syndrome of each error is efficiently computed as s; = Mp, AT, with Mg, the binary
matrix representation of F;. Only error patterns up to the desired weight ¢ are considered; thus N = B,

as in (3.22).

As the code rate increases, the code manages to correct fewer and fewer error patterns, with an error
rate approaching the case where no error can be corrected. Lower code rates eventually plateau for each
weight ¢, as the codes can eventually correct all error patterns with that weight. As expected from Fig.

3.3, if the encoding has too few Cy gates, it is not expressive enough to reach the performance of an ideal

76



random code (marked by dots, (3.23)), but, as more gates are used, the observed performance of these
QRLCs matches it, qualitatively suggesting that GRAND’s results for uniform-at-random codes may be
applicable to quantum random encodings. Note that the variance of the code performance also decreases

with an increasing number of gates, indicating that a good code is obtained with high probability.

Approximating QRLCs by their ideal counterparts, we may estimate their performance’s dependence on
the noise probability. As seen in Fig. 3.7, increasing n improves the code’s performance, with a lower p
observing greater improvements. The ideal approximation from Section B (dots) continues to provide a

quick and good estimate of QGRAND’s performance.
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Figure 3.7: Codes’ performance as a function of the probability p of each qubit suffering an error for

different code lengths n, with R = 0.7. A Bernoulli noise model is used.

3.8 Conclusions and future directions

This work introduced a novel approach to quantum error correction by bringing together quantum random
linear encoding and noise guessing decoding, considering a system model with channel errors only, as a
first extension of the GRAND concept to the quantum realm. QGRAND is particularly suitable for
codes with short codewords, or with high code rate, as highlighted in [148, sec. VI-B]. Given the
difficulties of manipulating large quantities of qubits, this type of error protection seems particularly fit
to the presently envisaged quantum technologies requiring error correction, such as the transmission of

quantum entanglement, quantum repeaters, quantum memories, and quantum computing.

It was first verified by numerical simulations that the construction leading to random quantum codes can
be efficiently implemented, even outside the regime with theoretical guarantees. Although we focus on the
case of all-to-all qubit connectivity, this method can be easily generalized to more restrictive connectivities.
A possible approach would be to limit the 2-qubit gates composing the encoding to only connect pairs of
qubits with a direct connection. Employing higher circuit depths to achieve similarly powerful encodings,

and limiting the stabilizer weight [112] would enable versatile practical implementations.
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By taking advantage of the noise statistics, known from the medium at hand, an efficient and flexible
decoding process is obtained. One may even consider a scenario where the syndrome measurements
are not promptly available, and rather there is only access to a membership test, flagging whether the
syndrome is zero or not. The QGRAND methodology is generalizable beyond stabilizer codes, and is

suitable for time-variant noise statistics and changing setup requirements, updated on the fly.

In the quantum setting, we may consider different forms of abandonment. In the classical GRANDAB
approach, the iterative noise guessing process is stopped after a chosen number of attempts, depending
on the noise entropy. In the case where the syndrome information is being actively used, we may not
only stop testing error patterns after a given threshold, but we may also stop measuring stabilizers after
a given number of measurements, if the conducted measurements rule out all but very unlikely errors. In

general, we expect the QGRAND approach to be directly amenable to the GRANDAB formalism.

This work considered QECCs mostly for quantum communications and quantum memories, where the
errors mostly arise during the quantum state transmission or storage. However, in contexts such as
quantum computation, the errors during the encoding and decoding process themselves may be of the
same order of magnitude as those encountered in the intended computations, and therefore, an important
research question is to find how robust the whole encoding-decoding chain is when considering such
errors in the system model. The first step should be assessing the impact of imperfect measurements
when obtaining the syndrome, and how the binary decision they control (i.e., the membership test) is
perturbed. The application and efficiency of QGRAND (and GRANDAB) for practical applications with
limited qubit connectivity, and also in the context of fault-tolerant systems, is the subject of ongoing

work.

3.9 Supporting Information

A Stabilizer order

For the syndrome decoding process, we may choose the order in which we apply the stabilizers. For a
random ordering of the s minimal stabilizers, it will take, on average, measuring ~ log, (N + 1) stabilizers
to identify which specific error pattern in £ has occurred. If the syndrome is only being used as a

membership test, then one needs to distinguish each error pattern in £ x &£, which takes ~ 2log, (N + 1).

Instead of choosing the stabilizer ordering at random, we may try to choose the stabilizer with highest
information gain, which, thanks to the random assignment of syndromes to error patterns, will likely

correspond to the stabilizer with which the most error patterns anticommute.

Using this information, one may precompute a decision tree that maximizes the information gain at
each measurement step. An example can be seen in Fig. 3.8, where we see the average number of
stabilizers required to determine the error that occurred, or if no error occurred at all, for different error
distributions, as a function of the noise entropy H(A). The shaded region marks one standard deviation.

Random (30, 1) codes are used, and only error patterns of weight ¢ = 1 are considered. When all cases
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are equally likely and the entropy is maximal, the decision tree method will require about the same
number of stabilizers, log, (N +1) (black solid line), as the naive method, where the stabilizers are chosen
at random. For lower entropy distributions, only minor savings can be achieved. In the limit of zero
entropy, where no errors can occur, fewer stabilizers are required (with the minimum given by the dashed
line, computed using (3.33)). The decaying and constant distributions correspond to {p; = exp(—ai)}
and {p; = ¢,pg = 1 — Ne}, respectively, with both distributions normalized and «, € chosen so as to form

a probability distribution with the indicated Shannon entropy H(N).

This approach might even be used to create a membership test requiring a smaller number of stabilizers.
However, here we show that such a procedure will lead to very minor savings in the necessary number of

iterations, when compared with the straightforward random ordering.
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Figure 3.8: Average number of stabilizers required to determine the error that occurred, or if no error
occurred at all, for different error distributions, as a function of the noise entropy H(N'). The shaded
region marks one standard deviation. Random (30, 1) codes are used, and only error patterns of weight

t = 1 are considered.

Let X; be the distribution for the number of error patterns in £ that anticommute with stabilizer S; €
Smin. Then, approximately, X; ~ Binomial(N,1/2), using the binomial distribution. For large N, X; can
be approximated by the normal distribution Normal(n/2,n/4). The stabilizer that can detect the highest
number of error patterns, will detect on average Z ~ max; X; error patterns. By Jensen’s inequality,
its expected value is upper-bounded by p+ 0v/2Ins = n/2+ \/m Assuming that the stabilizer
chosen for each iteration matches this upper bound and the X; distributions are independent, we have N;
error patterns remaining at iteration j, on average, when starting with N error patterns. The recursion

relation is given by

N; N;
N0=N7 Nj+1 = ?j— ?jln(s—j). (333)

An approximate lower bound for the minimum number of measurements is given by I, such that Ny ~ 1.
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This bound is not exact as the substitution of the binomial distribution for a normal distribution is only
valid for large IV;, which necessarily cannot hold for j > 1. Nonetheless, it provides us with a simple rule
of thumb to check whether the ordering approach can potentially have large savings in measurements.

Using A; £ \/N;/2, we have

A, 1 ~ A; Vs
Aj—H\/i\/lAj\/ln(Sj)\@ ok (3.34)

By solving this recursion relation, it can be shown that the number of iterations required will be, approx-

imately, for large N and s,
I ~logy N —logylogy s — 1. (3.35)

Fig. 3.9 provides numerical confirmation of that. Suppose that our setup follows (3.10), so that s o
logs N. As N increases, we expect no significant increase in savings for the number of iterations, when
compared with the approach of picking stabilizers at random, which takes ~ log, IV iterations. Thus, it
is not justifiable, in practice, to compute a syndrome table to construct a decision tree leading to the

highest information gain per iteration, as the gains are negligible.
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Figure 3.9: Expected number of iterations, using the decision tree method, for large N and s. Using

I = alogy N — blog, log, s — ¢, a least squares fit obtains the parameters (a,b,c¢) = (0.96,0.91,0.84),

which is approximately in agreement with (3.35).
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Chapter 4

Fault-tolerant noise guessing

decoding of quantum random codes

Abstract

This work addresses the open question of implementing fault-tolerant QRLCs with feasible computational
overhead. We present a new decoder for quantum random linear codes (QRLCs) capable of dealing with
imperfect decoding operations. A first approach, introduced by Cruz et al., only considered channel errors,
and perfect gates at the decoder. Here, we analyze the fault-tolerant characteristics of QRLCs with a
new noise-guessing decoding technique, when considering preparation, measurement, and gate errors in
the syndrome extraction procedure, while also accounting for error degeneracy. Our findings indicate
a threshold error rate (pghreshold) Of approximately 2 x 107° in the asymptotic limit, while considering

realistic noise levels in the mentioned physical procedures.

4.1 Introduction

It is known that classical random linear codes (RLCs) are capacity-achieving [166], however, until the
advent of guessing random additive noise decoding (GRAND) their decoding was not practical, apart
some decoders based on trellises (as pointed out in [2]). GRAND has been proposed with the aim of
reducing end-to-end latency in coded wireless systems, which has been a drawback for a long time. The
rationale in the original proposal of GRAND was that by using short codewords, the so-called interleavers,
used to make the errors independent and identically distributed (iid), would no longer be required [167].
Using short blocks in wireless systems also helps to better adapt to the channel variations when applying
precoding techniques [168, 169, 170]. In the quantum realm, due to technical limitations in manipulating
qubits, short block codes appear as natural candidates for quantum error correction codes (QECCs) [111,
171, 172, 173, 139]. These limitations also necessitate the development of fault-tolerant techniques to

handle noise and errors in quantum operations [157].
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Likewise classical RLCs, quantum random linear codes (QRLCs) attain the capacity of the quantum
channels, but no practical decoder existed for them until the advent of quantum guessing random additive
noise decoding (QGRAND), which allowed to numerically assess their performance for the first time [2].
A recent work also used a GRAND-like approach to decode several families of structured quantum codes
which are based on stabilizer codes [174]. QGRAND has also been applied to the purification of quantum
links, taking advantage of the connection between purification and error correction [7], which will have

great implications on the way routing is implemented in quantum networks [105, 106, 104, 175].

QRLCs are a much more flexible solution than other structured quantum codes for QECCs, with advan-
tages in respect to the state-of-the-art solutions designed to detect and correct errors in quantum setups
[109, 110]. In contrast to structured codes, which may only exist for a very limited number of code rates
and codeword lengths [176, 115], QRLCs can exist for a wide range of coding rates and codeword lengths
that may better fit some particular applications. A method to generate QRLCs efficiently was proposed
in 2013 [141], however, almost no practical method existed until recently to decode them until the pro-
posal in [2]. The channel model used in that work was a Shannon-like channel, where errors occur only
in the channel and all the decoding process is perfect. However, in all current technologies implementing
qubits, the errors that take place in the quantum gates of the decoding circuit cannot be ignored. Hence,
a practical challenge remained after [2]: can a QRLC-QGRAND system be made practical in the presence

of the extra errors coming from the quantum gates, enabling fault-tolerant QECCs based on QRLCs?

This paper shows that, surprisingly, due to the particular way that the syndrome extraction takes place
in codes based on stabilizers, some heavy reduction of the effects of those errors takes place, making
the whole system viable. Building on previous work [2, 7], we present a comprehensive analysis of fault-
tolerant QRLCs, incorporating the effects of preparation, measurement, and gate errors. Our results
show that QRLCs, decoded with the proposed method, exhibit robust error correction capabilities with a
threshold error rate pipreshold Of approximately 2 x 107°. This advancement paves the way for practical
implementations of QRLCs in quantum error correction, contributing to the development of scalable and

resilient quantum systems.

While recent work by Nelson et al. [177] has addressed fault-tolerant quantum error correction using
low-depth random circuit codes, our work focuses on quantum random linear codes (QRLCs) decoded
with the QGRAND technique. Both approaches work with stabilizer codes generated through random
constructions, but differ in their specific code constructions, decoding methods, and target applications.
Their work addresses fault-tolerant state preparation and distillation protocols for quantum memory

applications, while our approach focuses on fault-tolerant syndrome decoding for error correction.

Although our results suggest that QGRAND could in theory enable a fault-tolerant implementation of
QRLCs, some challenges remain that limit its usefulness in that regime. QGRAND is most suitable for
situations where the noise entropy is relatively low, in which case decoding becomes computationally
efficient. However, in the fault-tolerant regime where n may be considered to be considerably large or it
is necessary to iteratively apply error correction to suppress errors, the noise entropy can be considerably

high. In this regime, the optimal procedure described in this paper becomes infeasible, and suboptimal
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Var. |Description Relationships
U |Unitary encoding circuit for a quantum error-correcting code
S; |The i*" minimal stabilizer of the code (1 <i<mn —k) S =UZ;i 1, UT
X, |Logical X operator on the j'" encoded qubit (1 < j < k) X, =UX,UT
Z; |Logical Z operator on the j'' encoded qubit (1 < j < k) Z; =UZ;Ut
N |List of all possible errors E; in the noise model, with associated

probabilities p;

EP |A base error (error affecting a single qubit or gate)
w |The number of base errors that compose a compound error E; = Ef e Ei]i
Local error pattern corresponding to a base error EP

C, B |Unitary components of a syndrome extraction circuit, applied be-|V = CB
fore/after an error EP occurs
Ve |Syndrome extraction circuit affected by error EF Ve = CelB

e; |Propagated error pattern on the main qubits after EP and subse-|e; = (CelCT),,
quent circuit operations

e |Propagated error pattern on the ancilla qubits after EP and subse-|e; = (CelCT),
quent circuit operations
A |Quantum check matrix of the code (binary representation in [X|Z]
format)
e; |Binary representation of the main error pattern e; (in [Z|X] format)
L |Logical error group generated by X; and Z;
L; |One of the 22F logical error patterns in £ e; = E;S;L;
S |Stabilizer group generated by S
S; |One of the 2% stabilizer patterns in S e; = E;S;L;
E; |Error pattern with the same syndrome as e; e; = E;S;L;
0 |Vector representing zero syndrome (n — k zero bits)
§; |Syndrome associated with a (propagated) error pattern e; 5 = e; AT
D |A degenerate set: A set of error patterns with the same syndrome
that can be corrected similarly
ed  |Representative of the errors in a degenerate set D ed = E;L;
g |Index of the syndrome extraction where an error EP occurred
S; |Syndrome acquired in the same extraction as error EP §; = comp (bin(ey))
$; |Syndrome acquired in a subsequent extraction after EZ occurred [8; = compy (bin((Ve;VT),))
s; |Measured syndrome in a particular syndrome extraction
s |List of all acquired syndromes over multiple extractions: {s!,... s?}
Q(E;)|Syndrome sequence expected for a compound error Ej QE;)=5;, ® - B sy,

Table 4.1: Notation summary.

heuristics would have to be introduced. Nonetheless, this work paves the way for applications of QGRAND
whenever the considered noise types all have low entropy, which encompasses setups with realistic noise

conditions.

This paper is organized as follows. In Section 4.2 we introduce the setup considered in the analysis,
and in particular its noise model. In Section 4.3, we define some useful error notation terms and set
the notation used throughout the paper. Section 4.4 presents the decoding method, extended form [2] to
account for degenerate errors. In Section 4.5, we present an analysis of the codes’ performance for various
qubit counts, and in Section 4.6 we present some final thoughts on our results. To help the reader, a

notation summary is listed in Table 4.1.
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4.2 Setup and noise model

We use the same setup as in [2], but consider the fault-tolerant regime, where the constituent quantum
gates in the circuit may be affected by error. We consider an initial k-qubit |¢) quantum state, to be
encoded into n > k qubits. [141] presents a method of generating a random qubit encoding, which we use
in this work. One starts by randomly selecting Clifford unitaries from the Cs group (i.e., Clifford unitaries
for 2 qubits). There are |C3| = 11 520 such unitaries, and all of them can be built by simple combinations
of the Hadamard (H), phase (v/Z), and CNOT gates, which have efficient physical implementations in

virtually any quantum setting [178]. In matrix form, these are defined as
1
H=—" , VZ = , CNOT = , (4.1)

with X, Y, and Z the Pauli matrices, and I the 2 x 2 identity matrix.

After selecting these random unitaries from Csy, one successively applies each of them to a random pair

of qubits, taken from the set of n qubits.
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Figure 4.1: Noise model considered.

This process leads to an encoding unitary for our stabilizer code which, when applied to the initial k
qubits and (n — k) extra |0) qubits added, returns a n-qubit encoded quantum state. As shown in [141],
as long as (’)(n log? n) gates are used, with a circuit depth of (’)(log3 n), the construction leads to a highly
performant (n, k) code, and from [112] it is already known that these complexity orders can be further

lowered.

We use these QRLCs to construct stabilizer codes. Compared to the approach in [2], in this work, we
consider a noise model that is more realistic by also including preparation, measurement, and gate errors.
Given that, in practical applications, the error of 2-qubit entangling gates generally dominates over single-
qubit gate errors [173], we focus on the former type of error. We further analyze the appropriateness of
our model in Section L. We assume that every gate in both the encoding and syndrome extraction steps

is decomposed into the Clifford gates {CNOT, H, ﬁ}
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For the noise statistics, we consider the model similar to the one in [173], but without single-qubit gate

errors (see Fig. 4.1):

e CNOT gate errors: After the ideal implementation of the CNOT(a,b) gate, with qubit a con-

trolling b, it is assumed that one of the 15 errors of the form

0,0, (4.2)

with O,, Oy € {I, X,Y, Z} and excluding 0,0, # 1,1}, occurs with probability p/15. Here, I is the
identity gate, and X,Y, Z are the Pauli matrices.

o Preparation errors: While setting the (n — k) ancilla qubits (for each syndrome extraction) to

|0}, each qubit has (independently) a probability p of being prepared in the state |1) instead.

¢ Measurement errors: While measuring each ancilla qubit to extract the syndrome, each mea-

surement bit has a probability p of being misread, so that a zero bit is read as a 1, and vice-versa.

Unlike the model in [2], to demonstrate the fault-tolerant properties of this model, we exclude a source of
error between the encoding and syndrome extraction sections (i.e., the “transmission error” in Fig. 4.1),
and instead focus on the case where the CNOT gate error stemming from the syndrome extraction
dominates the noise statistics of the circuit. This simpler model facilitates the study of the QGRAND
decoding approach in the fault-tolerant regime, which is the focus of this work. While possible (see

Section A), we make no further modifications to the circuit implementation.

4.3 Error correction overview

In the fault-tolerant regime with a noisy gate model, degenerate errors play a significant role in the error
correction capabilities of the code [179]. As a result, the approximation made in [2], where codes were
approximated to be non-degenerate, is no longer accurate, as it would significantly underestimate the

code’s capabilities.

Additionally, in the fault-tolerant regime, we must consider an iterated application of the syndrome
extraction procedure, instead of a single application, in order to capably detect the errors being intro-
duced by the syndrome extraction procedure itself. This is a common approach [180, 109] to quantum
error correction when gate and measurement errors are non-negligible, and the decoding procedure has
into account not just the syndrome from one extraction process, but the whole history of syndrome

measurements.
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Figure 4.2: Simple example, with two syndrome extractions (SE). The error is not detected by the first

syndrome extraction process, but it is detected by the second extraction.

As a result of this added complexity, in this section we clarify the notation we use in this work. We use
)_(j, Zj to represent the logical operators corresponding to the unencoded operators Xj, Z;, respectively.
Given an encoding U (see Fig. 4.1), the choice of minimal stabilizers S; and logical operators is not
unique. Without loss of generality (W.l.o.g.), we consider the minimal stabilizer S; (for 1 < i <n — k)

and logical operators )_(j, Zj (for 1 < j < k) to be given by

S; =UZi Ut (4.3)
X; =UXx,;U" (4.4)
Z; =UZ,U". (4.5)

Following Section 4.2, the noise model enables us to create a list N' = {(po, Eo), (p1, E1), ...} of all the
errors F; that the encoded quantum state may be subjected to, along with its respectively probability
p; of occurring. An error E; refers to the qualitative process that occurred physically, such as “a X573

error occurred in the CNOT(2,3) gate, and no other errors”, for example.

An error E; that corresponds to either only one wrongly prepared qubit, or one wrongly measured qubit,
or one noisy CNOT gate, is called a base error, and may be explicitly labeled as EF. Every other error

in the noise model of Section 4.2 can be described as a combination of base errors.

We consider the errors E; to be disjunctive, so only one error in A/ may occur, and their probability sums
to 1. When using the base error notation EZ, we implicitly refer only to the specific base error that
occurred, without making claims about the occurrence of other base errors. For example, using the noise
model in Section 4.2, the base error E” =“X,Z3 error in the CNOT(2,3) gate” would have a probability
of occurring of p/15, while the corresponding error E =“X5Z3 error in the CNOT(2,3) gate, and no

other errors” would have a probability of (p/15) x P(no other base error occurs), which would possibly
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be much lower. We may use the shorthand notation E® := E for errors where only one base error occurs.

Compound errors may be represented by their own symbol or as the product of errors that compose it.

That is, for simplicity, given base errors EF and EJB , we also have the compound error notation

E,=EnEPn| () EE | = EPE} (4.6)

m
m#i,j
An error E; is said to be of order w if w base errors suffice to describe it, so that E; = Ef e Ei]i. Note

that the constituting base errors may stem from different syndrome extractions.

Given a base error, let ¢! be the local error pattern corresponding to the error that occurred locally. In
the example above, we would have e! = X5Z3. In general, for gate errors affecting only one CNOT gate,

l

we would have an error pattern from Eq. (4.2). For preparation and measurement errors, e would be

represented by X operators in the appropriate ancilla qubits.

Unless the error EP occurs at the end of a syndrome extraction process, it will propagate through the
rest of the quantum circuit, possibly impacting other qubits. Let V' be the unitary corresponding to one
noiseless syndrome extraction process, minus the final measurement step of the ancilla qubits. We may
partition V into the unitaries B and C, corresponding to the portion of the syndrome extraction circuit

that occurs before and after the error EZ, respectively. If the syndrome extraction affected by EZ is

7 7

given by the unitary Vg, we have

V=CB (4.7)
Vi = CelB = (e @ ¢e;)V. (4.8)

The resulting (propagated) error pattern may affect non-trivially both the main n qubits (main error

pattern e;) and the (n — k) ancilla qubits (ancilla error pattern ef).

A Pauli string of n qubits is an operator that is the product of the Pauli operators X,Y | and Z on those
qubits. It has the form

€'220,04--- O, (4.9)

with O; € {X,Y, Z,I} and ¢ € {0,1,2,3}.

As el is a Pauli string, and C is a Clifford unitary, then both e; and ef are Pauli strings. Similarly,
following Egs. (4.3) to (4.5), the minimal stabilizers and logical operators are also Pauli strings, since U
is a Clifford unitary as well. A Pauli string is said to have weight t if it acts on t qubits, that is, if its

Pauli string contains ¢ Pauli operators (excluding the identity).

For the previous example with EZ, we would have e ®e; = C(X2Z3)CT. While the effect of ef is removed
by the syndrome measurement, the same cannot be said of e;. As EiB propagates through the circuit,

the pattern e; is picked up by subsequent syndrome extractions, and is ultimately the error pattern that
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our correction process needs to consider to undo the effect of EP on the main n qubits. See Fig. 4.2 for

an example.

In Fig. 4.2, we showcase a simple example, with two syndrome extractions (SE), where there is only one
minimal stabilizer S; = X;X5. An error occurs in the first CNOT gate, so E = “Z,15 error in first
CNOT gate, and no other errors”. The error is not detected by the first syndrome extraction process, so
s = S = 0. By the end of the first syndrome extraction, the evolved uncorrected error is e = Z115. It is
now detected by the second extraction, so s = § = 1. If it is not corrected, subsequent extractions will

behave similarly to the second one, returning the syndrome 1.

Since Y = iX Z, any Pauli string of n qubits can also be written in the form
22 (07 ---0X) (07 ---0F), (4.10)

with O € {X,I}, O7 € {Z,I} and ¢ € {0,1,2,3}.

The Pauli string may then be encoded as a binary row vector. In [X|Z] format, it takes the form

b by - bX bE bE - b, (4.11)
1, ifO; =P

with b = ' and P € {X, Z}. (4.12)
0, ifO; =1

In [Z]|X] format, the bJX entries are swapped with ij . By default, binary vectors and matrices are

represented in bold. We may use the functions

. op(e):=e (4.13)

compp(e) == [bf bP}, (4.14)

with P € {X,Z} and ¢ = |e|/2, to indicate the conversion to and from binary representation, and to
refer to a particular component of e, respectively. Calculations using binary are performed in g, that
is, using modular arithmetic mod 2. The functions bin and op stand for the transformations of Pauli

operators from and to, respectively, binary arrays.

Let A be the quantum check matrix [156], a (n — k) X 2n binary matrix (in [X|Z] format) where each row
J encodes the minimal stabilizer S; of the code. This is a compact way of representing the encoding used.
Let e; be the binary representation of the error pattern e; as a 2n-sized row vector, in [Z]X] format. Any

evolved error pattern e; can be written as
€; = EiSiLiv (415)

where L; is one of the 2% logical error patterns in the logical error group £ generated by the logical

operators Xj, Zj,l < j < k; S; is one of the 2"~F stabilizers in the stabilizer group S generated by the
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minimal stabilizers S;,1 < j < n—k; and E; is some error pattern with the same syndrome § = ;AT ase;
[156]. We use 0 to represent the syndrome with all entries equal to zero. W.l.o.g., for the decomposition,
we assume the phase factor ¢ (see Eq. (4.10)) to be zero, since neglecting it adds at most a global phase
to the encoded quantum state, which can be disregarded. As a result, we consider each error pattern to

equal its inverse.

The decomposition in Eq. (4.15) is not unique, and is dependant on the choice made for the particular
logical operators, minimal stabilizers, and E; patterns to use. For the sake of simplicity in the notation,
in this work, it is assumed that such a decomposition is the unique one obtained deterministically by
following the procedure described in Section 4.4. Consequently, we assume that, associated with each
error pattern e;, there is a unique set of operators E;, S;, and L;. In particular, for patterns with § = 0,
the operator E; is the identity. Since all error patterns with the same syndrome will have the same error

component E, we use Eg to indicate the error component of the error patterns with syndrome 8.

Compound error patterns, such as e, = e;e;, may be easily encoded in binary form by using the modular
sum (i.e. XOR), so that e, = e; ® e; and §, = §; & §,. Given two error patterns e;,e; with the same
syndrome 8§, their product e, has syndrome §; = § 8§ = 0, so E, is the identity operator. Therefore,

there is a unique S € S,L € £ such that e; = ¢;SL, with § = 5;8; and L = L;L;.

A degenerate set D is a set of evolved error patterns that can be treated similarly, for correction purposes.
This set depends on § and L. Although all error patterns with the same syndrome § have the same
representative error pattern Eg, not all can be corrected similarly. For that to be the case, their logical
error component L must be the same. Since we know that two error patterns are degenerate if e;e; € S,
we may verify this by computing e, = e;e; = (E;S;L;)(E;S,L;) = (E;E;)(8;S;)(L;L;) = E,S,L,. For e, to
be in S, we must have E, = L, = I, which is only the case if E; = E; and L; = L;. The former is true if e;
and e; have the same syndrome 8, while the latter is more complicated to verify, but we know that there

22F possibilities in £ to consider. Ultimately, we may index the degenerate sets based on their

are only
syndrome and logical error component, both represented by the tuple (8,L). We use el = E;L; to refer
to the actual representative of e; (and its degenerate equivalents) during the correction process, since
we know that if we can correct ef by applying the unitary (e¢)' to the circuit, so can we indirectly also

correct e;, since (eg)fei = S;, and stabilizers act as the identity on the encoded quantum state.
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Figure 4.3: Relations between the different quantities of interest. For simplicity, every error represented

is assumed to be a base error. The notation is explained in the last paragraph of Section 4.3.

For an error E; arising from syndrome extraction g, there are two associated syndromes of interest,
instead of one. The syndrome

§; = ;AT (4.16)

corresponds to the syndrome obtained from a subsequent noiseless syndrome extraction after extraction
g, that is, after the error has occurred. In this case, we can consider the error model to be similar to
the one used in [2], where the (propagated) error pattern e; is present before any stabilizer is applied for
the syndrome extraction process. Instead of using Eq. (4.16), we may alternatively compute §; by first
computing the ancilla error pattern. If we think of e; as a different local error pattern eé, then, following
Eq. (4.8), we must have

Ve, Vi = Veé»VT =e; e, (4.17)

and 8; is given by the X component (i.e. second half in [Z|X] format, see Eq. (4.11)) of e3. This type of
syndrome is always zero for preparation and measurement errors, since measurement errors do not affect
subsequent extractions. Under this latter formalism, we may observe this by noting that if e; = I, then

necessarily e; = I and s; = 0.

Beyond this typical syndrome, we also have the syndrome §; obtained from the same extraction g where
the error EP occurred. For instance, if the error occurs at the last implemented CNOT gate, it is
likely that s; = 0. Unlike §;, this syndrome is non-zero for simple measurement errors. In general, this
syndrome contains less information than §;, since, for errors later in the extraction, many of the syndrome
bits will be zero, as the stabilizers were applied before the error occurred. Following the second approach
previously presented to compute §; (see Eq. (4.17)), we have that §; is given by the X component of the

original ancilla qubit pattern e (in binary form).

Both § and § refer to a (n — k) bit string, corresponding to the syndrome that could be obtained from a
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single syndrome extraction. As both these syndromes can be deterministically obtained from the error F
of interest, we use the simple notation s to specifically refer to the syndrome that is measured during the
syndrome extraction. As previously stated, for errors stemming from only one extraction (labeled g), we
have either s = § (if the measured syndrome comes from the noisy extraction), s = 0 (if it comes from a

previous extraction) or s = § (if from a subsequent extraction).

In general, compound errors may stem from multiple syndrome extractions. We use superscript nota-
tion to indicate the extraction index, in order to distinguish it from the error index (which is a sub-
script). When there are ¢ syndrome extractions, we refer to the total list of measured syndromes by

B
5 = {sl, .. .,sq}. If some base error E,?

occurs at extraction g, we expect to measure the syndrome
sequence given by

si=1{...,0971 87 &1 . &9} (4.18)

P i

Note that, for compound errors, the syndrome sequences of the constituting errors may be combined.
If E, = E;Ej, then s, = s; ® s;, where the modular sum operation is applied element-wise, to all ¢

syndromes. Then, for E; = E{f e Ei’i, we have
Q(Ej):=5;=25;, D - DS, (4.19)

In particular, if errors E; and Ej occur at extractions g and h (h > g), respectively, and no other errors

occur, then we would expect to measure the syndrome sequence
— -1 z9 a9+1 sh—1 sh ~h sh+1 ah+1
s={...,097",87,877", ... 87,8/ ®S,§; ® 8] . (4.20)

As a result, we observe that §;,8;,8;,8; do not directly provide the full information necessary to identify
the compound error EY Ejh that occurred. In the general case where there are ¢ syndrome extractions,

we may require all ¢ measured syndromes to optimally correct errors.

For compound errors E, stemming from multiple syndrome extractions, the syndrome s, is undefined,

but §, may still be defined as
s, =Psi,. (4.21)
j=1

where 8;, are the syndromes of the constituting base errors. Similarly, e, = e;, - --e;,. The decomposition

in Eq. (4.15) and subsequent analysis is also applicable.
The notation is summarized in Fig. 4.3, with an example given in Fig. 4.2.

In Fig. 4.3, the mappings Vs, V, 7:[, H, Fg and Fy, are mostly independent, and generally non-injective.
V and V;, stem from Eq. (4.8), and provide the main and ancilla error patterns e; and ef. Concretely, we
have e; = V(el) = (CelCT),, and e = Vy(el) = (CelCT),, where m and a stand for the main and ancilla
subspaces, respectively. Using Eq. (4.17) yields H and #. The latter can also be implemented by using
Eq. (4.16). Concretely, we have §; = #(e;) = bin(e;)AT = compy (bin((Ve;V1),)) and §; = H(ef) =
compy (bin(e?)) (see Eqgs. (4.13) and (4.14)). The §; and s; obtained by the syndrome extraction process
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can then be used to try and determine e¢, the representative pattern of the degenerate set to which e;
belongs. By applying e‘ii to the noisy quantum state, we correct the effect of the error F;. The mappings

Fg and F, are quite involved, so their description is delegated to Section 4.4.

4.4 Decoding

The error pattern statistics given by the noise model of Section 4.2 lead to a very high number of
degenerate error patterns (see Section B for examples). As a result, the approximation made in [2],
where codes were approximated to be non-degenerate, is no longer accurate, as it would significantly
underestimate the code’s capabilities. In this section, we modify the decoding procedure in [2] to account
for error degeneracy. The modified procedure is optimal in principle. It has previously been shown that
such optimal procedures must be #P-complete in general [181, 182, 183]. Since we are applying the
decoding procedure to random codes with no exploitable structure, our decoding procedure has poor
scaling capabilities for high entropy noise and large code sizes. Nonetheless, following [2], we hope to
show it to be of interest in regimes of small code size or low entropy, so it is still worth exploring the
decoding properties of this optimal procedure. It is also possible (though not covered in this work) for the
decoding complexity to be greatly improved with simpler approximations and heuristics to the optimal

approach. The optimal decoding procedure is summarily presented in algorithm 2.

Algorithm 1: Error processing

Input: A

Output: A data table D

Procedure Data(N):

Initialize empty data table D

foreach (p;, F;) in N do

Compute e;, §;, and s;

Compute L; associated with e;

Compute e¢

if e not in any entry in Dls;] then
‘ Store (ed,p;) in D[s;]

else

L Add p; to p in entry (<, p)
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Algorithm 2: Optimal decoding
Input: N

Output: A decoding table T’

Procedure Decoding(N):
Initialize empty decoding table T'
D + DATA(N)

foreach entry s in D do

L Set T[s] as the pattern e? with highest p in D]s]

When considering this optimal decoding procedure, we note that, while we focus on the noise model in
Fig. 4.1, the decoding procedure is naturally applicable to models where there are additional sources
of error independent of the syndrome extractions themselves. For that case, the noise statistics would

simply include those additional errors.

Moreover, the decoding procedure presented in this section does incorporate any assumptions about the
underlying nature of the noise, as it meant to be a fully general procedure. In particular, we do not wish
to assume that higher order errors are less likely than lower order ones, as there may be practical regimes
where particular high order errors dominate the noise statistics (such as burst errors). In subsection

Section H, we adapt the general decoding procedure to the particular noise model described in Section 4.2.

For the decoding, we require a procedure that, given a syndrome sequence s, outputs the error pattern e?

that needs to be applied to the circuit to correct the most likely source of error. Since we are interested in
the analysis of the decoding procedure in the optimal case, and less concerned about practical limitations,

we assume that such a procedure corresponds to a decoding table T, storing the s, e? pairs.

The decoding table T' may be obtained as follows (see algorithms 1 and 2 for pseudo-code, and Fig. 4.8

for an example):

1. For each error E; (with corresponding probability p;), we compute its syndrome sequence s;, and
also e; and §; (corresponding to the mapping Q in Eq. (4.19), and the mappings V and HoV,
respectively, in Fig. 4.3, for base errors). Since the circuit is a stabilizer circuit, it can be efficiently

simulated [159], and these quantities efficiently computed.

2. We compute E; = Fg(8;) and L; = Fr(e;). As we already know §;, we end up with the degenerate

set (8;,L;) (and its representative ef = E;L;), to which e; belongs.

3. We repeat steps 1 and 2 for all errors in N. Starting with an empty data table D, for each error
E;, we add (e, p;) to the entry D(s;). If an entry with e¢ already exists, we add p; to the entry’s
probability. This procedure results in the data table D.

4. For each syndrome sequence s = {sl, e sq} in D, we choose the degenerate set with the highest

associated probability as the actual coset leader, that is, the one that is corrected if s is measured.

5. The resulting syndrome table T then acts as our decoding method.
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This decoding is optimal because, for any given syndrome, there is no other way for the decoding to be
more successful than as described here, since this method already picks the most probable degenerate
set (§,L), given the only information available a priori, which is N and the observed syndrome s. It is
optimal under the reasoning that we consider any unsuccessful correction to be a complete failure, with

no possible partial success.

While the procedure as described is done in series, iteratively traversing the F; errors, it can be trivially
parallel, by splitting the error list across multiple parallel workers. See Section E for a full description.

The pseudo-code for the parallel implementation can be seen in algorithm 4.

To implement the decoding procedure (in particular step 2), a priori, we require the efficient implemen-

tation of two functions:

e A function Fg : § — Eg that, for a given code, and taking a syndrome § as input, outputs a
deterministic error pattern Eg that can act as a coset leader for the syndrome §. That is, any error
pattern e; with syndrome § can be decomposed (following Eq. (4.15)) using the error component
Es. Having access to this function considerably reduces the required serialized processing for the
decoding, and the required memory, as we don’t need to keep track of tentative coset leaders as
we iterate through the errors F;, and we can be sure that different parallel workers have the coset

leader in the same degenerate set (in fact, we can be sure that they are equal).

e A function Fp, : e; — L; that, for a given code, and taking an error pattern e; as input, determin-
istically outputs the logical component L; of the degenerate set to which this error pattern belongs

to.

These functions are described in detail in Sections A and B.

A Function Fg

When analyzing the code, instead of working with the (n — k) minimal stabilizers {S;} we extracted from
the encoding U (see Eq. (4.3)), we work with a different set {S; ,re}. Each stabilizer in this new set can
be thought of as some combination of the stabilizers in {S;}. To be more specific, considering that S;
corresponds to row ¢ of the quantum check matrix A (with size (n — k) x 2n), {S; ;re} corresponds to row
i of A in reduced row echelon form (also known as canonical form). We can convert A to reduced row
echelon form because products of stabilizers are still stabilizers. Since we are in Fy, adding or subtracting
rows of A is equivalent to multiplying stabilizers. As long as the resulting matrix is full rank (which
is always the case, since the procedure for converting to reduced row echelon form preserves rank), the

resulting new matrix A, encodes a new set of minimal stabilizers, {S; yre}, in its rows.

In practice, we can imagine that the measured syndrome s gets converted to the “reduced row echelon”
syndrome 8,,¢, which can be done with a (n—k) x (n— k) matrix that encodes the steps needed to convert

A to reduced row echelon form. Let this matrix be J. We have A, = JA and s, = Js.

Working with A,, let h; be the index of the pivot of row ¢ (it’s not guaranteed that h; = i, since the
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pivots may not all be along the main diagonal of A,.). Since {S; e} comes from reduced row echelon
form, the stabilizer S; ;yo will be the only minimal stabilizer with a nonzero entry at index h;. Then, if
1 < h; < n, the error Zj,, necessarily yields the syndrome bit 1 for S; ;o and zero for all other minimal
stabilizers in {S; ;re}. If n+1 < h; < 2n, the error X},,_,, necessarily yields the syndrome bit 1 for S; ire
and zero for all other minimal stabilizers. Consequently, we can use these (n — k) errors as a basis to
construct a deterministic error pattern Es for every syndrome 8. Let E; be the error associated with S; ;re
(E; equals Zp, or Xj,_,, as described). Since the code is linear, for any syndrome sy, if 41,...,%; are
the indices where the syndrome s, is 1, then the compound error e = E;, ...E;, must necessarily have

T
syndrome S,;.. In other words, s;;e = €A " .

Since e = Eg,,, when using the minimal stabilizers {S; ;ro}, and J is a linear transformation, then we must
have e = Es when using the minimal stabilizers {S;}. Therefore, if the code has stabilizers {S;}, then Fg
implements the procedure

S =— Sy —> e =Es. (4.22)

Because of the construction of e, for all error patterns with the same syndrome, the same error component
is computed. The error Eg then acts as the error component for all error patterns with syndrome §, for

the decoding.

B Function Fj

Algorithm 3: Finding logical component

Input: €}, A,e, Lyre
Output: Vectors uy,up, v’
Procedure LogicalComponent (€}, A, Lyre):
Initialize uy, uy to zero
Let v < €]
Let Hy (resp. Hp) be an ordered list of pivot positions of A,e (resp. Lyye)
foreach h; in H4 do

if entry h; of v is 1 then

Subtract row i of A, from v (mod 2)

[UA]Z‘ +—1

Let v/ < v
foreach [; in Hy, do
if entry l; of v is 1 then
Subtract row ¢ of Ly, from v (mod 2)

[U-L]i ~—1

// if well implemented, v should equal O

For the function Fr, we need to consider the different degenerate sets. We know that each error e;

can be decomposed in terms of the coset leader E;, some stabilizer S;, and some logical operator L; (see
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Eq. (4.15)). There are 4% logical operators (including the identity) and each identifies one of the 4%

degenerate sets associated with each syndrome S.

Consequently, we can create a one-to-one mapping between the logical operators and the degenerate sets.
Since we can determine the tentative coset leader E; with Fg, we only need to determine the logical

component L; that composes our input error pattern.

With this in mind, we continue the approach from Section A. We use the row echelon form of A that is,
Are, so we work with {S; e} instead. We perform the same procedure to the logical operators. Let X,
and Z; be the binary row vector representations of X; and Z;, respectively (see Eqs. (4.4) and (4.5)), in
[X]Z] format. Let L be the 2k x 2n binary matrix that encodes the original 2k minimal logical operators
(see Egs. (4.4) and (4.5)), that act as generators to the 4% total logical operators. Row i of L is given
either by X, if 1 <i<k,orby Z,_s,if k+1<1i<2k.

Just as with the stabilizers, we know that products of logical operators are also logical operators. More-
over, products of a logical operator with stabilizers correspond to the same logical operator. Since we

are working in Fy, adding or subtracting rows of A, or L is equivalent to multiplying stabilizers and
A
operators in Pauli string form. Considering the augmented (n+ k) x 2n matrix el by using the rows

of A, and L, we may put the L component in its row echelon form, L,.. We can then put Ly, in reduced
row echelon form using only the rows of L., yielding L,,.. Note that we cannot use the rows in L. to
further simplify A, as the resulting rows would no longer correspond to stabilizers. The procedure may

be represented as

Arr In— 0 Arr
o I ° (4.23)
ere 0 JL Lre
Lick 0| Lok 0| [Ame
— | g , (4.24)
0 Jp||Ja Ix|| L

with I, a p X p identity matrix. The matrices J4 and J, are of size 2k x (n— k) and 2k x 2k, respectively,
and just like J in Section A, they represent the linear transformation required to put the matrix in

reduced row echelon form.

The resulting rows of Ly, correspond to 2k (possibly different) generators for the logical operators. These
generators may no longer satisfy the anti-commutation relations expected of X and Z, but they are not
required to. The final L,.. matrix is such that the columns with the same index as the pivots of A,,. are

zero, and the columns with the pivots of L,.. have only one non-zero element, its pivot.

For every error pattern e; with syndrome s;, we know that its error component E; (given by Fg) is such
that e;E; = S;L; =: ¢}, for some unknown S; and L;. Consequently, to determine the degenerate set to

which e; belongs, we only need to decompose €} into its S; and L; components. Concretely, we are looking
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for the unique row vectors uy (of size n — k) and uy, (of size 2k) such that

12 AITE
€ x|z = [UA uL} . (4.25)
LI‘I‘B
where €] is exceptionally in [X|Z] format. Since A, and L. are already in reduced row echelon form,

finding the two vectors is straightforward. The procedure is described in algorithm 3. Once the uy and

uy, row vectors are determined, the S; and L; components are simply given by (see Eq. (4.13))

Si = Op(uAArre) (426)

L, = Op(uLere)- (427)

Alternatively, we may simply skip the computation of uy in algorithm 3. Let v’ equal the computed
row vector v just after uy is computed, but before the iteration through the pivots of L;... Then, we

equivalently have L; = op(v’).

The full procedure

e, — e;E; — ur (OI‘ V/) = L, (428)

corresponds to the function Fp,.

4.5 Asymptotic regime

We can estimate the optimal performance we can obtain from the decoding procedure by looking at how
it performs as the number of extractions considered is increased. We are interested in computing the
limit where we have infinite extractions, where the decoding would be optimal. Although this regime is
impossible to attain in practice, we expect that, as we increase the number of extractions, the decoding
dynamics should converge to the asymptotic corresponding to that optimal case, allowing us to estimate

the code’s performance in that regime.

We consider the total probability of correction failure Pio4a) to correspond to the probability that an error
is not completely corrected. That is, the correction chosen does not correspond to the right degenerate
set. Note that this definition provides a lower bound on the fidelity F' of the resulting quantum state,
given by

F >1— Piotal, (4.29)

since it effective treats any unsuccessful correction as producing a state with zero fidelity, whereas in
practice the uncorrected error may not produce an orthogonal quantum state. Nonetheless, it is a useful

lower bound often used in the literature [173, 2], and that we choose to use here as well.

Let P, be the asymptotic limit of Piota when the number of syndrome extractions g goes to infinity
(see Fig. 4.4). Since there are L = 2% degenerate sets associated to each syndrome sequence s, then,

regardless of the encoding used, for a given s, the probability p of an error having occurred that is in the
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most likely degenerate set satisfies p > 1/L. If € is the error pattern representative of the most likely

degenerate set for s;, then we must have

Pp=1- Zp(efei € S|E:)p(E:) (4.30)

<1- 3 (/L)p(E) (4.31)

—1-1/L (4.32)

=1-272k (4.33)

with equality achieved for the case of maximum noise entropy.

When comparing two setups, A and B, with ¢4 and ¢gg = g4 + h (h > 0) syndrome extractions,
respectively, we necessarily have

Ptotal(A) S Ptotal(B) (434)

since introducing h additional noisy syndromes extractions introduces additional errors in the model,

which may or may not be correctable.

S S s?

1 t

_|noisy [ |noisy | ... _|{noisy
Y sk [1'sE, SE,

Figure 4.4: Model considered to compute the asymptotic regime, where ¢ — co.

We are interested in determining the failure probability Pajiure induced by a single additional syndrome
extraction, preceded and succeeded by an arbitrarily high number of extractions. In the context of fault-
tolerance, we wish to determine if, for a given p, Prajure increases or decreases with increasing qubit count
n. We expect, for low (resp. high) values of p, Prjure decreases (resp. increases) with n, with a phase

transition at some Pihreshold, t0 be determined.

Since we do not have direct access to Prajlure, it must be computed from the measured value of Pioia;. We

develop an effective model to quantitatively relate the two quantities.

Consider a variant of the B setup above, labeled B’, where the first g4 extractions are solely used
to identify and correct errors stemming from implementing those extractions, and similarly, the last h
extractions are solely used to deal with errors resulting from the h extractions, for a total of gg = g4 + h,
as before. In other words, in the B’ setup, the procedure is partitioned into to separate and independent

decoding processes.
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We expect
Ptotal(B) S Ptotal(B/)~ (435)

since, in the B setup, the last h extractions also provide information about errors in the previous extrac-

tions, which can lead to a more successful decoding. The B’ setup does not use this information.

In fact, if an error occurs at extraction ¢4, we expect that a lower number h of subsequent extractions
will result in higher failure rates (per extraction), since the decoding process has less information to
correctly identify the error. Since we are interested in the limiting case where the number of subsequent
extractions is infinite (for any given extraction where an error can occur), we wish to discount the effect
of limited syndrome information from the calculated probability of failure Piajue. We label the errors

that could have been successfully corrected with h — oo but were not with low h escaped errors.

For low ¢, we expect (see [180]) that escaped errors (in particular errors with § = 0 but § # 0) can
be identified with additional syndromes from more subsequent extractions, so that each new extraction
reduces the number of escaped errors by a factor 4. Of course, new extractions also introduce new escaped

errors, and errors at the end extractions are more likely to escape correction.

Consider a setup with ¢ extractions as a setup with ¢ — 1 extractions preceded by one additional ex-
traction. The errors of this additional extraction will be detected by the ¢ — 1 subsequent extractions,
so that only a factor 67! escape through the whole setup incorrectly identified. Therefore, applying
the reasoning recursively for ¢ extractions, we expect the probability of an error passing through the

extractions undetected to be given by

Pu(p,q) ~ Pu(p,q— 1) + 67" ' P,(p, 1) (4.36)
1— 60
~ P,(p,1) 5 (4.37)

For ¢ > 1, we expect that the probability of successful correction with ¢ extractions Pysyce(p,q) will be
approximately the probability of success with ¢ — 1 extractions times the per-extraction probability of

success (which accounts for the additional extraction). We have

Psucc(p7 Q) = Psucc(pa q— 1)(1 - Pfailure(p)) (4-38)
= (1 - Pfailure (p))q (439)
with Psyee(p, 0) = 1. (4.40)
However, since Prilure does not incorporate escaped errors, the true probability of success P/, .. is given
by

Puce(0: @) = Pouee(p, a)(1 — Pu(p, q)), (4.41)

yielding
Ptotal(pa q) ~1- (1 - Pfailure(p))q(]- - Pu(pv q)) (442)
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If § < 1, which is expected, then, when using g > 1 total extractions, we may approximate P, (p,q) ~
P,(p, 00), leading to

Piotal(p; @) = 1 = C(p)(1 = Praiture(p))?, (4.43)

with C(p) := 1 — P,(p,o0), (4.44)

where C' incorporates the escaped errors. See Fig. 4.5 for a numerical verification of this model. Once
more, note that we discount these errors, and their probability P,, from the failure probability Prajlure,
since we are interested in the per-extraction failure probability, and P, constitutes a global effect. As
previously indicated, if a syndrome extraction is followed by h — oo extractions, then the probability

that an error stemming from that extraction goes completely undetected is 6" P, (p, 1) — 0.

Praiture is the asymptotic contribution of each syndrome extraction to the probability of failure. We have

that, by fitting, for each p,

Y=mX+b, (4.45)
with Y :=log(l — Piotai(p, q)), X :=gq, (4.46)

then, from Eq. (4.43),
Pfailurc (p) =1- emv C(p) = ebv (447)

for each p considered.
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Figure 4.5: Experimental Piota, and resulting fit by Eq. (4.43). We observe the experimental data

matching the qualitative description of the theoretical analysis, with R? > 0.999 for all cases.
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Figure 4.6: Performance of QRLCs with & = 1, using fault-tolerant QGRAND. We observe that the
asymptotic version presents a threshold around p ~ 2 x 107°. The shaded regions denote a 60% con-
fidence interval (from 50 samples), and the dots are the median performance observed. The vertical
line indicates the pinreshola value. The dashed lines at the top correspond to the uncoded case, which is

plotted for reference.

The results are are presented in Fig. 4.6. We observe pihreshold ~ 2 X 107°, suggesting the QGRAND
technique can be used in the fault-tolerant regime. Nonetheless, we note that this optimal decoding
procedure is not scalable for high entropy noise models, such as those given by p 2 pinreshold- 1 herefore,
to use these techniques, we are forced to either simplify our model, turning the decoding procedure

suboptimal, or to focus on a regime where it can be applied in practice.

For reference, we also estimate the performance of the uncoded case. Considering the number of noisy

CNOT gates present in a circuit with ¢ iterations to be Nenor(q), we get

Pfailurc,uncodcd(p) ~1- (1 - p)NCNOT(l)' (448)

Ngonot doesn’t include preparation and measurement errors, as these don’t propagate throughout the

circuit.

The simulation is performed for w < wpax, and approximated for the higher w values. For high w,
we use the reasonably accurate assumption that error patterns are uniformly assigned to the syndrome
sequences. Therefore, before computing Prajjure, We modify Piota; with the correction

P(w > Wmax)

SRR (4.49)

/
Ptotal = Ptotal -

where 2" is the number of degenerate sets associated with each syndrome sequence. The correction
is negligible for high n, but may play a noticeable role for p ~ 1. Based on our analysis in Section K,

we find that for the n values considered, the minimum error order that non-trivially contributes to the
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failure probability never exceeds 2. This justifies using wmax = 2 for exact simulation in the parameter

regimes studied. The effect of higher orders can be reasonably accounted for using Eq. (4.49).

4.6 Discussion and conclusions

In this work, we extend the decoding procedure for QRLCs introduced in [2] to explicitly account for
error degeneracy. Consequently, our technique constitutes a maximum likelihood decoding procedure,
which is guaranteed to be optimal. We analyze the fault-tolerant characteristics of QRLCs with the pre-
sented decoding technique, by accounting for preparation, measurement, and gate errors in the syndrome
extraction procedure itself, and observe a pihreshold =~ 2 X 1072 in the asymptotic limit. To the best of our
knowledge, this work presents the first fault-tolerant decoding technique specifically applying QGRAND

to QRLCs in the presence of preparation, measurement, and gate errors during syndrome extraction.

We note that this decoding procedure is not equivalent to finding the lowest weight error pattern asso-
ciated with each syndrome, as might be done by more standard algorithms, since a faulty CNOT gate
error effect can propagate considerably through the circuit before being possible to detect it, so that, by

the time it is detected, its error pattern is no longer low weight.

In this work, we have removed the channel errors present in [2] and considered only the main error
sources associated with the syndrome extraction process. In particular, we considered preparation and
measurement errors in the ancilla qubits, and two-qubit gate errors. Although this is a common approach
to take when studying the fault-tolerance capabilities of different codes [173], it leads to unrealistic results
for high code rates. In the limit when R — 1, the syndrome extraction process has a negligible number of
minimal stabilizers, and as a result negligible error sources, under this noise model. Consequently, in this
regime, higher code rates lead to lower Ppjiure, not because of better correction capabilities, but because

error sources decrease faster than the correction capabilities do, as the code rate increases.

Moreover, we have analyzed the asymptotic regime of infinite syndrome extractions. Although imprac-
tical, these asymptotic results enable us to study the behavior of the optimal decoding procedure, as
previously described. Nonetheless, practical limitations might impose suboptimal steps in the decoding

process, and obviously a finite number of syndrome extractions.

To account for these limitations, we must consider that, in practice, there are non-trivial computing steps
performed between syndrome extractions (such as logical gates for quantum computing, and Bell-pair
creation for quantum communication) that introduce their own errors independently from the syndrome
extraction steps. When accounting for this additional error source, we expect the pathological behavior
for high code rates to disappear. In future work, we intend to study these more practical regimes.
Furthermore, we assumed that all-to-all connectivity (between any of the n qubits) is possible in practice.
This assumption is required for the scaling results in [141], and is used in this work. Nonetheless, it may

be dropped for practical reasons, as the more recent results in [112] suggest.

As previously mentioned, the noise guessing decoding procedure is expected to be viable only in situations
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of low noise entropy and low n. Even disregarding the limitations imposed by the asymptotically large
number of syndrome extraction, it is also the case that the noise entropy increases rapidly as n — oo
and k = 1, as considered for the fault-tolerance analysis. This is a known limitation of the decoding
procedure. For this reason, and for the fact that better known codes, such as surface codes, have higher
Pthreshold values, we do not expect the decoding procedure described in this work to be competitive in
those regimes. Although it remains to be confirmed in future work, we conjecture that, given the optimal
decoding properties of the described procedure, it may be worthwhile to employ in scenarios where code
versatility is needed, the noise statistics are not approximately fixed, and the code rate is desired to be
very high. In those cases, we expect the method to have similar use cases to those previously described
in [2], as the additional gates used by the syndrome extraction process would not have a strong impact

on decoding performance.

Beyond the straightforward approach described in algorithm 2, we may also wish to sacrifice the decoding
optimality for the sake of decoding throughput, or lower hardware requirements, rendering the decoding
process more easily scalable. This can be achieved with either known techniques, such as compressive
sensing or deep learning, or with more straightforward approaches, such as greedy variants of the method.
For instance, for the Bernoulli noise model in this work, if we take the coset leader to be the first error
pattern associated with a syndrome, we will end up with a suboptimal version of algorithm 2, equivalent
to [2], but one which reduces the memory requirements by as much as a factor of 4*. There are also
specific simplifications that can be used to implement the decoding procedure faster when the noise model
has some exploitable structure, as is the case with the noise model considered here. We plan to cover

some of these approaches in future work.

4.7 Supporting Information

A Reducing stabilizer weight

Although we are working with quantum random linear codes, which have little exploitable structure a
priori, we note that the minimal stabilizers can be efficiently chosen to have weight lower than the average
of 3n/4. To do so, we may take the original minimal stabilizer arising from the technique described in [2],
represent them with the parity check matrix, and put the matrix in canonical form, which is equivalent
to reduced row echelon form. The new simpler minimal stabilizers correspond to the rows of the resulting

matrix.

If the pivots of the matrix in reduced row echelon form are all in the first n columns, then this technique
reduces the weight of the non-Z components of each minimal stabilizer to at most 1+ k, and 1+ k/2 on
average. If k is low and n is large, this technique can result in a considerable reduction in the weight of
the minimal stabilizers, as their average weight goes from 3n/4 to 3k/4+ (n—k—1)/2+1 = (2n+k+2)/4.
Instead of each term being equally distributed between I, XY, and Z as before, here only the indices
greater than n — k maintain that distribution, and we have, for S;, index i equally distributed between

X and Y, and index j < n — k,j # i equally distributed between I and Z.

103



This structure simplifies the application of the syndrome extraction process, as it reduces the number of
CNOT gates from ~ 3n(n — k)/4 to (2n + k + 2)(n — k) /4, and similarly reduces the number of 1-qubit
gates. Despite these benefits, in our numerical analysis we have not assumed such an approach was taken
in the circuit implementation, in order not to introduce unwarranted structure in the noise statistics, as

we are interested in analyzing the more general scenario.

Nonetheless, as explained in Sections A and B, we have used this simplification in our decoding imple-
mentation, when given the noise statistics associated with the unsimplified stabilizers. As they generate
the same stabilizer group, they are mathematically equivalent for the same given noise statistics, and we

expect either approach to lead to similar numerical results.

B Degeneracy analysis

Regarding degeneracy, following the notation introduced in Section 4.3, we consider errors F; and E; to
be degenerate if and only if e;e; € S. Nonetheless, we may describe three types of degenerate errors, all

prevalent in the noise model considered in this work.

Identical errors. These are errors such that e; = e; and ej = ej. For example, since we are consid-
ering the model implementation where the CNOT gates of the conditional stabilizer are implemented in
succession, with the control always being the ancilla qubit (see Fig. 4.1), then any error of the form Z.I;
(with ¢ and ¢ the control and target qubit indices, respectively) will commute with subsequent CNOT
gates controlled by the qubit ¢. Therefore, this component does not add any error terms to the main n
qubits, and instead simply negates the measured ancilla qubit. As a result, for any error term without
this component, there is an error term with this component where the error pattern in the main n qubits
is the same, and the ancilla qubit is simplify negated. Given this degeneracy, the problem reduces to two
scenarios: one where there is an even number of such errors, where the syndrome is unaffected, and one
with an odd number of such errors, where the ancilla bit is negated. Among these two classes, all errors

are not only degenerate, but identical.

Pseudo-identical errors. Besides the identical errors, we also observe cases where e; = e; but €] # €]

(with comp x (€je?) = 0, otherwise the errors would have different syndromes).

Non-identical errors. We also have the more general case where e; # e; (with either ef = ej or

e; # e3), while still retaining e;e; € S.

See Fig. 4.7 for an example. There, the code’s sole non-trivial stabilizer is X; X5. We have e] = €3 =

ai =X, ef =Y (ignoring the phase), e; = e, = ap = I112, and e, = X1 Xo.
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Figure 4.7: For the example code in Fig. 4.2, we may observe the three forms of degenerate errors.

Considering F; as the error showcased in the top left circuit, the identical, pseudo-identical, and non-

identical errors can be seen in subfigures (a), (b), and (c), respectively.

C Analytical threshold without degeneracy

For this analysis, we disregard preparation and measurement errors, as the derivation can be readily

extended to the complete model.

Keeping k constant, the value of n will determine the number of CNOT gates (NonoT) in the circuit, and

the code’s correction capabilities. We may estimate its performance by considering the approximation

given by random ideal codes, as in [2].

For S =:2""% > 1 and N the number of distinct errors, the equation

N+1
1
fzi 1—(1=-=
N+1 S
may be approximated by
l—e™" N+1
~ , ri=—
r S
1—(1- 2/2
= f~ ( r+r/):1—gforr<<1,
r
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since, from Eq. (4.50), we have

S T

1 1

f= 7’[1_ [(1_ S) ] (4.53)
1 —1\r
~ ;[1 —(e7H7]. (4.54)
Since S = 2"~% this indicates that

f>1—¢ (4.55)
— N <o htle (4.56)

W.l.o.g., consider that each CNOT gate can only suffer from a specific error, instead of 15. For the

Bernoulli noise model we are considering, the error order w is given by the binomial distribution
w ~ B(NcNor, p) (4.57)
For p fixed, and as NoyoT — 00, this distribution can be approximated by

N (Nexorp, Nexorp(l —p)) (4.58)

using the De Moivre-Laplace theorem.

Suppose we start by correcting the lowest order errors (which are more likely to occur), and we wish to
correct the errors up to order wpyax such that we have the probability (1 — €) of correcting an error we

observe. For a normal distribution, this is given by the quantile function
Q(p) = p+ ov2erf 1 (2p — 1). (4.59)

The error function erf cannot be easily approximately. Nonetheless, we may observe that it can approxi-
mated by
erf(z) ~ 1 — aexp(—(z — B)?), for x> 1, (4.60)

leading to

erf ! (z) ~ B+ {/log <1az> for 1 —z < 1. (4.61)

For simplicity, we consider « = 1, 5 = 0, which does not meaningfully affect our conclusions here. The

quantile function then becomes

Ql—¢)~u+ J\/§<5 +4/log (;ﬁ)) (4.62)

~ p+oy[2log (216> (4.63)
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with

on = NCNOTp (464)
o =+/Nenorp(l —p) (4.65)
~ /Nenorp- (4.66)

Now that we have wmax = Q(1 — €), we need to estimate the number of errors N up to order wyax, given

by
Wmax

- Nenor
N=>Y" . (4.67)
7=0 J
Unfortunately, there is no closed form expression for this value. However, for wpna.x < NcenoT, this is

roughly equal to

- N,
5~ CNOT (4.68)

wmax

12

Nenor'Vovor Nenor (4.69)
Wmax®max (NCNOT - wmax)NCNOTi‘Umax 277Wmax(NCNOT - Wmax)

This may be simplified down to

N — 2NcNoTh2(wmax/NCNOT) \/;7 (470)

where hy is the Shannon entropy.

From Egs. (4.56) and (4.70), we therefore conclude that

log N ~ O(n) (4.71)

log N ~ O(Nexor), (4.72)

where O denotes Big-O notation up to log factors. Since N indicates the code’s correction capabilities,
while N indicates the necessary number of errors that the code needs to correct to preserve Prajlure, then
we must have N 2> N and consequently Nenor ~ O(n). This is verified for some common codes, such

as surface codes, but for our implementation we have
3 2
Nenor = Zn(n — k) ~0O(n?), (4.73)

so we conclude that, if all errors are non-degenerate, the code does not have a visible pihreshold, since an

increase in n increases Ppajlure, regardless of p.

However, we actually observe a threshold for QRLCs. This is thanks to the fact that the noise statistics
given by the noise model of Section 4.2 actually lead to a very high number of degenerate errors. Therefore,

in practice, the number of distinct errors grows with O(n) and not O(n2) as indicated by the analysis
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above. We later confirm this scaling for escaped errors, in Section K.

With this insight in mind, we modify the QGRAND algorithm in [2] to account for the possibility of

degenerate errors. The modified algorithm is presented in Section 4.4.

D Applying error correction

Certain QECCs, such as surface codes, are designed so that a physical error correction is actually un-
necessary to implement, as all changes can be made in software, classically [173]. If the whole quantum
circuit is unitary, then this procedure can actually be implemented in general: instead of correcting the
error, we leave the affected state as is and simply XOR, any subsequent syndrome s with the identified
error syndrome e, that is, s — s ® e. As a result of this, we only need to keep track of these detected

errors classically, in order to correct the subsequent syndromes.

In any case, since the correction portion is always single-qubit gates, we assume that their contribution
to the total error is negligible, so we can disregard this trick for now, for the sake of simplicity. As a

result, the procedure to apply the error correction is the same as in [2].

E Parallel decoding

The decoding procedure described in Section 4.4 can be performed in parallel. If there are W parallel
workers available, we start by splitting the entries in N into W parts of equal size, labeling each N,,1 <
w < W. Each set N, is then processed independently by an individual procedure according to the
procedure described in the Section 4.4, thereby yielding the data table D,,.

All the W data tables D,, may then be merged to generate the full data table D, from which the decoding
table T' can be straightforwardly computed. See algorithm 4 for a description of the parallel decoding

procedure.

Algorithm 4: Parallel decoding
Input: N, W

Output: A decoding table T’

Procedure ParallelDecoding (N, W):
Initialize empty decoding table T'
Split NV into W sets equal in size, labeled NV, (1 <w < W)
foreach parallel worker w do
L D, + DATA(N,,)
D U, Duw

foreach entry s in D do

L Set T'[s] as the pattern e? with highest p in D[s]
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F Full decoding example
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Figure 4.8: Optimal decoding of the code in Fig. 4.2 (but with only one syndrome extraction), as described

in algorithm 2.

For the example in Fig. 4.8, we consider the encoding gate to be U = CNOT(2, 1) H;, with the starting
qubit at index 1. P and M stand for preparation and measurement error in the only ancilla qubit a,
respectively. ADBj) is the error corresponding to “error A,B; occurred at CNOT gate j”. Following
algorithm 2, we iterate through the errors in A and, using the functions Fz and Fr,, determine where to
put them in the table D. Once we have iterated through all errors, we compute the optimal (§,L) entry,

or alternatively, e? representative, and delete the remaining entries, yielding the decoding table T

Given U, and following Egs. (4.3) to (4.5), the minimal stabilizer is S; = X7 X5, and the logical operators
are X = I1 X5 and Z = Z,Z5. This choice of encoding leads to minimal stabilizers and logical operators

such that the augmented matrix is

Al 1100
A. — Arre
= |X|=10 10 0| = : (4.74)
L —_ ere
Z| oo 11

since, in this simple example, we already have A = A,.. and L = L., so J = I. Here, A, X, and Z are

the binary representations of the minimal stabilizers and logical operators, in [X| Z} format.

Following the procedure in Section A, we have

Eg = I1[2 E| = Z1]2. (475)
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Let’s consider the full procedure in Section 4.4 applied to the specific error in Fig. 4.2, such as

E = “Error 1,7, in CNOT gate 1. (4.76)

Associated to this error, we have the quantities

§=0 (4.77)

e= 711, (4.78)
e—[o 0 1 0} (4.79)
s=eAT =1 (4.80)
Sme=8=1 (4.81)
¢Eg = I I = SL (4.82)
— L=01L=1 (4.83)

Applying the procedure in Section 4.4 and algorithm 2, we obtain the tentative decoding table in Table 4.2.
In the table, for the sake of simplicity, we represent preparation and measurement errors by P and M,
respectively. AB; represents the CNOT gate error where error A, B; occurs just after the noiseless CNOT

gate. For simplicity, compound error are not shown.

Table 4.2: Decoding for the code in Fig. 4.2.

(8rre, L)| €4 s=0 s=1

(0,1) |61 0, X1, XX, PM,ZI1,,Z11,Y X1,Y I,
(O,X) LhXo | I X, X, IX0, XXy ZX1,Y1,ZX5,YXs
0,Y) |Z1Ys

(0,2) |Z122

(L,LI) | 2115 17, XY, Z71,YYy

(1,X) Z1Xo XZ,1Y, YZ,7Y,

(1,}7) Z1Yo 1Y5, XYs ZY,YYs

(1,2) |1Z|  172,X2, 725, Zs

The preparation and measurement errors have probability p of occurring, and the gate errors have prob-
ability p/15. If we assume that it is very unlikely that no error has occurred (i.e. p is high), then the
final decoding table (when only considering errors of order 1) is given by Table 4.3. In the table, if
s = 0 is measured, the most likely degenerate set to have occurred is (0, X), with probability 4p/15 (see
Table 4.2). We assume that p is such that the no-error case is unlikely, otherwise (0,1) would be the
most likely degenerate set. If s = 1 is measured, the most likely degenerate set to have occurred is (0, ),
with probability 34p/15. For each case, the error pattern that should be applied to the quantum state

to correct the error is given by e? = EgL.
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Table 4.3: Final decoding table for Fig. 4.2.

s=0 s=1
(0, X) (0,1)
A \:
EoX =01 Xy | Eol =11,

G Simplified noise statistics

When considering a Bernoulli noise model, such as in Section H, including preparation and measurement
errors into the noise model breaks some of the structure of the noise statistics, since not all base errors
will be equally likely. It also makes the decoding process harder to simulate. In the simpler setup where
only gate errors occur, if we have g CNOT gates affected with an error, with each error having probability

penoT/15 of occurring, then the number of errors and their individual probability would be given by

N
Ne(g) =159 NOT (4.84)
g
g
P(g) = (pcﬂo 1)1 = poor)Neer s, (4.85)

These formulas stem from the fact that each CNOT gate has 15 associated errors, and only one of these
may occur at a time. For preparation and measurement errors, there is only one error pattern per ancilla
qubit: either there is a bit flip, or there isn’t. If there are A ancilla qubits (generally, A = n — k), and a

preparation or measurement error occurs with probability pys, these same quantities are given by

w

Nenor 24

Np(w) = > 15 (4.86)
g=0 g w—=4g
g — —w
Plw,g) = (PS50 ) (1 = ponor) Yeror T9py ¢ (1 - a4, (4.87)

where w indicates the total error order, and ¢ indicates the error order when ignoring preparation and
measurement errors. Note that these expressions are somewhat more complicated. In particular, for errors
of order w, we now need to keep track of the distinct number of CNOT (g) and preparation/measurement

(w — g) base errors that occurred, instead of just one parameter.

Fortunately, if we are using optimal decoding (that properly accounts for degenerate errors), there is a
quick-and-dirty way to mimic the simpler noise statistics associated with only having gate errors. If we
use pyp = poNoT =: p (which is a relatively common choice in the literature, see [173], and the one used
in Section 4.2), then we can consider that each preparation and measurement error is a CNOT gate error.
Instead of there being only one error per qubit (corresponding to the possible bit flip), we consider that
there are 15, all equal in nature, and each occurring with probability pas/15. These cloned errors will
be degenerate among themselves, so the optimal decoding procedure will analyze this setup correctly.

The total number of error patterns Ng(w) will be overcounted, but we never actually use it directly for
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the decoding procedure, so the overcounting does not constitute an issue. In this formulation, we may

pretend that we have no preparation and measurement errors, and that we have instead
Nexor = Nexor + 24 (4.88)

CNOT gates in the syndrome extraction circuit. The probability associated with each error will be

correct, yielding

Pw) = (E)wu — p)Nexor—w, (4.89)

H Bernoulli noise model improvements

Algorithm 5: Data table D; for Bernoulli noise
Input: B

Output: A data table D

Procedure BernoulliData(B):
Initialize empty data table Dy
ny « (1,0)
Store {I : ng} in D;[{0,...,0}]
foreach EP in B do
Compute e;, §;, and s;
Compute L; associated with e;
Compute e¢
if ¢ not in D;[s;] then
n; < (0,0)
n;(1) «1
Store {ef : ni} in Ds[s;]
else
n;(1) < n;(1) +1

Update {e;»l : ni} in f)l[si]

For the special case where each CNOT gate has the same probability p of suffering an error, as described
in Section 4.2, the decoding procedure can be made much more efficient. This procedure may be adapted
to other Bernoulli-like noise statistics, but here we focus on this error model. We can optimize this
decoding process in order to avoid having to iterate through all compound errors. Since the technique
relies on the inherent structure of errors with the same probability, here we employ the reformulation

detailed in Section G to treat preparation and measurement errors as additional gate errors.

The procedure for the list of base errors (with w = 1) is similar to the one described in the beginning of

Section 4.4. Instead of using the full noise statistics A, instead we consider a list of base errors

B:={EP E},. . .} (4.90)
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Given the Bernoulli noise model, all base errors have the same associated probability of occurring, given
by p/15, so it doesn’t need to be stored in B (we exclude the no error case). Once we have the data table
D, for w = 1, we can start to optimize the analysis for compound errors. Instead of iterating through
compound errors individually, we iterate through the degenerate sets obtained in the w = 1 step. We
also preserve the probability associated with observing an error pattern from each degenerate set in the
table. For w = 1, and given the reformulation of Section G, all errors Ef may be considered to have a
probability P(1) of occurring (see Eq. (4.89)), so the probability associated with each degenerate set in
the data table is given by

pi := N; P(1), (4.91)

where N, is the number of errors F; that can be corrected by applying the coset leader ef associated with
the degenerate set of EZB . In summary, we may restructure the data table D; obtained with algorithm 2

(before the final degenerate set selection)

Dy = {s1: {(ef1,p11), (ef5, p12), ...}, 52+ {(€§1.p21), (€39, 122), .-}, -} (4.92)

to encode the count N; instead of p;, and to store a list of error counts for different orders, yielding
D, = {s1: {efl : nn,e‘li2 : nlg,...},SQ : {egl : ngl,...}, . (4.93)

with
n; := (0, Ni, O, . ) (494)

a list of size (w+ 1), where only the second entry of the list (corresponding to w = 1) starts with non-zero
entries. The first entry is only non-zero for the Ey = I case, when s = 8§ = 0 and L = I, corresponding

to the case where no error occurs. We represent the entry of order g by n;(g).

Following Eq. (4.93), instead of iterating through the combinations {ElBEQB, EBES ... EPEB, .. } as
we could do with the naive implementation of algorithm 2, we iterate through the degenerate sets in Dy

as a whole.

Consider the data table Dw_l that includes the errors up to order w — 1. To obtain the table for errors
up to order w, we iterate through the combination of the degenerate sets in D,,_1 and D;. If the noise
statistics are highly degenerate (which is generally the case following the noise model in Section 4.2), we

can have considerable computational savings, since we only need to perform |D,_1||D;| computations

, Nenor +2(n — k) ) . . .

instead of 15“ (see Section G). While we expect the latter to grow quickly with
w

O(n2“’), the former approach should grow, at worst, with O(n*), and it may grow more slowly in practice.

With this approach we generally overcount the number of errors N; associated with each degenerate set.

There are three types of overcounting:

o Counting permuted copies: Consider an order-(w — 1) error EEEZE e Efiil (with 4; < iy <3 <

..), coming from f)w_l, and the error EB coming from Dy. W.l.o.g., suppose j < i1. Then, for

70
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D,,, we will not only count the error EJB Ef Ef; . Ei’i _,» but also that same error coming from the
combination of the errors EJBEng e Ei,l\Ei and EZB,: In total, we overcount each order-w

error w times.

¢ Recounting lower order errors: for the error Ef Eg e Eﬁ _,» composing with any Ei]i (1<k<
w — 1) reduces the error to one of order w — 2, which was previously counted. Each order-(w — 2)

error we counted before will be recounted (1,1 times, where ¢ is given in Eq. (4.98).

o Counting two errors occurring in the same CNOT gate: an error of order w stems from base errors
that occurred on w CNOT gates. When composing this error with another, the resulting compound
error may have more than one base error occurring at one or more CNOT gates. As this compound

error is impossible, it should be discounted.

Algorithm 6: Data table Da+b
Input: Da,ﬁb

Output: A data table Da+b
Procedure DataMerging(D,, Dy):
Initialize empty data table I~)a+b
foreach s;,ef,n; in D, do
foreach s;, 6?, n; in D, do
n;j < N; * N // convolution
n;; < N;; with overcounting correction
if e?e? not in Dgyp[s; ® s;] then
‘ Store {efe? : ﬁij} in ba_H,[si @ s;]

else

L Add n;; to vector in efd? entry in Dy p[s; @ 5]

foreach s, ef, n, in Dyyp do

n, < n, with overcounting correction

Store {ef : nr} in l~)a+b[sr]

We can extend this approach further. Instead of constructing the data table in one order increments, if
we already have D,,, we may combine it with itself to obtain Da,,, thereby requiring exponentially fewer
iterations, as w increases, as long as w is such that the codes capabilities are not yet saturated, i.e., not

all syndromes are assigned to a degenerate set.

In general, if we compute the noise statistics of errors of order a and b to compute those of order w = a+b,

we have

ni) = o (@) = Y Gualkrini(a)]. (1.95)
’ 0<kk+>7”0§b
with c:=a+b—2k —r, (4.96)
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where n;(w) is the count obtained for order w before the overcounting correction. The auxiliary functions

are given by

a+b
Ry := (497)
a
Ca,b(ka T) = Kk(K - 1)1)511,17(]6774) (498)
NCNOT —-C c
ap(k,T) == , (4.99)
k rna—k—r,b—Fk—r

where K is the number of distinct errors per CNOT gate (in our case, always 15). Note the use of
binomial and multinomial coefficients. To incorporate the effect of preparation and measurement errors,

we use Nonot = Nenor + 2(n — k) and not Ncnor, as explained in Section G. See Section I for a

derivation of these expressions.

The probability associated with the degenerate set with list n; is given by

pi=Y_ni(j)P(j). (4.100)

Given this procedure to obtain D, we may obtain the decoding table T, by following algorithms 5 to 7.

Algorithm 7: Decoding table T,

Input: D,
Output: A decoding table T,
1 Procedure DecodingTable (D):

2 Initialize empty decoding table T,

3 foreach s in D,, do

s || Gpe Lo

5 foreach e, n; in D,[s] do

6 Using n;, compute p; (Eq. (4.100))

7 (J:p) <= (i,pi) if pi > p

8 Set T'[s] as the pattern ef, which has highest p in Dl[s]

I Derivation of decoding formulas for Bernoulli noise

As stated in Section H, a straightforward implementation of the procedure described will overcount the
number of errors associated to any given syndrome sequence. There are three types of overcounting,

which we may analyze separately.
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Recounting lower order errors

Suppose we have already computed the correct error count n;(j) for 0 < j < w — 1 (for all degenerate

sets), and we are currently trying the determine n;(w).

For the error EfEfz . Ei]iq? composing with any Eﬁ (1 <k <w—1) reduces the error to one of order
w — 2, which was previously counted. To determine how many errors stem from this dynamic, we may
note that any fake compound error of order w has a corresponding error of order w — 2, which has already
been counted in n;(w — 2). Similarly, any error E; counted in n;(w — 2) has a corresponding set of fake
compound errors that appear in n;(w). As E; stems from w — 2 base errors, each affecting a different
CNOT gate, these fake compound errors must correspond to an error of the form EZ-EB EB , Where EB
is a base error from a CNOT gate not present in E;. For each CNOT gate there are K = 15 associated

base errors, so there are a total of
Co-1,1(1,0) = K(Nonor — (w —2)) (4.101)

fake error compounds that associated with the error F;. Alternatively, defining w = a + k, with k = 1,

we may also write the total as

¢a,1(1,0) = K(Newor — (a — k). (4.102)

The same principle applies to higher order combinations. If a order-a error F; is composed with a order-k
error B (a > k), and the base errors composing E; all stem from CNOT gates whose same base errors
already compose E;, then the resulting compound error will have order a — k, instead of a 4+ k. The total
number of errors is now given by

Gu(k,0) = ki K(NCNOT —(a—k)~j) (4.10)

Neor = (a—k) (4.104)

Note, however, that, when composing a order-a error E; with a order-b error E; (a > b > k), it may be
the case that only some, and not all, of the base errors composing F; appear in F;. In general, there will

only be k base errors in common, for all 1 < k < b.

In this case, to cover all possible fake errors, we must choose not & CNOT gates out of the Nenor — (a—k)
gates not related to the order-(a — k) error (as in Eq. (4.104)), but instead choose k& CNOT gates out of
the gates not related to both the order-(a — k) error, but also the (b — k) base errors in E; that are valid.
Therefore, there are a total of Nexor — (a — k) — (b — k) CNOT gates from which we must consider

invalid base errors.

Moreover, associated with the order-(a — k) error from E;, there are several possible valid (b — k) base
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errors stemming from F;. The total number of fake errors is then given by

NCNOT - (a—k) - (b—k’)

Ca,b(kv O) = Kk (4105)
k
k) +(b—k
L [@mRFE=R (4.106)
b—k
Moo —
e e N (4.107)
k b—k
with ¢ := a + b — 2k. (4.108)

Note that, for b = k, we have ¢ = a — k, so that Eq. (4.107) trivially reduces to Eq. (4.104). The
resulting lower order error will have order ¢. We would need to discount its affect on n;(w) to obtain the
correct count. Unfortunately, it would be difficult to determine the original syndromes of the errors that
combined to result in the impossible error, as they may have different origins. As an approximation, we
use n;(c) to estimate the error count. The resulting correction is achieved by subtracting n;(c) times ¢

from n;(w).

Counting impossible errors

If a order-a error E; is composed with a order-r error E; (a > r), and the base errors composing E;
all stem from CNOT gates already associated with the base errors that compose FE;, then the resulting
compound error will be impossible, since it will contain at least two different base errors associated with

the same CNOT gate (one from E; and one from Ej).

For r = 1, each error in n;(a) will have
€0,1(0,1) = (K —1)a (4.109)
associated impossible order-(a + 1) errors, since E; is composed of a base errors, and for each base error,

there are (K — 1) different base errors associated to the same CNOT gate.

For a general r, we have, for each order-a error

Carl0,7) = (K —1)" (4.110)

associated impossible errors.

When composing a order-a error E; with a order-b error E; (a > b), it may be the case that only r < b
base errors composing E; are impossible, with the remaining (b — ) base errors stemming from CNOT

gates not related to E;.

To estimate the number of impossible errors, we may look at n;(a + b —r). As before, we must choose r
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CNOT gates out of the a gates related to E; to count the number of impossible errors. But, as seen in
the previous subsection, to must also count the possible (b — ) base errors in E; that are valid. These

factors result in

a a+b-—r
Cap(0,7) = (K —1)" (4.111)
r b—r
c
=(K-1)" , (4.112)
r,a—rb—r
withc:=a+b—r (4.113)
r+y+z !
and (TTYTH) 2 Loty te) (4.114)
T,y 2 xlylz!

the multinomial coefficient. Again, note that Eq. (4.112) trivially reduces to Eq. (4.110) when b = r. The
resulting lower order error will have order ¢, so, for this case, we would also need to discount its affect

on n;(w) by subtracting n;(c) times (.

Counting permuted copies

Consider an order-(w — 1) error EPEP .. EPF  (with iy < iy < i3 < ...), coming from D,_1, and
the error E’f7 coming from D;. W.lo.g., suppose j < i;. Then, for D,,, we will not only count
the error E]BEﬁEg ...EB__, but also that same error coming from the combination of the errors

EfEf Eg e Ei 71\Ez€ and EZ-B; . In total, we overcount each order-w error w times.

In general, for every order-w error, any possible combination of order-a errors and order-b errors that can

generate it (with w = a + b) will appear in the counting. Since there are
Ry = = (4.115)

ways for order-a and order-b errors to generate an order-w error, the final counting (after discounting the

previous overcounting cases) should be reduced by a factor of R .

Full expression

In general, the erroneous errors that the decoding procedure may containing not only repeated base errors
(k > 0), but also base errors stemming from the same CNOT gate (r > 0). Therefore, these two factors

need to be considered together.

Combining the analyses of the previous subsections, we conclude that, when composing a order-a error
E,; with a order-b error E; (a > b), we can have k base errors E; already appearing in E;, and r base

errors in £ sharing the same origin CNOT gate as a base error in F;, with k& +r < b.

To count all these errors, we may look that the errors with order ¢ = (a + b — 2k — r), from which we

can generate all the invalid order-w errors. As before, the k repeated base errors are chosen from those
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associated with CNOT gates that are not related to a valid base error in the compound error. There are

Ngonot — ¢ such gates, and each one has K associated base errors.

Moreover, the from the ¢ base errors, we may consider that a — k — r (resp. b — k —r) correspond to the
base errors in E; (resp. Ej;) that raise no issue, with the remaining r errors corresponding to base errors

stemming from CNOT gates that also originated invalid base errors in E;.

Grouping all three overcounting issues, we end up with

Cap(k, ) = KF(K —1) €0 p(K,7) (4.116)
with
N _
Eanlhr) =T ‘ ‘ , (4.117)
k ra—k—r,b—k—r
and c:=a+b— 2k —r, (4.118)

which generalizes Eqgs. (4.107) and (4.112).

The corrected count is consequently given by

1 7.
n(w) = 4 [ni(w) — > Canlkr)n(c)], (4.119)
a,b 0<ktr<b
k,r>0
with c:=a+b—2k—r, (4.120)

as indicated in Eq. (4.95), with n,;(w) being the original count from the optimized decoding process. As

previously indicated, since the estimate of the impossible errors is not exact, this formula is approximate.

J Alternative definitions of Fr and F;

Instead of using the formulation described in Sections A and B, we may consider an alternative formulation
that, while less computationally efficient, is conceptually more straightforward. Under this formalism,
the components E; and L; can be computed at once from e;, so there is less of an need to separate the

two processes.

For a given error E;, we compute e;. Taking the encoding U, we compute

et :=Ule,U. (4.121)

K2

The unencoded error pattern e} corresponds to the effect of e; on the quantum state if it were decoded.

We may decompose it into

e = E{S{Ly, (4.122)
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with

EY = UTEU, (4.123)
st = UTs;U, (4.124)
LY =U'LU. (4.125)

We may also decompose it into the Pauli string for the first k data qubits (e”) and the additional (n — k)

redundancy qubits (ef?),

et =: el @ el (4.126)
From Egs. (4.3) to (4.5), we have that
Zipy =UTS;U (4.127)
X; =U'X;U (4.128)
Z; =U'Z,U. (4.129)

Therefore, decoding e; into e} cleanly separates the different components. L¥ corresponds to the compo-

nents of e} in the first k qubits. We have

L =eP @1, & (4.130)
bX b bZ
={I]x7 |1l 2" (4.131)
j=1 j=1
— Li=Ul @I, ,)U (4.132)
k k
<l b7
= II%; 1177 | (4.133)
j=1 j=1

where bJX and ij are the X and Z components of e, respectively.

Let elR’X and elR’Z be the X and Z components of eZR, respectively (where the Y components have been

R.X R,Z
e (

decomposed into X and Z, as in Eq. (4.10)), so that ef = ¢; disregarding the phase factor). We

have

Bl = I @ el (4.134)
T i
= II x (4.135)
i=k+1
— E =U(l @ ") UT (4.136)
= [[ wxutyr=s, (4.137)
i=k+1
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and

St =l ®el? (4.138)
T
=11 z (4.139)
i=k+1
— 8, = Ul ® e"?)UT (4.140)
= [ wzuty=. (4.141)
i=k+1

where b, and bZ , are the X and Z components of /"~ and e/"Z, respectively. As this procedure is

deterministic, we obtain unique components E;, S;, and L; associated with the error pattern e;.

Regarding runtime complexity, the method presented in Section A requires just O(n — k) steps per error
E;, in order to assemble E; from the precomputed Z;, and Xj,_, terms. The method presented in
Section B is more involved. Computing e, requires 2n steps. Determining its stabilizer component S;
requires identifying the pivots in €} (O(n) steps) and then multiplying the constituting stabilizers by e}. As
it is constituted by O(n — k) stabilizers, and accounting for each takes at most (2n—(n—k—1)) = n+k+1
steps, the whole stabilizer part takes O((n — k)(n + k + 1)) steps. For the logical component, there are
O(2k) components in €}, and the whole each operator takes (2n — (n — k) — 2k + 1) = n — k + 1 steps,
for a total of O((2k)(n + k — 1)) steps. The full procedure requires

On+(n—k)(n+k+1)+(n—k+1)(2k)) (4.142)
~ O0(n? k%) ~ O(n?) (4.143)

steps per error E; to compute L;. The computation for Ng errors requires
O(Ngn?) (4.144)

steps.

For this simpler technique, the greatest computational expense comes from computing e} for each error

FE;, as the remaining steps can be precomputed and subsequently applied to all errors.

To facilitate the calculation, we may precompute the e* patterns associated with all base errors, and use

those to compute the pattern e} for each error F;.

From [159], simulating a stabilizer circuit (i.e. U) with N gates takes O(n®N) steps. Since U is built
from O(n log? n) Clifford gates, we have that the full precomputation associated with the base errors
scales as

O(NCNOTTLB 1og2 Tl) (4.145)
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The cost of computing e} for each E; then scales as
O(nw) (4.146)
where w is the order of the error. The full computation for Ng errors requires
O (NEnw + Nenorn® log? n) (4.147)

steps. For cases where Ng > Ncnor, the simpler approach may lead to a faster implementation, while,

for smaller cases, the main approach is faster, as it doesn’t require precomputation.

K Analysis of numerical results

To get a good understanding of the performance of the decoding method, we consider an equidistant

range for h, and we sample p using the expression
p = 10" (4.148)

For that reason, most of the fits in this section are performed after applying a logarithmic transformation
to both the dependent and independent variables. That is, we prefer to work with log(p) than p directly,

as it is more numerically stable.

In this section, we verify that C'(p) and Prajiure scale as

C(p) ~ e~ YNeworp (4.149)

~ 1 —~yNenoTp (4.150)

Praiture(p) 2 1 — ™" for n € N (4.151)
~ pp”, (4.152)

for p < 1. p and 7 are positive real parameters, and 7 is the lowest order that the code cannot fully
correct. We analyze these expressions separately in the next subsections.
Escaped errors

We start by considering P,(p,1). For the noise model in Section 4.2, we expect that the probability of

finding escaped errors will be given by

NcnoT Nenor . Neworri
Pu(p, 1)~ > T )i = yp) (4.153)
i=1 ?
NcNot
i1 [ Nenor ;
= > =0T | () (4.154)
i=1 ?
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=1- Y ' (—p)?, (4.155)

where 7 reflects the fraction of errors that can escape. For p < 1, the lower order terms dominate, so we

may use the approximation

NcnoTt Nenot!

Z_ ~ =0T for Noor > i, (4.156)
and we have
Pu(p,1) ~1— NCzNi)T M (4.157)
i=0 ’
1% (_NCNZ,—:W (4.158)
i=0 :

_ 1 _ e Nexorp (4.159)

Given Egs. (4.37) and (4.44), we end up with Eq. (4.149),
C(p) = e TNexorp, (4.160)

where 7 is an unknown parameter. Since we are considering p < 1, this expression may be further
simplified into

C(p) ~ 1 = yNexorp- (4.161)

In order to perform a fit, we consider a more general version of this expression, given by

C(p) = exp(—yNenorp™), (4.162)

and we fit the function
log,(—log(C(p))) = nc logyy(p) + logio(YNenor) (4.163)
= log;(—b) = nclogyo(p) + B, (4.164)

where 8 = log,o(YNenor) and b stems from Eq. (4.47). We use log;, to keep the figures more legible.
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Figure 4.9: Fit of the various parameters, averaged over 50 random codes for each n.

We may now study the behavior of no and S for different n. See Fig. 4.9 for the results. As expected,

we observe that no ~ 1, regardless of n.

From Section C, we have that Nonor ~ O(n?). If we assume that  ~ O(poly(n)), then 3 should scale

as

B = by log(n — ng) + be.

(4.165)

with 179 = 1. We assume this expression for its fit. The fitted parameters are given in Table 4.4.
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Variable Value

by 0.4494
ng  3.6453
by 0.7505

Table 4.4: Fitted parameters for 3.

We may alternatively write 5 as

B =~ log;(5.630 - (n — 3.6453)'9%%) (4.166)

Given the dependence between 8 and NenoT, we may conclude that
YNexor ~ O(n'%%) ~ O(n), (4.167)

despite the actual NenoT count scaling with @(ng). These results are in line with the expectations from
the theoretical analysis of Section C, indicating that we may observe a visible pihreshold-
Direct Pr.jue €xtrapolation

We may apply a similar procedure to Pgjlure. We empirically observe that Eq. (4.151) holds. However,

unlike the previous section, it is no longer the case that ne ~ 1.

If a code is able to correct all errors of order w < 7, then we expect Prajjure to be given by

Nenor

Nenor | .
Pfailure = Z fl (p7 NCNOT) ) pl(l - p)NCNOT (4168)
i=1 i
Ncnor
- [ N . .
o LT - pNever i for p <1 (4.169)
=" 1
- [ N
~ fo | RO (1 - pyNeser T, for p <1, (4.170)
n
= up", for p < 1. (4.171)

for some unknown p, where ﬁ is an approximation of f;(p, Ncnor), which is unknown function. In the

approximation in Eq. (4.169), we consider f; as a scalar.

In order to perform a fit, we consider an equivalent version of this expression for p < 1, given by

Praiture (p) = 1 — exp(—pup"), (4.172)
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and we fit the function

logyo(—10g(1 — Praiture)) = 110810(p) + 10810 (1) (4.173)
= nlogyo(p) + a, (4.174)

where o = log(11). As before, we use log;, to keep the figures more legible. See Fig. 4.10 for an example.
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Figure 4.10: Fit of Eq. (4.164), for a random example with n = 20. We fit only using values below 1076,

where it is safe to assume p < 1. As expected, the fit worsens for higher p.
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Figure 4.11: Plot of n and a. We fit a linear function to « for the higher n values.

We may now study the behavior of n and « for different n. See Fig. 4.11 for the results. In this case, we
have different 1 values, and the values cluster around integers. Since the n values we tested are relatively
low, we only observe 7 equal to either 1 or 2. As these cases display notably different behavior, we

separate their data before fitting.

As before, we fit n to an expression of the form

n =1 + dilog(1 + exp(dz - (n — np))). (4.175)

We empirically observe that the « variable is better fitted by a simple linear expression

a=an+ as. (4.176)

The fitted parameters are given in Table 4.5.

127



Variable npo=1 1n9=2

ai —0.0074  0.0838
as —0.8170  2.8530

Table 4.5: Fitted parameters for a.

We may also have a look at the probability of having different n values. The empirical results can be seen
in Fig. 4.12 and Table 4.6. We observe that, for low n values, the fraction of random codes with n =1
and 1 = 2 is roughly constant, since the code’s capabilities are not large enough to generally correct all
w = 1 errors. As n increases, the probability that the code corrects all order-1 errors also increases, and
we so the fraction of n = 2 cases increases. Its behavior follows a sigmoid-like function, of the form

1 1
51 <1 4 e—s2(n—ny) N 2> + 83 (4.177)

The errorbars indicate the standard deviation, which stems from the finite number (48) of samples taken
for each n value. Also, note the symmetry in the parameters in Table 4.6, reflecting the fact that the

fractions must add up to one.
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Figure 4.12: Fraction of the simulations with different ny values.

Variable 1y =1 Ny = 2

S1 —0.7206  0.7206
S2 0.8665 0.8665
ng 16.5506  16.5506
53 0.4673 0.5327

Table 4.6: Fitted parameters.
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For very low n < 12, we observe that about 20% of the codes have n = 2. On further inspection, their
seemingly high performance does not stem from strong correction capabilities, but from the fact that, due
to random chance, the stabilizers of these codes have relatively low weight, leading to a very low number
of CNOT gates in the syndrome extraction circuit, and consequently fewer errors needed to consider.
In a more complex setting where there are additional sources of error, we would expect these codes in

particular to perform poorly.

Extrapolating behavior for larger n

We may take the results above and use them to extrapolate the performance for larger n values. We also
incorporate the uncertainty observed in the numerical data by using the standard deviation observed for

the sampled n to estimate the deviation for larger n.

L Single-qubit gate error model considerations

Standard circuit-level noise models typically include single-qubit gate errors, particularly identity gate
errors from qubit idling [184]. The exclusion of these errors in the present work represents a limitation
of the current theoretical analysis. Including comprehensive single-qubit gate errors would likely reduce

our reported threshold values, and we consider it as important future work.

We deliberately use a simple, unoptimized stabilizer implementation to avoid confounding our theoretical
results with circuit-specific optimizations, as indicated in Section A. While gate count and idling could
be reduced through circuit optimization techniques, we chose not to incorporate such optimizations to

maintain the generality of our theoretical analysis.

Our model would be more realistic for trapped-ion systems where idling errors (due to relaxation or
decoherence) are significantly lower (~ 10~°%) compared to superconducting qubits (~ 10~%). In trapped-
ion platforms, coherence times are typically much longer, making idling errors less significant compared
to active gate operations. This platform-dependent behavior suggests that our simplified model captures

the dominant error sources for certain quantum computing architectures.

Nonetheless, in the rest of this section we show that many of the single-qubit gate errors can be absorbed

into our model through mathematical equivalences.

Hadamard gate errors

The circuit contains, for each ancilla qubit, a Hadamard gate after preparation and before measurement.
If we model this gate as suffering an error corresponding to an additional Pauli gate, then it can be shown

that the error can be absorbed into preparation and measurement errors, respectively.

For the Hadamard gate after preparation, a Z-type error is equivalent to an X error before the Hadamard
gate (since HX = ZH), which is equivalent to a flip preparation bit. A X-type error similarly corresponds
to a Z-type error before the Hadamard gate, i.e., right after preparation. Since the prepared qubit is

initially either in the state |0) or |1), a Z-type error does not introduce additional errors, since it acts as
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the identity.

For the Hadamard gate before measurement, a Z-type error is similarly irrelevant, since the measurement
is done in the computational basis. A X-type error is equivalent to a measurement error, where the

measurement bit flips.

For both cases, a Y-type error is a combination of both error types. Therefore, if the probability of a
preparation/measurement error is ps, and the probability of a specific Hadamard gate error is py /3, then
2pH

we can model Hadamard gate errors by simply using the equivalent probability p}, = pM( — T) +

2pH

(1 —par) ~pur + 2%’. Since, in practice, pys > pp, disregarding the Hadamard gate errors does not

significantly affect the analysis.

1-qubit gate errors

For the 1-qubit gates we consider in our model, possibly appearing before and after the target of a CNOT
gate, we can similarly map them so that the errors actually arise from the associated CNOT gate, while
assuming that the 1-qubit gates are perfect. If their error rate is pg, then the equivalent error rate for
the CNOT gates incorporating the 1-qubit Pauli gate errors is p’ ~ p + pg. Similarly to before, p > pg,

so their exclusion from our model does not significantly affect the analysis.

Idling errors

For comprehensive circuit-based error models, it is standard to also include errors coming from idle qubits
changing over time, either due to relaxation, decoherence, or more complex dynamics (e.g., crosstalk).
This scenario can be modeled by assuming that identity gates are applied to the circuit, and that these

gates get converted to a Pauli gate when an error occurs.

Unlike the previous scenarios, it is harder to map these errors to equivalent errors in the CNOT gates.
We can evolve the idling errors forward in the circuit up to the first CNOT error they encounter, where
they can potentially increase in weight. In our formulation, if we assume that each identity gate with
error py takes as long as a CNOT gate application, then the errors can compound quickly. Since the
stabilizer application is not optimized, if we apply the n — k stabilizers in series, and each stabilizer affects
w := An qubits (where A = 3/4 in our implementation, and ~ 1/2 in the optimized version in Section A),

then for each main qubit there are on average

~An[1+21=A)+3(1 =) +--] (4.178)

identity gates between CNOT gates.

During every idle slot the qubit is acted on by a single-qubit depolarizing channel D,,, (p) = (1 — —) p+

23
1 Zae{X,Y,Z}Oépa-
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In the Pauli frame each gate independently applies

1, with probability 1 — g,
E; = (4.180)

X,Y or Z, each with probability ¢/3,

q:= . (4.181)

Because the non-trivial Pauli operators modulo a phase form the abelian group V, = {I, XY, Z}, the
net error after the m idle slots is the group product E := E,,--- E1. A standard character argument for

random walks on Vj gives

Pr[E=1]=$[1+3(1—¢q)™]. (4.182)

Py =1-Pr[E =1 (4.183)
3
“Sn-a-gm (1184)
n/\
3 (8
=3 (1 <1 : > ) (4.185)
9
~ Enp;/)\, for npy /A < 1. (4.186)

Since we expect py to be about one order of magnitude lower than p (except for trapped-ion platforms,
where p; is much lower), even relatively low values of n make idling non-negligible. Nonetheless, we can
show that, in a more realistic setting, where the gate implementation is optimized, idling can be largely

removed, thereby making this error source negligible.

In an optimized setting, besides implementing the stabilizer optimizations in Section A, we would also
parallelize the CNOT gates associated with the different stabilizers as much as possible. In general, it
would be possible to parallelize CNOT gates associated with different stabilizers whenever their target

qubits are different.

To quantify how much circuit parallelization is possible we model the scheduling of the CNOT gates
associated with the ¢ := (n — k) ~ n stabilizers. Write A = {a1,...,a:} for the ancilla (control) qubits
and B = {b1,...,b,} for the data (target) qubits. Every CNOT is an edge e = (a;,b;) in the bipartite
graph G = (AU B, E). For the code families considered here

or %);

« each ancilla participates in w = An edges (A = %

o for a fixed data qubit b; the number of incident edges X is a random variable X; ~ Binomial(t, %) =

Binomial(n, A) with mean p = E[X;] = An = w.

A single time step (“layer”) of the circuit is a matching of G: a set of edges with no common end—points,

so that no qubit is touched twice in the same layer. Partitioning F into the minimum number of such
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matchings is the edge—colouring problem; for every bipartite graph, Kénig’s theorem gives
Y(G) = AG), (4.187)
where A(G) is the maximum vertex degree. Consequently

D =A(G)= max{ w, max Xj} (4.188)

1<j<n
is the optimal CNOT depth.

Let M,, := max; X;. A standard Chernoff bound gives, for any a > 0,

2
PriX; > p+a) < exp(—m) (4.189)

Choosing a = v/2u Inn and union-bounding over the n data qubits,

Pr{M, > p+ /2pInn] — 0, (4.190)
n o0

so that, with high probability,

M, < w+V2wlnn.

Because M,, > w always, we may replace the order symbol in Eq. (4.188) by its leading constant and

write

E[D] = w+ V2wlnn + o Vwlnn) (4.191)
w—+V2wlnn (4.192)
An+vV2Anlnn. (4.193)

1

Along any ancilla line exactly w CNOTs are executed in D layers, so the number of idle layers on that

qubit is D — w. Averaging the gap between successive CNOTs over the w — 1 internal intervals gives

D—w
Ny = 4.194
! w—1 (4.194)
~ Y2wlnn (4.195)
~ .

2Inn 2 Inn
= Y E— 4.1
\/ w \//\ n (4.196)

Hence, keeping only the first-order term,

=3
3

Ny ~ —. (4.197)

> N
3

This value is lower than 1 and quickly converges to 0 for high n. Therefore, similarly to before, we could
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consider an equivalent p’ ~ p + Nypr to model idling errors.

Equivalent threshold

Accounting for these errors, and considering that they are at least one order of magnitude lower than
CNOT, preparation and measurements, leads to an equivalent error rate that is around 10% higher.
Consequently, in this more complex model, with the necessary circuit optimizations, we would get a
Pihreshold that is 10% lower. We note however that this setup would not be sensible, since our empirical
threshold stems from an purposefully unoptimized stabilizer implementation. It is possible that an
implementation with optimized stabilizers (which is outside the scope of this work) would lead to a

naturally higher threshold, regardless of the 1-qubit gate and idling errors.
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Chapter 5

Conclusions

With this thesis, we presented contributions along two research directions in quantum computing. On
one hand, we developed a quantum algorithm for the forward scattering transform, the first and one of
the most computationally demanding steps of the inverse scattering transform for integrable nonlinear
partial differential equations. On the other, we proposed quantum error correction methods suitable for
both near-term noisy devices and for future fault-tolerant quantum computers. We see these directions
as intrinsically connected. Quantum algorithms for scientific computing will ultimately need a reliable
error correction method to run on physical hardware, and the error correction techniques we develop here

bring this closer.

5.1 Summary of contributions

In Chapter 2, we presented a quantum algorithm for the forward scattering transform, a spectral analysis
technique that computes scattering data from the initial conditions of nonlinear integrable systems. For
integrable equations, the scattering data evolves linearly in time, even though the solution itself evolves
nonlinearly. As a result, our approach can decompose the nonlinear problem into a sequence of exact linear
steps, rather than relying on approximate linearization techniques such as Carleman linearization. Using
the Korteweg-de Vries equation as a concrete example, we showed that the forward scattering problem
can be reformulated as a stabilized linear matrix ODE and solved with quantum spectral methods. The
resulting algorithm achieves a query complexity of O(r polylog(r/e)), where r is the spatial discretization
parameter and e the desired accuracy. This is a quadratic speedup in r over classical methods such as
conjugate gradient descent. The method also applies broadly to entire hierarchies of integrable equations

sharing the same spatial Lax operator.

In Chapter 3, we introduced QGRAND, that we believe to be the first practical maximum-likelihood
decoder for quantum random linear codes, which achieve optimal error correction performance asymp-
totically but have historically been impractical because their lack of algebraic structure prevented the

development of any reasonably efficient decoder. Rather than relying on code structure, QGRAND ex-

135



ploits noise statistics. It generates candidate error patterns in order of decreasing probability and checks
each against the measured syndrome, while also accounting for error degeneracy, a uniquely quantum
phenomenon where physically distinct errors can have equivalent effects on the code space. Consequently,
by grouping degenerate errors the effective search space reduces from O(n?) to O(n), and the decoder
remains efficient as code size grows. We demonstrated near-hashing-bound performance at finite block-

lengths, which confirms that these theoretically optimal codes can be decoded in practice.

In Chapter 4, we extended QGRAND to the fault-tolerant setting. Syndrome extraction circuits introduce
their own errors through faulty preparations, gate operations, and measurements, and the decoder must
account for all of these to be useful in practice. We modeled the full error process during syndrome
extraction and modified the decoding algorithm to explicitly track error degeneracy. The result is a
maximum-likelihood procedure guaranteed to be optimal, and our analysis revealed a threshold error
rate of pinreshold ~ 2 X 107° in the asymptotic limit. This threshold is made possible by degeneracy, since
without it the number of distinct error patterns would scale as O(n?) and no visible threshold would
emerge. Fortunately, degeneracy reduces this to O(n), and fault-tolerant decoding of QRLCs remains

feasible despite their lack of exploitable structure.

5.2 Outlook

For the forward scattering transform, the most immediate direction is to complete the remaining steps of
the inverse scattering transform. The time evolution of the scattering data is expected to be straightfor-
ward, but the inverse scattering step is more involved, since it requires solving the Marchenko equation,
and efficient quantum methods for integral equations do not yet exist. A complete implementation would
also require computing the discrete spectrum, since it encodes the bound state and soliton contributions to
the solution. Perhaps more promisingly, extending the method to higher-dimensional scattering problems
could yield a more substantial quantum advantage, since the scattering geometry becomes exponentially

richer in higher dimensions.

Several assumptions in our current analysis could be relaxed. We do not include single-qubit gate or idling
errors in our noise model, and incorporating these would likely lower the threshold, though we expect
the effect to be modest given their typically lower error rates. More significantly, we assume all-to-all
qubit connectivity. Most current hardware does not satisfy this, and adapting QRLCs to constrained
connectivity remains an open problem. For higher noise entropy regimes, exact maximum-likelihood
decoding becomes computationally prohibitive, and approximate methods such as compressive sensing,
deep learning, or greedy heuristics would be needed to keep the decoder practical. Reducing stabilizer
weight through canonical form reduction would also help, since it lowers both the gate count and the

degree of error propagation during syndrome extraction.

More broadly, this work addresses two open problems in quantum computing. Some nonlinear problems
have often been considered infeasible to solve with quantum approaches, due to the latter’s linear nature.

However, we showed that for integrable systems the nonlinear evolution can be decomposed into sequences
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of linear steps amenable to quantum speedups. On the error correction side, we showed that noise-centric
decoding, combined with theoretically optimal codes, offers a flexible approach that adapts to changing
noise conditions and works under realistic fault-tolerant constraints. As quantum hardware continues to
scale, we expect integrability-based decompositions and noise-centric decoding to prove useful beyond

the specific problems studied here.
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