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Resumo

As redes sem fios de sexta geração (6G) impõem requisitos rigorosos ao nível da camada física,
em particular no que respeita a comunicações ultra-fiáveis de baixa latência (URLLC). Esta deve
ser inferior a 1 ms, e com uma fiabilidade superior a 99, 999%. Os esquemas convencionais
de codificação com códigos longos são incompatíveis com estas restrições devido aos atrasos
inerentes à descodificação e ao uso de entrelaçadores. Esta dissertação desenvolve técnicas de
processamento de sinal e de codificação de baixa complexidade, direcionadas para comunicações
máquina-a-máquina (MTC) com códigos curtos.

A primeira contribuição demonstra a viabilidade de sistemas massive multiple-input multiple-
output (mMIMO) codificados, integrando códigos lineares aleatórios (RLC), multiplexagem
espacial baseada em zero-forcing e descodificação baseada em guessing random additive noise
(GRAND). Os resultados evidenciam diminuições significativas da latência face aos códigos po-
lares do 5G, alcançando também ganhos de codificação assinaláveis, especialmente para valores
elevados de relação sinal-ruído (SNR).

A segunda contribuição aplica o GRAND ao nível dos símbolos da modulação em siste-
mas mMIMO com constelações arbitrárias, através de ordenação das antenas e restrição dos
padrões de erro, reduzindo a complexidade em mais de 90% sem perda de desempenho face à
descodificação de máxima verosimilhança (ML).

A terceira contribuição introduz variantes do GRAND com restrições para códigos LDPC
de bloco curto, permitindo reduzir mais de 99% dos padrões de erro candidatos mantendo a
optimalidade ML.

Por fim, são desenvolvidas sequências de assinatura com soma única para acesso aleatório
em canais aditivos ruidosos, permitindo identificação dos utilizadores.

Palavras-chave: Comunicações ultrafiáveis de baixa latência (URLLC), Massive MIMO
(mMIMO), Descodificação GRAND, Codificação de bloco curto, Acesso aleatório sem conces-
são
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Abstract

The emergence of sixth-generation (6G) wireless networks imposes physical-layer requirements,
particularly ultra-reliable low-latency communication (URLLC), demanding sub-millisecond la-
tency and reliability exceeding 99.999%. Conventional long-blocklength coding schemes are
incompatible with these constraints due to inherent decoding delays and interleaving latency.
This dissertation develops low-complexity, high-reliability signal processing and coding tech-
niques tailored for short-blocklength wireless machine-type communications (MTC).

The first contribution demonstrates the feasibility of coded massive multiple-input multiple-
output (mMIMO) systems by integrating random linear codes (RLCs), zero-forcing spatial
multiplexing, and guessing random additive noise decoding (GRAND). Results show significant
reliability and latency improvements over comparable 5G polar codes, achieving significant
block error rate (BLER) gains and reduced decoding time, particularly at high signal-to-noise
ratios (SNRs).

The second contribution extends symbol-level GRAND to mMIMO with arbitrary constella-
tions through antenna-reliability ordering and constrained error enumeration, reducing decoding
complexity by over 90% while preserving maximum-likelihood (ML) performance.

The third contribution introduces constraint-based GRAND variants for short low-density
parity-check (LDPC) codes, including set-partitioning, Sieving-GRAND, and largely con-
strained GRAND, enabling over 99% reduction in candidate error patterns while maintaining
ML optimality.

Finally, uniquely decodable Bose–Chowla–Lindström signature sequences are developed for
grant-free random access over noisy adder channels, enabling reliable user identification and
collision resolution.

Keywords: Ultra-reliable low-latency communication (URLLC), Massive MIMO (mMIMO),
Guessing random additive noise decoding (GRAND), Short-blocklength coding, Grant-free
random access
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Chapter 1

Introduction

1.1 Context and Motivation

1.1.1 6G Wireless and Machine-Type Communications

The transfer from fifth-generation (5G) wireless networks to sixth-generation (6G) systems
signifies not only an increase in data rates and spectral efficiency but also a significant qualitative
transformation in wireless communication. While earlier generations of mobile networks were
fundamentally designed around human-centric traffic patterns, future 6G systems are being
architected for a world in which machines, rather than humans, dominate both the volume and the
criticality of communication flows [1]. This transformation is driven by the rapid convergence of
autonomous systems, distributed intelligence, immersive environments, cyber–physical control
loops, and large-scale industrial automation. In such environments, wireless communication
ceases to be an auxiliary data pipe and instead becomes a deterministic control substrate for
physical processes.

As discussed in [1], emerging 6G applications, including autonomous vehicles, collaborative
robotics, industrial digital twins, mobile augmented reality, distributed sensor fabrics, and tactile
internet systems, impose communication requirements that extend far beyond high throughput.
These systems demand deterministic latency, extreme reliability, and massive device density,
and often simultaneously. In many control-centric scenarios, the value of information is not
measured by its bit rate but by its timeliness and its impact on system stability. Update intervals
below one millisecond, packet-loss probabilities below 10−7, and jitter on the order of tens of
microseconds are not exceptional requirements, but normative design constraints.

The inadequacy of incremental 5G evolution to meet these requirements has been widely
acknowledged. Despite major advances in 5G, including flexible orthogonal frequency division
multiplexing (OFDM) numerologies, massive multi-input multi-output (mMIMO), and low-
latency scheduling, its architectural foundations remain rooted in human-centric broadband
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• The world is becoming more interconnected 

with multiple fields and levels of integration. It 

is anticipated that 6G networks will provide 

specific services for different applications.

• The upcoming networks will depend on the 

internet that needs to be ultra-reliable with low- 

latency. 

• The physical layer has much to contribute to the 

goal of wireless ultra-reliable and low-latency 

communication (URLLC), whose major goals 

are to reduce latency to 1 ms and simultaneously 

ensure at least 99.999 % reliability. 

Introduction

Satellite
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Mobile Communications

Sensing
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Broadcasting

Robotic Surgery
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Underwater Communication

Reconfigurable factory

Drones

Figure 1.1: Overview of emerging 6G use cases such as robotic surgery, autonomous vehicles,
drones, underwater communication, reconfigurable factories, satellite links, and IoT that demand
unprecedented reliability and very low latency. The figure was created by using figures available
on the internet.

communication, characterized by bursty but predictable traffic, latency tolerance in the tens of
milliseconds, and dominant downlink flows [1],[2]. These assumptions fundamentally collapse
in machine-type environments, where short periodic packets, random access, and ultra-high
reliability define the traffic fabric.

This insight motivates a broader re-evaluation of the foundational principles of communi-
cation theory itself. In [3], the authors argue that 6G cannot be realized through incremental
extensions of Shannon’s classical framework. Shannon theory assumes ergodicity, infinite block-
lengths, and independence between communication and control. However, 6G systems operate
in precisely the opposite regime: finite blocklengths, non-ergodic channels, strict delay budgets,
and deep integration with sensing, actuation, and learning. The notion of “communication
efficiency” is therefore undergoing a redefinition from maximizing bits per second per Hertz
to maximizing the relevance, freshness, and control utility, that is, the task-level usefulness of
information in supporting control and decision making of delivered information.

This paradigm shift introduces new communication concepts such as semantic commu-
nication [3], goal-oriented communication, and task-aware networking, in which packets are
prioritized not only by quality of service (QoS) class but by their marginal utility to a control
or inference task [4], [3]. Metrics such as age of information (AoI) and age of loop (AoL)
are replacing classical throughput as the dominant performance indicators, revealing that the
physical layer must now be optimized not for average rates, but for information timeliness and
the stability of the closed-loop control system [1]. These ideas fundamentally reshape the role of
coding and decoding in future networks: coding is no longer just a mechanism for approaching
asymptotic capacity, but a tool for ensuring deterministic reliability under strict latency con-

2



straints [5]. With the emergence of 6G, there is increasing interest in rethinking the fragmented
landscape of channel coding schemes used in different communication scenarios, motivating
research into unified and adaptable coding frameworks [6].

Another defining feature of the 6G principle is the deep integration of communication and
sensing, commonly referred to as integrated sensing and communication (ISAC) [7]. Unlike
previous generations, where sensing and communication were treated as disjoint systems, 6G
systems must support joint communication, sensing control loops sharing spectrum, hardware,
and signal processing infrastructures. This integration introduces new theoretical challenges,
including joint waveform optimization, tradeoffs between sensing precision and decoding reli-
ability, and fundamental limits on parameter estimation under simultaneous data transmission
[3]. These challenges directly affect the design of modulation, coding, and detection algorithms,
particularly in URLLC and critical machine-type systems.

Machine-type communications (MTC) emerged in 5G as a new service category distinct from
enhanced mobile broadband (eMBB). However, 6G MTC transcends the conceptual boundaries
of 5G. In 5G, MTC was divided into massive MTC (mMTC) serving a large number of low-
power, low-rate devices and ultra-reliable low-latency communication (URLLC) serving a small
number of devices with extreme reliability and latency constraints. While this classification was
adequate for early internet of things (IoT) and industrial automation, it does not generalize well
to the heterogeneity and scale of 6G applications [2].

As shown in [2] future 6G machine-type systems must simultaneously support dense of
autonomous robots and unmanned aerial vehicles (UAVs), ultra-low-power zero-energy sensors,
immersive haptic interfaces, safety-critical industrial controllers, and autonomous mobility in-
frastructures. These systems do not fall cleanly into either mMTC or URLLC. Instead, they
require hybrid service classes that combine: extreme reliability of the order of 1 − 10−7, sub-
millisecond deterministic latency, massive device density, three-dimensional coverage, energy-
neutral operation. To address this gap, [2] proposes a new service taxonomy for 6G MTC,
including dependable critical MTC (cMTC), broadband cMTC, scalable cMTC, globally scal-
able mMTC, and zero-energy mMTC. Unlike traditional QoS classifications, these categories
are defined not only by latency and reliability, but also by energy neutrality, synchronization
accuracy, predictability, security, and information freshness. In dependable cMTC, for example,
deterministic latency with bounded jitter and application-level reliability approaching 1 − 10−7

implies per link physical-layer reliabilities approaching 1 − 10−9, well beyond the targets of
classical URLLC.

The architectural consequences of these requirements are profound. In [1] demonstrates
that future systems must concurrently support sparse bursts from millions of devices and tightly
synchronized communication among small subsets of critical nodes. This convergence mitigates
the classical separation between massive access and critical communication. Random access
must be grant-free and collision-resilient; metadata signaling, that is, the control information

3
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required for device identification, synchronization, and decoding, must be ultra-compressed,
and decoding must operate reliably in the finite-blocklength regime.

Random access emerges as one of the most severe bottlenecks. In current long-term evolution
(LTE/4G) and 5G NR systems, grant-based access requires multi-step handshake procedures
that alone exceed the entire URLLC latency budget. Grant-free random access removes this
overhead but introduces severe challenges of preamble collision, inter-user interference, and
unreliable channel estimation under short packets. New paradigms such as unsourced random
access, compressed-sensing-based activity detection, and multi-antenna covariance estimation
are therefore required to scale access under extreme density [1]. These techniques intrinsically
rely on sparse signal processing and code-detection co-design, reinforcing the need for new
short-packet coding paradigms.

Energy efficiency constitutes another core constraint in large-scale MTC. In UAV-assisted
and aerial IoT deployments, 6G must support both URLLC-grade reliability and stringent
battery constraints. UAVs operate as airborne relays, mobile base stations (BS), and sensing
platforms, but their energy consumption is dominated not only by propulsion but also by
communication, sensing, and processing. Finite-blocklength theory becomes critical in this
setting, as achievable throughput and decoding reliability are fundamentally constrained under
short-packet transmissions, which directly impacts the ability to meet latency requirements [8].
The integration of non-orthogonal multiple access (NOMA), cognitive radio, and joint power
allocation demonstrates that signal processing, multiple access, and coding must be co-designed
to meet URLLC and mMTC requirements simultaneously [8], [9].

These observations lead to a central conclusion: 6G MTC represents a fundamentally new
communication regime, in which classical asymptotic coding theory, long-packet assumptions,
and code-specific decoders can no longer serve as reliable design foundations. Instead, 6G
demands short-blocklength-optimized, universal decoding, low-latency, and energy-aware signal
processing and coding techniques. This dissertation proposes an ensemble of techniques that
address such problems.

1.1.2 URLLC and Finite Blocklength Communication

URLLC systems operate under hard real-time constraints where even a single packet error or
millisecond-scale delay can trigger system-level failure. Applications such as factory automa-
tion, tele-surgery, intelligent transportation systems, smart grids impose end-to-end delays below
one millisecond and reliabilities exceeding 99.999% or 99.99999% [10], [2].

The third generation partnership project (3GPP) URLLC specification targets the successful
transmission of a 32-byte packet within a 1 ms user-plane latency with reliability above 1−10−5.
However, as demonstrated in [10], many industrial and medical use cases demand even stricter
conditions, with end-to-end delays well below 1 ms and reliability exceeding 1 − 10−9. These
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constraints place URLLC far beyond the feasible operating region of conventional LTE and
5G-NR physical layers, which rely on long blocklengths, retransmission-based reliability, and
iterative decoding processes with unpredictable latency.

At the heart of URLLC physical-layer design lies a conflict between latency and reliability.
On the one hand, low latency mandates the use of very short packets, often consisting of only
a few tens or hundreds of bits. On the other hand, high reliability traditionally requires strong
channel coding consistent with Shannon’s channel coding theorem, which guarantees arbitrarily
small error probabilities at a finite rate (𝑅 = 𝑘/𝑛 < C ), where 𝑘 information bits are encoded
into 𝑛 bits that constitute a codeword, and C denotes the Shannon capacity of the underlying
channel, only in the limit (𝑛→∞), long blocklengths, and sometimes multiple retransmissions.
These mechanisms are inherently incompatible with hard real-time constraints. Even a single
hybrid automatic repeat request (HARQ) round trip in LTE-based systems consumes several
milliseconds, already exceeding URLLC latency budgets [10]. As a consequence, URLLC must
rely on one-shot decoding, where the packet must be decoded correctly in a single transmission
opportunity with extremely low block error probability. This requirement eliminates the safety
net of time diversity and retransmissions that underpins classical broadband reliability, and it
places pressure on the joint design of modulation, coding, detection, and decoding.

Paper [10] provides a systematic comparison of the most promising short-block coding
families for URLLC, including BCH, tail-biting convolutional codes (TB-CC), turbo codes,
LDPC codes, and polar codes. Under optimal ML decoding, extended BCH (eBCH) and
high-memory TB-CCs approach the finite-blocklength normal approximation limits and exhibit
exceptional error performance due to their large minimum distances. However, their decoding
algorithms, such as ordered-statistics decoding (OSD) for BCH or high-memory Viterbi decod-
ing for TB-CC, are computationally prohibitive for real-time URLLC operation. In particular,
OSD is a near-ML soft-decision decoding algorithm that exploits the reliability information of
the received symbols by ordering them according to their estimated reliabilities and generating
multiple candidate codewords through a structured reprocessing of the least reliable positions,
selecting the codeword with the minimum Euclidean distance to the received signal. More
practical decoders, such as cyclic redundancy check (CRC)-aided polar successive cancellation
list (CA-SCL) decoders and iterative LDPC belief-propagation (BP) decoders [11], offer a more
favorable complexity-performance trade-off. Nevertheless, even these state-of-the-art solutions
fall short of the theoretical finite-blocklength performance limits at ultra-low block error rate
(BLER) targets (e.g., 10−6, 10−7), revealing a persistent performance complexity gap in the
URLLC regime. For instance, decoding short LDPC codes of blocklength 𝑛 = 128 using BP
results in a performance loss of approximately 1.5 dB relative to ML decoding. As reliability
requirements become increasingly stringent, this gap emerges as a critical limiting factor in
mission-critical communication systems [10].

The limitations of classical block coding are further amplified by the architectural constraints
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of 6G. In dense machine-type environments, URLLC services must coexist with massive con-
nectivity. As shown in [2], reliable cMTC must guarantee deterministic latency and bounded
jitter even under extreme spatial density and high interference. These conditions invalidate
many assumptions underlying 6G URLLC, which was primarily designed for a small number
of high-priority users. Beyond coding, multiple access and random access constitute additional
physical-layer bottlenecks for URLLC. Grant-based access introduces handshake delays incom-
patible with sub-millisecond operation, while grant-free access creates collision, interference,
and detection challenges under short-packet operation [1]. These access-layer constraints di-
rectly impact decoding reliability because short packets carry insufficient redundancy to tolerate
unresolved collisions or channel-estimation errors.

Energy efficiency further complicates URLLC design in UAV-assisted and IoT-dense net-
works. In cognitive UAV-aided URLLC and mMTC systems, finite blocklength effects sig-
nificantly degrade the achievable throughput predicted by Shannon capacity, and imperfect
successive interference cancellation (SIC) significantly increases the error probability due to
error propagation [8]. Even when sophisticated power-allocation strategies yield large improve-
ments in average performance, achieving strict URLLC deadlines under interference remains
fundamentally difficult [12].

Collectively, these results lead to a critical conclusion: URLLC is not merely a demanding
service class; it is a fundamentally new physical-layer operating regime in which asymptotic
coding theory, iterative decoding, and retransmission-based reliability mechanisms lose their
validity. Instead, URLLC requires decoding strategies that can deliver near-ML reliability at
extremely short blocklengths with deterministic latency and bounded complexity. This con-
clusion forms the direct motivation for the noise-centric and constrained decoding frameworks
developed in this dissertation.

In the short-blocklength regime relevant to URLLC, finite-blocklength effects become fun-
damental to reliability analysis. In particular, channel dispersion captures the variability of the
information conveyed over finite-length transmissions and introduces a non-negligible penalty
relative to the asymptotic capacity limit [13]. Consequently, achievable rates depend not only
on channel capacity but also on blocklength, reliability requirements, and latency constraints.

From a broader theoretical perspective, [3] argues that non-asymptotic analysis must become
a central core of 6G communication theory. Almost all machine-type applications operate under
finite blocklength, time-varying channels, and non-ergodic conditions that invalidate long-term
averaging assumptions. Consequently, performance must be evaluated using: 1) outage-limited
metrics, 2) dispersion-aware bounds, 3) short-horizon reliability guarantees, 4) task-oriented
information measures.

Codes must now be optimized not for asymptotic distance growth but for finite-length dis-
tance spectra (i.e., the distribution of the codeword weights), error-floor behavior, and decoder
determinism. Decoders must deliver predictable latency and bounded complexity rather than
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average-case efficiency. The practical impact of finite blocklength theory is further illustrated
in UAV-assisted URLLC systems. Finite blocklength-based throughput expressions more accu-
rately capture the degradation induced by short packets, imperfect SIC, and fast-varying aerial
channels. Even when sophisticated joint power-allocation strategies drastically improve energy
efficiency, meeting strict URLLC deadlines under interference remains a strong challenge [12].

The lesson from these works is that finite-blocklength information theory is not merely a re-
finement of Shannon theory for URLLC, it is the only valid theoretical framework for the design
of 6G mission-critical communication systems. This realization directly motivates the develop-
ment of near-ML decoding strategies with bounded complexity, short-code-optimized decoding
frameworks, and noise-centric universal decoders, all of which constitute the methodological
foundation of this dissertation.

1.1.3 Limitations of Short-Block Coding and of Traditional Decoders

In this regime, the performance of coding schemes is no longer governed by asymptotic distance
spectra but by finite-length effects, structural weaknesses of code graphs, and the computational
limits of practical decoders.

Paper [14] provides a system-level diagnoses of these difficulties. It highlights that while
contemporary systems such as 5G New Radio and DVB-S2/S2X [15] rely on powerful coding
families including LDPC and polar codes, their near capacity behavior is achieved only under
sufficiently long blocklengths. When packet sizes shrink due to stringent latency, signaling,
and scheduling constraints, several detrimental effects emerge simultaneously: 1) reduction
in coding gain due to fewer parity constraints, 2) a larger number of short cycles in LDPC
Tanner graphs, which destroy the independence assumptions underlying belief-propagation, 3)
error propagation in successive-cancellation-based polar decoding, which becomes increasingly
destructive as blocklength decreases, and 4) amplification of burst errors in mmWave and satellite
channels, where short packets encounter severe fading outages. As a result, the gap between
theoretical capacity and practical performance significantly widens in the finite-length regime.
Paper [14] explicitly demonstrates that, for short blocklengths, neither LDPC nor polar codes
operate close to their Shannon limits, even under optimistic decoding assumptions.

From a decoder complexity standpoint, [14] also provides a detailed breakdown of the
computational burden associated with short-block LDPC and polar decoding. For LDPC codes,
belief-propagation decoding, whether via the sum-product algorithm (SPA) or its approximations
(min-sum (MS), normalized min-sum (NMS), and offset min-sum (OMS)), incurs a complexity
that scales with: 1) the density of the parity-check matrix, 2) the number of iterations required
for convergence, and 3) the degree distribution and girth of the code graph. In short-block
scenarios, reduced girth (i.e., the presence of short cycles in the Tanner graph) and dense con-
nectivity (i.e., higher node degrees and increased edge density in the parity-check matrix) yield
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highly non-linear convergence behavior, forcing either a large number of iterations (violating
latency constraints) or premature termination with elevated error floors (violating reliability
requirements).

For polar codes, deterministic channel polarization enables low complexity encoding and
successive cancellation (SC) decoding. However, SC decoding suffers from severe sequential
error propagation, particularly at short blocklengths. Enhanced schemes such as successive-
cancellation list (SCL) and CRC-aided SCL (CA-SCL) decoding dramatically improve error
performance but at the cost of exponentially growing list-induced complexity and decoding
latency [14]. Simulation results reported in [14] indicate that polar codes can achieve a per-
formance gain of approximately 0.3–0.8 dB over LDPC codes for blocklengths between 256
and 1024 bits. This gain is obtained only by increasing the list size, which directly undermines
deterministic latency guarantees.

These observations are fully consistent with the large-scale URLLC benchmarking results
reported in short blocklength codes for ultra-reliable low-latency communications [10]. Under
optimal maximum-likelihood decoding, extended BCH codes and tail-biting convolutional codes
exhibit the best finite-length performance, often approaching the normal-approximation bench-
mark. However, these gains are obtained at the cost of prohibitively high decoding complexity,
rendering such decoders infeasible for real-time URLLC operation.

More practical decoding schemes, such as CA-SCL for polar codes and layered OMS decod-
ing for LDPC codes, achieve acceptable performance only at moderate BLER targets (10−4). At
the extreme URLLC regime of 10−7 – 10−8, a persistent and irreducible gap remains between
theoretical ML performance and feasible decoder realizations [10].

This performance complexity gap represents one of the most severe unresolved challenges
in 6G physical-layer design. The strategic outlook of channel coding toward 6G reinforces
this conclusion. In [16], next-generation systems are expected to satisfy several stringent
performance requirements, summarized in Table 1.1.

Table 1.1: Key performance requirements for next-generation URLLC systems

Requirement Target Value
End-to-end latency < 100 𝜇s
Reliability ≥ 99.99999%
Throughput Multi-Gbps to Tbps
Energy efficiency Strict constraints across heterogeneous devices

Under these conditions, existing 5G coding solutions, LDPC for data channels and polar
codes for control channels, are not intrinsically designed for the joint optimization of ultra-
reliability, ultra-low latency, and finite decoding complexity. Although they offer excellent
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throughput and asymptotic efficiency, they do not scale favorably into the short-packet, ultra-
reliable regime with bounded and predictable decoding latency and complexity required by 6G
mission-critical services [16].

Taken together, the results of [10], [14], [16] reveal a consistent and deeply structural
problem. Existing channel coding paradigms, even in their most advanced 5G forms, are
not fundamentally suited for the ultra-short, ultra-reliable, and ultra-low-latency regime of 6G
machine-type communication.

This realization forms the intellectual bridge from traditional short-block coding theory to
the universal and noise-driven decoding frameworks that underpin the guessing random additive
noise decoding (GRAND) family of algorithms and the constrained ML decoding techniques
developed in this dissertation.

While short blocklength channel coding theory reveals the fundamental limits of reliabil-
ity under latency constraints, it is the computational complexity and determinism of decoding
algorithms that often decide whether these limits can be approached in practice. In classi-
cal broadband systems, decoding latency and complexity are secondary concerns compared to
throughput and spectral efficiency. In URLLC, however, decoding becomes a real-time control
operation, where variability of execution time directly translates into violations of latency guar-
antees. As a result, the decoding process itself emerges as one of the most critical components
of the 6G physical layer [10], [16], [17]. The central difficulty lies in the fact that reliability
and complexity are intrinsically coupled. To achieve ultra-low block error rates at short block-
lengths, decoders must operate near-ML performance. However, ML decoding is, in general,
an NP-hard problem whose worst-case complexity grows exponentially with blocklength. Ev-
ery practical decoding algorithm, therefore, represents a compromise between: 1) proximity
to ML performance, 2) predictability of execution time, 3) energy efficiency, and 4) hardware
implementability. In URLLC systems, this trade-off becomes extreme because:

• blocklengths are short (often <200 bits),

• target BLERs are extremely low (10−5 – 10−7),

• latency budgets are deterministic and tight (< 1 ms),

• energy constraints apply across heterogeneous devices [10], [2].

Under these constraints, even modest increases in average decoding iterations or list sizes can
exceed the system’s latency budget.

1- Limitations of Iterative Decoding at Short Blocklengths

Iterative message-passing decoders such as belief-propagation for LDPC codes and Turbo
decoding have been extraordinarily successful in broadband systems. Their performance relies
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on the statistical independence of messages exchanged along sparse Tanner graphs over many
iterations. However, as shown in [14] and reinforced in [16], short-block LDPC codes violate
the core assumptions that underpin iterative decoding. At short blocklengths, Tanner graphs
necessarily contain a large number of short cycles, message passing independence collapses,
convergence becomes highly irregular, and error floors emerge at moderate to high SNR. To
counteract these effects, the decoder must: 1) increase the number of iterations, 2) perform
layered or flooding schedules, 3) use normalized or offset min-sum refinements. Each of these
remedies directly increases decoding latency and power consumption [14]. More critically,
the required number of iterations becomes highly variable across channel realizations, making
deterministic latency guarantees impossible. Moreover, the computational burden of check-
node and variable-node updates scales with the density of the parity-check matrix and the
number of edges in the Tanner graph. Even for moderate blocklengths (e.g., 128–256 bits),
iterative decoders can require thousands of arithmetic operations per iteration. This creates a
severe mismatch with the energy and hardware constraints of battery-limited IoT and embedded
URLLC devices [16].

2- List Decoding of Polar Codes and Latency Explosion

Polar codes represent another basis of modern cellular coding. Their theoretical appeal
lies in their capacity-achieving property under successive-cancellation decoding in the limit of
infinite blocklength. In practice, however, URLLC performance is achieved only through SCL
decoding, often aided by CRC concatenation [10], [14]. SCL decoding improves reliability by
maintaining multiple candidate decoding paths and selecting the most likely at the end of the
decoding process. More importantly, SCL decoding latency is inherently variable:

• the number of surviving paths fluctuates with noise realization.

• path metric updates involve frequent memory sorting and pruning.

• hardware pipelines stall under worst-case path proliferation.

As a result, while CRC-aided SCL (CA-SCL) decoders deliver excellent error performance
at short blocklengths, they cannot guarantee deterministic execution time under all conditions,
a property that is absolutely mandatory for URLLC control loops [17].

3- Performance-Complexity Tradeoffs in URLLC

The benchmarking results in [10] reveal a striking phenomenon, as BLER targets move
from 10−3 to 10−5 and below, the decoding complexity required to approach ML performance
increases sharply. For example:

• LDPC decoders require disproportionately more iterations to suppress rare error events.

• Polar CA-SCL decoders require large list sizes to avoid catastrophic early path decisions.
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• BCH and TB-CC decoders require near exhaustive search to reach ML-like performance.

This phenomenon represents a performance complexity wall: beyond a certain reliability
threshold, incremental increases in decoding effort yield diminishing reliability gains but explo-
sive increases in latency and energy consumption. This wall is not an implementation artifact;
it is a direct consequence of operating in the finite-blocklength extreme reliability regime [10],
[14], [16].

4- Decoder Universality Versus Code-Specific Architectures

A final and deeply structural limitation of classical decoding frameworks is their tight
coupling to specific code families. LDPC decoders are tailored to specific parity-check matrices;
Turbo decoders rely on particular convolutional structures; polar decoders require recursively
defined generator matrices. This code-decoder dependence becomes a critical drawback in 6G,
where:

• multiple short-block codes may coexist across services,

• grant-free access introduces dynamically varying code ensembles,

• non-terrestrial networks, UAVs, and industrial subsystems impose heterogeneous wave-
form and coding requirements [17].

In such environments, the need to deploy multiple, code-specific decoders increases: hardware
redundancy, configuration overhead, reconfiguration latency, system fragility.

As argued forcefully in [17], decoder universality is no longer optional; it is foundational.
The paper demonstrates that classical decoders fail not merely due to insufficient coding gain, but
due to their structural rigidity and dependence on code algebra. The comparative benchmarking
of approximate exhaustive decoding (AED), GRAND, ordered statistics decoding (OSD), bit-
flip decoders, and belief-propagation variants in [17] confirms that universal, noise-centric, or
automorphism-based decoders consistently outperform code-specific iterative decoders in the
short-packet, ultra-reliable regime. More importantly, they offer: greater adaptability across
code families, more predictable execution profiles, superior suitability for heterogeneous URLLC
environments.

5- Fundamental Implication for 6G Physical-Layer Design

The main message of [10], [14], [16], and [17] is that in URLLC the dominant obstacle to
achieving theoretical reliability is not the lack of good codes, but the lack of decoders that can
approach ML performance with deterministic latency and bounded complexity. This insight
shifts the core of 6G physical-layer design from coding theory to decoding architecture and
algorithmic structure. It implies that: i) further incremental improvements to LDPC and polar
code constructions will yield diminishing returns, and ii) breakthroughs must instead emerge
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from new decoding paradigms that are: universal, noise-driven, near-ML in performance, and
energy-efficient in hardware.

This realization provides the precise conceptual entry point for the noise-centric universal
decoding philosophy embodied by the GRAND family of algorithms, which forms the central
methodological backbone of this dissertation.

1.1.4 Massive MIMO for Spatial Multiplexing

In classical broadband wireless communication, reliability is typically achieved through a com-
bination of time diversity, frequency diversity, and coding across large blocklengths. However,
URLLC explicitly prohibits the use of time-domain diversity via retransmissions and long inter-
leaving due to hard latency constraints. As a result, spatial diversity provided by multi-antenna
systems becomes the dominant reliability resource for 6G mission-critical machine-type com-
munication [13]. Massive MIMO systems can simultaneously support high spatial multiplexing
gains and significant reliability improvements through array gain and spatial combining. In
URLLC scenarios, the system design prioritizes the use of spatial degrees of freedom to en-
hance reliability rather than to maximize throughput.

The fundamental principles of massive MIMO are established in [18]. As the number of
base-station antennas grows large, two key asymptotic phenomena may arise under favorable
propagation conditions:

1) Channel hardening: the effective channel gains concentrate sharply around their mean
values due to the law of large numbers, transforming a highly random fading channel into
a quasi-deterministic communication link.

2) Favourable propagation: user channel vectors become asymptotically orthogonal, en-
abling strong inter-user interference suppression using simple linear processing.

While both effects are enabled by large antenna arrays, they are distinct phenomena and
need not occur simultaneously. Together, these effects allow mMIMO systems to achieve:
highly predictable signal-to-interference-plus-noise-ratio (SINR), reduced dependence on power
control, strong robustness to small-scale fading, and simultaneous support of many users with
high reliability [18]. These properties are particularly attractive for URLLC, where deterministic
latency and reliability must replace stochastic performance guarantees. Channel hardening
directly aligns with the URLLC requirement that system behaviour be dominated by worst-case
bounds rather than average-case statistics.

Another critical advantage of mMIMO is its extreme power-scaling capability. By exploiting
array gain, user transmit power can theoretically scale inversely with the number of base-station
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antennas (1/𝑁) under perfect channel state information (CSI), and inversely with the square
root of the number of antennas (1/

√
𝑁 ) under imperfect CSI [18]. This makes mMIMO a

physical-layer enabler of energy-neutral mMTC and battery-limited URLLC devices, including
dense IoT deployments and UAV-assisted communication.

However, the classical benefits of mMIMO were derived primarily under asymptotic capacity
analysis, assuming infinite blocklengths, perfect channel state information, ergodic fading, and
average-rate optimization.

These assumptions are not present in the URLLC regime. This limitation is addressed in
[13], which provides one of the most definitive treatments of what mMIMO actually delivers
under the operational constraints of URLLC.

1- Massive MIMO Under Finite Blocklength Constraints

Paper [13] shows that, in URLLC, massive MIMO primarily serves as a source of spatial
reliability rather than throughput enhancement. Since time- and frequency-domain diversity
are severely constrained by sub-millisecond latency budgets, spatial processing becomes the
dominant mechanism to achieve ultra-high reliability. Using a finite-blocklength information-
theoretic framework, the authors characterize the achievable block error probability in the uplink
as a function of the number of base-station antennas, the quality of channel state information,
pilot contamination, and the adopted linear combining scheme. In particular, maximum-ratio
combining (MRC) and minimum mean-squared error (MMSE) are analyzed, and it is shown
that only MMSE processing enables the error probability to vanish asymptotically with the
number of antennas, whereas MRC does not suffice. Zero-forcing (ZF) is also a linear detection
technique that exploits the spatial degrees of freedom in mMIMO systems to cancel interference
and decouple the multi-antenna channel into approximately independent parallel links.

Critically, the study reveals that pilot contamination becomes more destructive under finite-
blocklength operation than under asymptotic models. In classical mMIMO theory, pilot contam-
ination limits the achievable SINR but does not fundamentally destroy capacity growth. Under
finite blocklength, however, pilot contamination inflates the dispersion of the effective channel
and drives the error probability into regimes that violate URLLC reliability targets by orders of
magnitude [13].

As it is well-known in wireless communication:

• MRC amplifies both desired signal and interference, causing residual interference and
pilot contamination to dominate the error probability floor.

• ZF cancels multiuser interference by projecting the received signal onto the null space
of interferers; however, under imperfect CSI and finite blocklength, noise enhancement
prevents the error probability from vanishing asymptotically.
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• MMSE detection actively suppresses both noise and interference, restoring the property
that the block error probability vanishes as 𝑁 →∞, even under imperfect CSI [13], [19].

This result has implications for 6G URLLC design: MMSE processing is not an optional
performance enhancement for URLLC; it is a necessity.

The collective insights of [13], [18], [19] lead to several decisive conclusions:

1) Spatial diversity is the dominant reliability resource for URLLC, replacing time and
frequency diversity.

2) Finite-blocklength effects fundamentally change mMIMO behaviour, invalidating classical
capacity-based insight.

3) Pilot contamination and imperfect CSI become first-order URLLC impairments, as chan-
nel estimation errors directly increase the dispersion of the effective channel and dominate
the block error probability under finite blocklength constraints.

4) MMSE detection is mandatory for URLLC-grade reliability.

Most importantly, these conclusions reveal that mMIMO alone cannot guarantee URLLC relia-
bility. Instead, it must be tightly integrated with:

• finite-blocklength coding,

• near-maximum-likelihood (near-ML) detection and decoding strategies that are robust to
rare noise realizations,

• deterministic low-latency digital processing chains.

This observation completes the theoretical justification for shifting part of the URLLC
reliability burden from channel coding and spatial processing to universal, noise-driven decoding
architectures, which is precisely the role played by the GRAND-based decoding frameworks
developed in this dissertation.

1.1.5 The Limitations of Code-Centric Decoders for Short Blocklengths

Digital communication theory has historically approached error correction through a code-
centric decoding paradigm: one first designs an algebraic code with desirable distance properties,
and then constructs a decoding algorithm specialized to exploit the structure of that particular
code. This approach has proven extraordinarily successful in long-blocklength broadband sys-
tems, where iterative message passing, trellis-based decoding, and list decoding can operate over
thousands of symbols with manageable complexity and near-capacity performance. However,
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as the preceding sections have demonstrated, the operational regime of 6G URLLC violates
the fundamental assumptions that enable the effectiveness of code-centric decoding. Short
blocklengths, extreme reliability targets, deterministic latency constraints, massive connectivity,
and stringent energy limitations collectively create a setting in which code-centric decoding
becomes structurally ill-suited, not merely suboptimal [10], [14], [16], [17]. The failure of
classical decoders in this regime is not a consequence of poor engineering, but a fundamental
manifestation of the mismatch between asymptotic coding principles and finite, ultra-reliable
operation.

1- Dependence on Long-Block Asymptotics

Most modern decoding algorithms, belief-propagation for LDPC codes, iterative decoding
of Turbo codes, and successive cancellation for polar codes derive their theoretical guarantees
from asymptotic behaviour as blocklength tends to infinity. In this limit:

• Tanner graphs become locally tree-like,

• message independence assumptions hold approximately,

• law of large numbers effects suppress statistical fluctuations,

• error probabilities decay exponentially with blocklength as predicted by Shannon’s theory.

As a result, the theoretical justification for message-passing, list-based, and trellis-based
decoders evaporates. These algorithms continue to operate, but their convergence behaviour
becomes unpredictable, their error floors rise sharply, and their worst-case latencies become
unbounded [10], [14].

2- Problem of Traditional Coding of Short Codes

At moderate target BLERs (e.g., 10−3), many classical decoders perform adequately at short
blocklengths. However, URLLC pushes systems into error-probability regimes as low as 10−5 –
10−7, where decoding failures are dominated by rare noise events, and this creates a fundamental
difficulty, including for our methods. In this extreme reliability regime:

• iterative decoders require disproportionately more iterations to suppress rare errors,

• list decoders require exponentially larger candidate sets,

• trellis-based decoders require large constraint lengths to achieve extremely low error prob-
abilities at short blocklengths, leading to exponential growth in state-space complexity.

Paper [10] explicitly demonstrates this phenomenon in its comprehensive benchmarking
study: for all practical LDPC and polar decoding configurations, the complexity required to
push BLER below 10−5 rises superlinearly, while the performance gap to ML decoding remains
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stubbornly non-zero. This behaviour exposes a fundamental structural fragility: code-centric
decoders are optimized for typical noise realizations, not for the tails of the noise distribution that
dominate ultra-reliable operation. In URLLC, decoding failure is governed by the extreme value
behaviour of the noise rather than its average statistics. Classical decoders are not inherently
designed to handle this regime efficiently.

3- Latency Variability

URLLC systems require deterministic worst-case latency guarantees, not just favourable
average latency. However, even when classical decoders exhibit acceptable average complexity,
their worst-case execution time is unbounded or prohibitively large:

• LDPC belief-propagation decoders exhibit iteration counts that fluctuate widely with
channel realization,

• polar CRC-aided successive cancellation list (CA-SCL) decoders show variable path
growth and pruning behaviour,

• turbo decoders require unpredictable numbers of iterations to converge.

As shown in [17], this variability is not an incidental implementation artifact; it is intrinsic to
the stochastic nature of iterative and list-based decoding. In a real-time control system, a single
outlier decoding event that exceeds the latency budget is sufficient to destabilize the entire control
loop, regardless of how rare such events may be. Thus, from the perspective of URLLC system
safety, average-case decoding complexity is irrelevant; only worst-case complexity matters.
Classical code-centric decoders are fundamentally incompatible with this requirement.

4- Inherent Rigidity of Code-Specific Architectures

Perhaps the most profound limitation of code-centric decoding lies in its structural rigidity.
Classical decoders are designed for a specific algebraic structure, optimized for a single code
family, and fine-tuned for specific blocklengths, rates, and parity-check matrices.

In 6G machine-type networks, multiple short-block codes may coexist dynamically, grant-
free access may induce unknown or rapidly changing code ensembles, heterogeneous devices
may employ different coding strategies depending on energy, latency, and reliability require-
ments, and non-terrestrial and aerial networks introduce further diversity in waveform and
coding formats [2], [17].

Deploying a separate, code-specific decoder for each of these possibilities is not only infeasi-
ble from a hardware perspective but also incompatible with the reconfigurability and scalability
demands of 6G. The paper [17] demonstrates that this rigidity alone disqualifies classical decod-
ing architectures from serving as the universal physical-layer backbone of future machine-type
networks.
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5- The Mismatch Between Code-Centric Decoding and URLLC

The weaknesses of classical code-centric decoders in URLLC can be summarized as follows:

1) Dependence on long-block asymptotics, which collapse in the finite-blocklength regime.

2) Reliance on average-case performance metrics and stochastic latency, which is inadequate
for ultra-reliable communication, where rare noise realizations can dominate the block
error probability, and latency must satisfy deterministic URLLC deadlines.

3) Severe energy inefficiency and unpredictability, incompatible with battery-limited plat-
forms.

4) Rigid dependence on specific code sizes, incompatible with heterogeneous and reconfig-
urable 6G environments.

These limitations are not marginal engineering issues; they are fundamental mismatches between
the design philosophy of classical decoding and the operational realities of 6G URLLC.

6- The Noise-Centric Decoding Paradigm

This noise-centric decoding philosophy reverses the traditional logic: instead of searching
for the codeword that best fits the received signal, one searches for the most likely noise
realization that could have produced the received word from some valid codeword. Such a
transformation aligns the decoding process directly with the maximum-likelihood principle,
because ML decoding is fundamentally equivalent to finding the most probable noise vector
consistent with a valid codeword.

This noise-centric viewpoint possesses several properties that classical code-centric decoding
lacks:

• universality across all linear block codes, because it only requires a code membership test,

• natural compatibility with short blocklengths, where rare noise patterns dominate.

As formally demonstrated in [20], [21], [17], decoders based on this paradigm, especially
GRAND, can achieve ML decoding performance across a wide range of codes with substantially
lower and more predictable complexity than classical code-centric decoders in the short-block
URLLC regime.

7- A New Decoding Paradigm

The analysis above shows that the traditional, code-centric decoding paradigm is misaligned
with the finite-blocklength, ultra-reliable, and deterministic-latency requirements of 6G URLLC.
This observation is reinforced by recent work on noise-centric decoding, in particular the
GRAND framework introduced in [20]. In contrast to conventional iterative or list-based
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decoders, GRAND formulates maximum-likelihood decoding as an ordered search over channel
error patterns rather than over codeword structure. This simple but fundamental change of
viewpoint leads to a universal decoding strategy applicable to arbitrary linear block codes,
including short LDPC, polar, BCH, and RLCs [20], [17].

The performance and complexity results reported in [20] and extended in [17] demonstrate
that, in the short-blocklength regime of interest for URLLC, GRAND and its variants can achieve
frame error rates extremely close to maximum-likelihood decoding while maintaining an average
complexity that decreases rapidly with signal-to-noise ratio. Moreover, soft-input variants
such as symbol-reliability GRAND (SRGRAND) [22] and ordered reliability bits GRAND
(ORBGRAND) [23] exploit soft channel information to further reduce the number of required
noise guesses and thus the decoding effort. These properties directly address several of the key
shortcomings identified for classical decoders.

A first book on GRAND appeared in 2023 [21], providing an overview of the first noise-
guessing algorithms and their variants, including guessing random additive noise decoding
with abandonment (GRANDAB), ORBGRAND, and SRGRAND. The book also provides and
account of the combination of GRAND with MIMO, as well as symbol-level GRAND, both
of which are techniques explored in the present dissertation. That work describes hardware
architectures and shows that GRAND-based decoders rely on simple and repetitive processing
steps that can take advantage of parallelization for efficient test-error-pattern (TEP) generation
and testing. It is shown that such decoding techniques can have bounded worst-case decoding
latency, making them well-suited for URLLC deployment.

A more recent book on GRAND appeared in 2026 [24], offering a more comprehensive and
updated overview of the algorithms underpinning noise-guessing decoding, and also focusing
on hardware implementation aspects. The implementation aspects are, in fact, very relevant,
and some noise-guessing techniques have been developed in tandem with their hardware imple-
mentation [25].

Taken together, [20], [17], [22], [23], and [21] clearly indicate that the most promising path
forward for 6G URLLC decoding is to abandon purely code-centric designs and adopt noise-
centric, universal decoding strategies with carefully controlled complexity. This dissertation is
positioned precisely along this direction: it adopts GRAND-style noise-centric decoding and
develops constrained, implementation-oriented variants tailored to RLCs and short LDPC codes.

1.1.6 Universal Decoding

1- Universality in the GRAND Framework

Decoder universality is a central property of the GRAND family of algorithms. In [20] it
is shown that GRAND can achieve channel capacity when used with random codebooks, and
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that its operation depends only on the ability to test whether a candidate vector belongs to the
codebook. This test can be performed by a simple syndrome check for linear block codes. As
a result, GRAND is inherently agnostic to the internal algebraic structure of the code and can
be applied without modification to BCH, LDPC, polar, CRC-aided, and RLCs [20], [17]. The
survey in [17] extends this observation and evaluates multiple universal decoding techniques,
including GRAND variants and ordered-statistics-based decoders, across a wide range of short
blocklength codes and operating conditions relevant to URLLC. The results confirm that noise-
centric universal decoders, and in particular GRAND and its soft-input variants, consistently
provide near-maximum-likelihood performance across different code families without code-
specific algorithm redesign.

2- Universality Under Finite Blocklength and URLLC Constraints

In the short blocklength regime, universality must be achieved without sacrificing reliability
or violating strict latency. Numerical results in [20], [17] show that:

• GRAND variants achieve frame error rates close to ML decoding for short BCH, LDPC,
and polar codes;

• soft-input variants such as SRGRAND and ORBGRAND approach or match OSD with
significantly reduced complexity [22], [23];

• the average number of codebook membership queries decreases sharply as SNR increases,
which is precisely the regime in which URLLC typically operates [20], [21].

Because the noise-guessing order in GRAND-type decoders is deterministic and parametrizable
(e.g., through the abandonment threshold in GRANDAB or ORBGRAND), system designers
can impose explicit bounds on worst-case complexity and latency. This property aligns directly
with URLLC requirements and is difficult to achieve with classical iterative decoders.

3- Universal Decoders in 6G

From a 6G system perspective, decoder universality provides several critical advantages:

1) A single decoding algorithm can be reused across multiple services and code families,
simplifying base-station and edge-hardware design.

2) New codes or short-block configurations can be adopted without redesigning the decoder
core, which is essential in evolving 6G deployments.

In this dissertation, decoder universality is adopted as a core design principle. GRAND-type
algorithms, particularly ORBGRAND and SRGRAND-inspired constrained variants, are used as
universal decoding engines for both structured short LDPC codes and for RLCs. This positions
universal, noise-centric decoding as a cornerstone of the proposed 6G URLLC physical-layer
architecture.
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1.1.7 Noise-Centric Decoding Paradigm

1- Maximum-Likelihood Decoding via Noise Guessing

For memoryless channels and linear block codes, ML decoding can be interpreted as the
search for the most probable noise vector that transforms a valid codeword into the received
word. GRAND formalizes this interpretation by explicitly ordering and testing candidate noise
patterns instead of navigating the structure of the code [20]. Given a received vector y, GRAND
generates a sequence of test error patterns e in decreasing probability order, forms y ⊕ e, and
checks whether the result belongs to the code. The first pattern that passes the membership
test corresponds to the ML solution. This formulation is conceptually simple but powerful:
it separates the noise-search process from the code structure, which is used only to perform a
membership test. GRAND is therefore naturally universal across linear block codes [20], [17].

2- Performance of GRAND in the Short-Blocklength Regime

The ML optimality of GRAND for random codebooks is proved in [20], where it is shown
that GRAND is capacity-achieving when used with random linear codes in the limit of large
blocklengths. More importantly for this dissertation, simulation results in [20], [17] demonstrate
that, at short blocklengths relevant for URLLC, GRAND and its variants closely match the
performance of exhaustive ML decoding and high-order OSD, i.e., OSD implementations that
test high-order combinations of the least reliable bits and therefore approach ML performance
at the cost of rapidly increasing complexity, for Bose-Chaudhuri-Hocquenghem (BCH), polar,
and CRC-aided codes. In particular:

• In [20] hard-input GRANDAB already outperforms classical algebraic decoders for BCH
codes at moderate SNR;

• ORBGRAND and SRGRAND reach near-ML frame error rates comparable to OSD of
order 2, but with markedly lower average complexity [22], [23];

• the performance advantage is especially pronounced in the ultra-reliable regime, where
iterative decoders exhibit error floors and increasing iteration counts [17].

3- Complexity and Latency Behaviour of GRAND

A key metric for GRAND-type decoders is the number of codebook membership queries
per decoded block. Each query consists of applying a test error pattern to the received word
and performing a syndrome check for membership. In [21] provides a detailed analysis of both
worst-case and average complexity for several GRAND variants. It is shown that:1) worst-case
complexity can be bounded by parameters such as the maximum Hamming weight in GRANDAB
or in ORBGRAND; 2) average complexity decreases rapidly with SNR because typical noise
realizations are corrected using only a few of the lowest-weight patterns; 3) soft-input variants
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such as ORBGRAND and SRGRAND exhibit substantially lower average complexity than
hard-input GRANDAB at the same error rate [22], [23], [21].

4- GRAND in the Context of Universal Decoding

The comparative study in [17] shows that GRAND-based decoders provide a compelling
balance between universality, near-ML performance, and controlled complexity when compared
with other universal or semi-universal decoders such as OSD. While OSD can reach ML
performance, its combinatorial growth in complexity with reprocessing order makes it less
suitable for real-time short-packet URLLC. GRAND variants, especially ORBGRAND [23]
and SRGRAND [22], achieve similar reliability with more favourable and better structured
complexity scaling.

Moreover, the modular architecture described in [21] confirms that GRAND can serve as a
practical universal decoding core in 6G systems, able to support both structured and unstructured
codes through simple membership tests.

1.1.8 Random Access and Grant-Free Communication in 6G

While much of classical communication theory focuses on the reliable transmission of payload
data, 6G machine-type communication is increasingly dominated by an often-overlooked but
fundamentally limiting factor: metadata and access signalling. In dense IoT and mission-critical
control systems, the information required to coordinate communication itself, including access
requests, scheduling grants, pilot assignments, acknowledgments, and synchronization, can
exceed the size of the payload data by orders of magnitude [1]. As a result, random access is
no longer a higher-layer concern alone but directly impacts physical-layer efficiency and latency
in 6G systems. In conventional LTE and 5G NR systems, access is predominantly grant-based,
relying on multi-step handshake procedures that include: random access preamble transmission,
random access response, scheduled uplink transmission, and contention resolution.

Even under ideal conditions, this control-plane exchange introduces latencies on the or-
der of several milliseconds, rendering it fundamentally incompatible with the sub-millisecond
deadlines of URLLC [1]. Grant-based access also scales poorly in dense mMTC environments
because the probability of preamble collision grows rapidly with the number of simultaneously
active devices.

To resolve these limitations, 6G must adopt grant-free random access as a default operating
mode for both URLLC and mMTC [1], [2]. In grant-free random access, devices transmit their
data packets immediately without waiting for scheduling grants. This eliminates handshake
latency but introduces a new and far more severe physical-layer challenge: collision resolution
and multiuser detection under extreme uncertainty, short packets, and massive concurrency.

1- Unsourced and Massive Random Access
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The unsourced random access paradigm, highlighted in [1], fundamentally redefines user
identification and data association. Instead of decoding both message and user identity, the
receiver decodes only a set of transmitted messages, with user identity resolved at higher
protocol layers. This abstraction is particularly well-suited for IoT systems in which a very large
population of low-power devices sporadically transmit short updates. Unsourced random access
systems are typically modeled as: a sparse activity pattern, a very large number of potential
users, extremely short transmitted messages, and strict latency constraints.

Compressed-sensing-based activity detection, covariance-based detection in mMIMO, and
joint detection–decoding algorithms have been proposed as candidate solutions [1]. However,
these methods critically depend on accurate noise modeling, efficient sparse recovery, and robust
decoding in the presence of strong multi-user interference.

When short packets and finite blocklength constraints are imposed, these challenges intensify
dramatically. The results in [1] demonstrate that joint activity detection and data decoding must
be performed under severe dispersion and overhead constraints, where even a few extra control
bits can drastically reduce access efficiency.

2- Multi-user Detection Under Finite Blocklength and URLLC Constraints

In grant-free access, multiple users transmit simultaneously without coordination. The base
station must therefore solve a joint multiuser detection and decoding problem under unknown
user activity, short packets, severe interference, finite blocklength effects, and ultra-low-latency
requirements.

This problem is more difficult than traditional single-user decoding. The receiver must
determine: i) which users are active, ii) which signals belong to which users, and iii) what data
each user transmitted, all within microsecond-scale deadlines. Paper [1] shows that classical
matched filtering and interference cancellation are insufficient in ultra-dense access scenarios.
Even small levels of channel estimation error or residual interference can greatly impact short
packets. Similarly, iterative multi-user detection algorithms such as expectation maximization or
belief-propagation-based detectors suffer from unpredictable convergence times, making them
unsuitable for deterministic URLLC operation. Finite blocklength theory further exacerbates
this difficulty. As shown in [5] and reinforced by [13], short packets dramatically reduce the
reliability margin available for collision resolution and interference suppression. With little
redundancy in each packet, even a single unresolved collision or detection error can cause
catastrophic packet loss.

Once again, the limitations of classical iterative, correlation-based, and interference cancel-
lation–based random-access schemes become evident in short-packet scenarios. In the grant-free
random-access setting considered in this work, the fundamental resolution to the collision prob-
lem is to redesign the signalling itself so that collisions are resolvable at the physical layer. This
requirement leads naturally to the use of uniquely decodable signature sequences. By assign-
ing each terminal a Bose–Chowla–Lindström (BCL) signature sequence with the unique-sum
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property, the superposition of a bounded number of simultaneously active users produces a sum
that uniquely identifies the corresponding active set. In other words, the collision pattern is
encoded combinatorially in the algebraic structure of the sum itself. This signature-based for-
mulation fundamentally shifts grant-free random access from a probabilistic collision-avoidance
problem to a structurally resolvable multi-user identification problem, thereby enabling reliable
short-packet random access under the stringent latency and reliability constraints of 6G.

1.1.9 Research Objectives and Contributions

The previous sections highlighted the stringent requirements of sixth-generation (6G) URLLC
and the limitations of existing channel coding and decoding techniques when operating under
short-blocklength constraints. Although modern coding schemes can achieve near-capacity per-
formance, their decoding complexity and latency remain significant obstacles to meeting the
demanding requirements of future wireless systems. These challenges become even more pro-
nounced in mMIMO systems and grant-free machine-type communications, where reliability,
scalability, and computational efficiency must be achieved simultaneously. The main objective
of this dissertation is to develop signal processing and channel decoding techniques that enable
reliable and low-latency communications for future 6G wireless systems while maintaining prac-
tical computational complexity. In particular, this work investigates how noise-centric decoding
strategies can be adapted and accelerated to support short-blocklength communications, massive
MIMO scenarios, and grant-free random access.

These objectives are addressed through four main technical contributions. First, this disser-
tation demonstrates the feasibility of integrating GRAND with coded massive MIMO systems
employing random linear codes to achieve low-latency decoding. Second, it proposes symbol-
level constrained GRAND together with antenna sorting techniques that significantly reduce
decoding complexity while maintaining ML-equivalent performance. Third, it develops con-
strained GRAND algorithms for short LDPC codes, eliminating the vast majority of infeasible
candidate error patterns and enabling practical ML-level decoding. Finally, it investigates
BCL-based uniquely decodable signature sequences for reliable user identification in grant-free
random access systems over the noisy adder channel.

The following section provides the technical background required to understand these con-
tributions by reviewing the coding schemes, decoding algorithms, communication models, and
mathematical concepts used throughout this dissertation.
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1.2 Technical Foundation

This section provides the theoretical background needed for understanding the articles that
describe the proposals made in this dissertation. The section covers RLCs, LDPC codes,
mMIMO models, QAM modulation, noise-guessing decoding (GRAND), and uniquely decod-
able signature constructions such as Lindström and BCL sequences. This chapter establishes
the mathematical tools used throughout the thesis.

1.2.1 Random Linear Codes

A random linear codes (RLC) is a fundamental error-correcting code used in digital communica-
tions and data storage to enhance reliability by detecting and correcting errors that occur during
transmission or storage. These codes operate on fixed-length sequences known as codewords,
where each element is randomly selected from an alphabet of size 𝑞. The set of elements from
which the codewords are formed corresponds to a finite field, also known as a Galois Field,
denoted as GF(𝑞). In the special case where 𝑞 = 2, the code is referred to as a binary random
linear code, and its codewords consist of binary digits (bits). The field GF(2) contains only two
elements, 0 and 1, and all arithmetic operations within this field adhere to the rules of binary
arithmetic [26].

A binary block code consists of codewords of length 𝑛, meaning each contains 𝑛 elements
from GF(2). Consequently, there are a total of 2𝑛 possible words. However, not all codewords
are valid within a specific encoding scheme; only a carefully selected subset is utilized for
transmission, based on predefined encoding rules. The encoding process involves mapping a
length message 𝑘 consisting of a = (𝑎1, 𝑎2, . . . , 𝑎𝑘 ) into a codeword of length 𝑛 constituting
xb = [𝑏1, 𝑏2, . . . , 𝑏𝑛].

RLC
a xb

Figure 1.2: Encoding process of a random linear code (RLC), mapping an information message
a into a binary codeword xb.

Since each information bit is an element of GF(2), the number of possible input message
sequences is given by 2𝑘 , leading to 2𝑘 codewords. The resulting block code is denoted as a
(𝑛, 𝑘) block code, where [27]:

• 𝑛 represents the length of the codeword after encoding,

• 𝑘 is the number of information bits in the original message,
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• The remaining (𝑛 − 𝑘) bits are parity check bits, added to introduce redundancy for error
detection and correction.

(𝑛 − 𝑘) bits 𝑘 bits︸      ︷︷      ︸
Parity bits

︸                   ︷︷                   ︸
Message bits

Figure 1.3: Structure of a codeword in a systematic linear block code.

The code rate is defined as:
𝑅 =

𝑘

𝑛
. (1.1)

Since 𝑛 > 𝑘 , the code rate is always less than 1. A lower code rate indicates a higher level of
redundancy, which improves error correction performance at the cost of reduced transmission
efficiency. A block code is classified as systematic if the original 𝑘 information bits remain
unchanged within the final codeword, with the parity check bits appended to them. In contrast,
a nonsystematic code does not retain the original bits in their unmodified form; instead, the
codeword transforms encoding.[28]

A systematic linear (𝑛, 𝑘) block code is specified by a 𝑘 × 𝑛 generator matrix, (G) which is
composed of two submatrices: a 𝑘 × (𝑛 − 𝑘) submatrix P that is called the parity matrix and a
𝑘 × 𝑘 identity matrix Ik [29]:

G =

[
P | I𝑘

]
=


𝑝0,0 𝑝0,1 · · · 𝑝0,𝑛−𝑘−1 1 0 · · · 0
𝑝1,0 𝑝1,1 · · · 𝑝1,𝑛−𝑘−1 0 1 · · · 0
...

...
. . .

...
...

...
. . .

...

𝑝𝑘−1,0 𝑝𝑘−1,1 · · · 𝑝𝑘−1,𝑛−𝑘−1 0 0 · · · 1


(1.2)

︸                                 ︷︷                                 ︸
Parity matrix

︸      ︷︷      ︸
Identity matrix

If a generator matrix (G) for a (𝑛, 𝑘) random linear codes are provided in systematic form,
and the associated parity-check matrix (H) is shown below:

H =

[
I𝑛−𝑘 | PT

]
=


1 0 · · · 0 𝑝0,0 𝑝1,0 · · · ℎ𝑘−1,0

0 1 · · · 0 𝑝0,1 𝑝1,1 · · · ℎ𝑘−1,1
...

...
. . .

...
...

...
. . .

...

0 0 · · · 1 𝑝0,𝑛−𝑘−1 𝑝1,𝑛−𝑘−1 · · · ℎ𝑘−1,𝑛−𝑘−1


.

(1.3)

It is straightforward to verify that G ·HT = 0.
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1.2.2 Syndrome-based Error Detection and Correction

One method for detecting potential transmission errors in linear block coding is syndrome
error detection. It provides the foundation for several error-correcting codes, such as BCH and
Hamming codes, and is essential to digital communications and storage systems. The codeword
xb = [𝑏1, 𝑏2, . . . , 𝑏𝑛], taken from the GF(2), is transmitted through a noisy channel; therefore,
the received codeword includes some possible errors, which are different from the transmitted
codewords. The received vector and an error vector, also called error pattern, that affects the
received vector are denoted by yb ∈ GF(2) and, e ∈ GF(2) respectively. Therefore, the received
vector can be expressed by [29]:

yb = xb + e. (1.4)

A syndrome vector is the result of multiplying the received vector by the transpose of the
parity-check matrix. The result shows whether an error has occurred and, in some cases, where
the error is located.

s = yb ·H𝑇 ∈ Fn-k
2 . (1.5)

Remark: In this section, vectors are written in row form for notational convenience; this is
equivalent to the column-vector convention used elsewhere in the thesis, since ybH𝑇 = (Hy𝑇b )

𝑇 .

The received vector is subjected to a detection operation. If the result is an all-zero vector,
the received vector is regarded as a valid codeword; if not, the decoder has discovered errors.

s = yb ·H𝑇 =

= (xb + e) ·H𝑇 = e ·H𝑇 .
(1.6)

If the error vector is the all-zero vector, the syndrome vector will also be all-zero, indicating
that the received vector is a valid codeword. When the syndrome vector has at least one nonzero
component, it can identify errors in the receiving vector [28].

1.2.3 Low-density Parity Check Codes

Robert G. Gallager introduced the low-density parity-check (LDPC) codes in his 1960 PhD
dissertation. Gallager’s pioneering work proved that these codes can approach the Shannon
limit. LDPC codes were not extensively utilized because of their computational complexity,
which was beyond the capabilities of current technology in the 1960s. Interest in LDPC codes
resurfaced in the late 1990s and early 2000s with the work of MacKay, Luby, and others [30],
[31], [32], [33], who noticed, apparently independently of Gallager’s work, the advantages of
linear block codes with sparse (low-density) parity-check matrices.
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LDPC codes are linear block codes that are built by creating a sparse parity-check matrix H,
which means that most of its elements are zeros, with only a few ones scattered throughout. A
regular Gallager code is a low-density parity-check code that has a length of 𝑛 and each column
of H has the same weight 𝑤𝑐 and each row has the same weight 𝑤𝑟 . If the number of ones per
row and column is allowed to vary, the result is known as an irregular LDPC code. These codes
are generated at random based on these constraints [34], [29], [11].

To create an ensemble of (𝑛, 𝑤𝑐, 𝑤𝑟) low-density codes, the matrix is split into 𝑤𝑐 submatri-
ces, with a single 1 in each column. The first of these submatrices has all of its 1s in descending
order, i.e., the 𝑖’th row has 1s in columns (𝑖 − 1)𝑤𝑟 + 1 through 𝑖 × 𝑤𝑟 . The other submatrices
are just column permutations of the first. An ensemble of (𝑛, 𝑤𝑐, 𝑤𝑟) codes is the outcome of
randomly permuting the columns of a matrix’s bottom 𝑤𝑐 − 1 submatrices with equal probabil-
ity assigned to each permutation. This ensemble yields two significant results: the minimum
distance between member codes and the probability of decoding error [34]. Here is an example
of an LDPC parity-check matrix based on this structure for 𝑛 = 20, 𝑤𝑐 = 3, 𝑤𝑟 = 4 [34]:



1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 0
0 1 0 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1


Figure 1.4: Example of a LDPC parity-check matrix (𝑛 = 20, 𝑘 = 5, 𝑤𝑐 = 3, 𝑤𝑟 = 4).

1.2.4 Quasi-regular LDPC codes

A quasi-regular LDPC code is defined by its parity-check matrix and follows two basic principles
[30], [31]:

• Generate sparse columns for H randomly, ensuring that each has the same weight 𝑤𝑐;

• Any newly generated column, hnew, must have an overlap of at most 1 with each previously
accepted column.

The overlap between two columns of the parity-check matrix is defined as the number of row
positions in which both columns contain a value of one. The design constraint requires that any
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newly added column share at most one common nonzero entry with each previously accepted
column. If a new column shares two or more ones in the same row positions with an existing
column, the overlap constraint is violated.

In their standard construction, LDPC codes are non-systematic, meaning that the information
bits do not appear explicitly in the transmitted codeword, but are instead distributed across all
codeword positions through the parity-check constraints. However, when creating short LDPC
codes, the second restriction is eased, allowing up to two overlaps. These overlaps are efficiently
checked using the inner product between columns in the extended matrix Hext = [H, |, hnew]. A
new column is rejected if it violates the described constraints. A simple way of testing whether
a new column is admissible is by checking whether H𝑇

extHext − 𝑤𝑐I > 2.



0 1 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1
0 1 1 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 1 1 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1
1 0 0 0 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0
0 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 0
0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1 1 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 1 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 1 1 1 0 0
0 0 0 1 0 1 1 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 1 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 1 1 0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 1 0
0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0


Figure 1.5: Example of a quasi-regular LDPC code matrix (𝑛 = 30, 𝑘 = 10, 𝑤𝑐 = 4).
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1.2.5 Massive Multiple-Input Multiple-Output (mMIMO)

Multiple-input multiple-output (MIMO) technology has been extensively explored over the last
two decades and implemented in numerous wireless standards because it has the potential to
dramatically increase the capacity and reliability of wireless networks. While early research on
the problem focused on point-to-point MIMO links, in which two devices with multiple antennas
communicate with each other, the focus has shifted in recent years to more practical multi-User
MIMO (MU-MIMO) systems, in which a base station with multiple antennas simultaneously
serves a set of single-antenna users and the multiplexing gain is shared by all users [35]. Massive
MIMO systems, also known as large-scale antenna systems, have been suggested in [36] and [37]
to serve many users simultaneously on the same frequency and time resource, obtain significant
gains, and simplify signal processing.

The mMIMO technique is based on the phase-coherent but computationally simple process-
ing of signals from all antennas at the base station. The mMIMO may boost capacity tenfold or
more while improving radiated energy efficiency by a factor of 100. The mMIMO’s aggressive
spatial multiplexing leads to a large increase in capacity. The key idea that enables the enormous
gain in energy efficiency is that with a large number of antennas, energy can be directed with
extraordinary precision into small regions of space [38].

Figure 1.6 illustrates a general massive MIMO communication model. The transmitted
signal vector x = [𝑥1, 𝑥2, . . . , 𝑥𝑁𝑇

]𝑇 ∈ C𝑁𝑇×1 passes through the channel matrix H ∈ C𝑁𝑅×𝑁𝑇

and is received as y = [𝑦1, 𝑦2, . . . , 𝑦𝑁𝑅
]𝑇 ∈ C𝑁𝑅×1. In mMIMO systems, either 𝑁𝑇 >> 𝑁𝑅 or

𝑁𝑅 >> 𝑁𝑇 . In this dissertation, an uplink scenario is considered, and therefore the base station
is equipped with a much larger number of receive antennas than the number of simultaneously
transmitting user antennas, i.e., 𝑁𝑅 ≫ 𝑁𝑇 . The complex MIMO model can be represented as
[19]

y(𝑐) = H(𝑐)x(𝑐) + n(𝑐) , (1.7)

where n(𝑐) = [𝑛1, ..., 𝑛𝑁𝑅
]𝑇 denotes the additional noise at the receiver. The items in H(𝑐) and

n are independent random variables drawn from the complex normal distribution CN(0, 1).

29



Introduction

 MIMO Multipath
Channel

Figure 1.6: General massive multiple-input multiple-output (mMIMO) model, where 𝑁𝑇 >> 𝑁𝑅

or 𝑁𝑅 >> 𝑁𝑇 .

Since the decoding algorithms considered in this dissertation operate on real-valued vectors
and matrices, here we show how the complex-valued MIMO system can be converted into its
equivalent real-valued representation [19]. This transformation splits the real and imaginary
components of the transmitted symbols, the received signal, the noise vector, and of the channel
matrix itself, allowing the detection problem to be formulated with real-valued linear algebra,
while preserving the information contained in the original complex model. The equivalent
real-valued representation is given by[

ℜ{y}
ℑ{y}

]
=

[
ℜ{H(𝑐)} −ℑ{H(𝑐)}
ℑ{H(𝑐)} ℜ{H(𝑐)}

] [
ℜ{x}
ℑ{x}

]
+
[
ℜ{n}
ℑ{n}

]
, (1.8)

where ℜ{·} and ℑ{·} denote the real and imaginary components, respectively.

This may be simply stated as the real-valued MIMO model:

y = Hx + n. (1.9)

For the real channel matrix H ∈ R2𝑁𝑅×2𝑁𝑇 , x ∈ R2𝑁𝑇×1, and y, and n ∈ R2𝑁𝑅×1.

1.2.6 Generalized Quadrature amplitude modulation (QAM)

Quadrature amplitude modulation (QAM) is a widely used digital modulation scheme that
conveys information through the joint variation of the in-phase and quadrature components of
a transmitted signal. Because the techniques developed in Chapter 3 can be applied to general
QAM constellations, a brief overview of the main QAM constellation structures is provided here.
The evolution of QAM constellations has led to different geometric arrangements of constellation
points, each offering different trade-offs between spectral efficiency, error performance, and
implementation complexity. QAM was developed as an improvement over classical amplitude
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modulation in the development of digital modulation schemes throughout the late 1950s and
early 1960s. In 1960, C. R. Cahn presented the first QAM design, which is today known as the
Type I constellation. This design arranged constellation points along a circular geometry and
established the foundation for subsequent QAM developments. Hancock and Lucy developed
an enhanced version of Cahn’s concept, known as the Type II constellation, in which points were
dispersed throughout many concentric rings. When compared to Type I, this structure performed
better (in terms of error rates) since it permitted more points on outer circles and fewer on interior
ones. Later, in 1962, Campopiano and Glazer introduced the Type III constellation, which
included QAM constellations in the shape of ordered squares. Despite having a little worse
performance than Type II, the Type III design was much easier to decode and apply, which made
it useful for practical applications. Many further advancements in QAM constellations utilized
in contemporary digital communication systems were made possible by these early designs [39],
[40], [41], [42], [43], [44].

I

QQ Q

II

Figure 1.7: Type I, Type II, and Type III QAM constellations.

The QAM family has garnered a lot of interest lately in wireless networks because of its
potential to deliver high data rates with enhanced bandwidth and power efficiency. The spectral
efficiency associated with an 𝑀-QAM modulation scheme can be expressed as

𝜂 =
𝑅𝑏

log2(𝑀)
[bits/s/Hz], (1.10)

where 𝑅𝑏 denotes the bit rate and 𝑀 is the constellation size. This expression highlights the
fundamental trade-off in QAM systems: increasing the constellation order improves spectral
efficiency, but at the cost of reduced noise robustness and higher implementation complexity.

Square QAM (SQAM), rectangular QAM (RQAM), cross QAM (XQAM), star QAM, and
hexagonal QAM (HQAM) are the primary members of the QAM family. SQAM is usually
preferred for even powers of 2 QAM constellations. Odd power-of-2 constellations like RQAM
are favored for improved rate and channel adaptation. However, because of its greater average
and peak outputs, RQAM is not a desirable option. This is addressed by proposing a cross-shaped
constellation called cross QAM (XQAM), which is created by arranging the outer corner points
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Figure 1.8: Gray-coded 16-QAM.

of RQAM in a cross shape and deleting them, lowering the average energy of the constellations.
High data rates at low energy consumption further steered research toward HQAM, a more
power-efficient two-dimensional (2D) hexagonal constellation. [45].

SQAM usually takes a perfect square shape for the even power of 2 signaling points 4, 16, 64,
256, 1024, 4096, etc. This arrangement maximizes the minimum Euclidean distance between
points for a given average symbol power, enabling efficient transmission with a straightforward
ML detection process. Compared to 𝑀-ary PSK, 𝑀-ary QAM needs a lower carrier-to-noise
ratio, making it a preferred modulation scheme in many wireless communication systems and
IEEE standards. Lower-order QAM schemes imply reduced spectral efficiency but are more
resilient to noise and distortion, aiding in better cell overlap control and improved bit error
rate (BER) / symbol error rate (SER) performance. On the other hand, higher-order QAM
constellations provide higher data rates but demand tighter SER / BER constraints, introduce
greater intercell interference, reduce coverage range, and increase hardware complexity [44].

The information bits of 𝑀-QAM modulations are encoded as variations in the signal’s phase
and amplitude. A sequence of information symbols, each containing 𝑘 bits of information
(𝑘 = log2(𝑀)), is sent by the 𝑀-QAM modulator. These symbols are selected from the
set 𝑚 ∈ {1, 2, ..., 𝑀}. The information symbols are Gray-coded to limit incorrect receiver
decisions to single-bit errors. In any 𝑀-QAM constellation, the transmitter constellation’s
adjacent symbols should not differ by more than one bit to limit incorrect symbol choices to
single-bit errors. To do this, the input symbols are typically converted to Gray-coded symbols
and then mapped to the intended QAM constellation. A Gray-coded example of a 16-QAM
constellation is shown in Figure 1.8.
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1.2.7 Guessing Random Additive Noise Decoding (GRAND)

Recent coding techniques such as LDPC codes, Turbo codes, and polar codes have shown
remarkable performance in terms of approaching the Shannon limit for long code lengths [34],
[46], [47], [48], [49]; nevertheless, these capacity-approaching and capacity-attaining strategies
perform poorly in the short-to-medium block length regime. [50]. This problem is particularly
important for contemporary communication systems like 5G URLLC, IoT, and augmented
reality, which require extremely ultra-reliable and low-latency connections. Guessing random
additive noise decoding (GRAND) presents a compelling decoding technique.

GRAND is a class of decoding algorithms that can decode any block code, provided a
membership test is available to determine whether a candidate word is a valid codeword. It
was initially suggested in 2018 for hard-detection channels [51], [20]. GRAND is a maximum
likelihood decoding technique particularly fit for short-length random linear codes with high
code rates. Unlike traditional decoding methods that rely on the structure of the codeword
itself, GRAND focuses on the noise affecting the transmitted signal [20]. Notably, the only
prerequisite for GRAND is the existence of a membership test to determine whether a given
word is a legitimate codeword. Since it is a universal decoder, it may be used for binary or
multi-level codes, whether they are random or have some mathematical structure (such as polar
codes, BCH codes, Hamming codes, etc.) [52] [23]. A brute force comparison of the received
codeword with every codeword in the codebook is far slower than guessing the noise. This
significant reduction in search time is made possible by the noise’s low entropy, which results in
a manageable list size for potential error patterns affecting a codeword. It may also be the result
of some prior knowledge about the noise’s statistics, which can speed up the search [53].

GRAND has two primary variants: hard input and soft input. Hard-input GRAND uses
binary decisions (e.g., 0 or 1) based on the received signal to estimate the noise, but soft-
input GRAND takes into account soft information, such as probabilities or likelihoods, derived
from the Euclidean distance of the received signal to the constellation points or decision regions,
making it more flexible and potentially more accurate in noisy situations. The primary distinction
between the two lies in the sequence used to infer the channel-induced noise [54].

In particular, this technique uses all types of codes and has been shown to attain channel
capacity across a wide range of finite-state and memoryless channels. It represents a major
theoretical breakthrough because of its universality and independence from the code structure
[20]. Expanding on the original idea, the symbol reliability GRAND (SRGRAND) algo-
rithm enhances GRAND by incorporating soft information about symbol reliability, such as
log-likelihood ratios obtained from the channel. SRGRAND uses these confidence levels to
prioritize which noise patterns to guess, giving more attention to bits considered less reliable.
This approach significantly improves both decoding speed and error-correction performance,
specifically in noisy settings like AWGN channels. While it introduces extra complexity due to
the use of soft data, SRGRAND retains the capacity-achieving of GRAND and suggests practical
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improvements by lowering the number of required guesses [22]. ORBGRAND addresses this
challenge by assigning each candidate error pattern a logistic weight derived from the reliability
information of the received bits. The error patterns are then searched in increasing order of this
weight, providing an efficient approximation to the optimal ordering while prioritizing the most
likely noise patterns. This strategy can substantially reduce the number of guesses required
to identify a valid codeword while retaining the maximum-likelihood decoding principle of
GRAND [23].

GRAND is a universal decoding method for high-rate and short-length channel codes such as
random linear codes (𝑛, 𝑘) with a well-specified encoding framework that exemplifies structured
codes. GRAND is a noise-centric decoding method [20] that estimates channel-induced noise
in transmitted codewords by producing test error patterns (ê), which are subsequently applied
to the received vector (yb) from the channel. The resultant vector(yb ⊕ ê) is then assessed for
codebook membership [54]. GRAND achieves capacity when utilized with random codebooks,
as seen in [20].

The purpose of the decoder is to estimate the transmitted codeword xb given the received
word yb. The core idea of GRAND is to identify the error pattern ê that distorted the transmitted
codeword during transmission, since yb = xb ⊕ e. Instead of decoding the codeword directly,
GRAND generates and tests possible error candidate error patterns ê in decreasing order of
likelihood. Each candidate is applied to the received word to obtain a codeword candidate, and
this is checked for codebook membership.

For linear block codes, this membership is efficiently verified using the parity check matrix
H ∈ F(𝑛−𝑘)×𝑛2 , which defines the codebook as: C =

{
xb ∈ F𝑛2 : Hx𝑇b = 0

}
. Given a received word

yb, GRAND tests error patterns ê by checking: s(yb) = Hy𝑇b = H
(
x𝑇b ⊕ e𝑇

)
= He𝑇 , which is the

0 vector only if e is 0 or e is a valid codeword; in both cases yb ∈ C. If this condition is satisfied,
the error pattern ê is estimated to be the correct noise pattern, and the estimated codeword is:

x̂b = yb ⊕ ê.

Every error pattern has a syndrome that is not exclusive to it. The number of unique
syndromes is only 2(𝑛−𝑘) and the number of possible error patterns with up to 𝑡 errors is

𝑡∑︁
𝑖=0

(
𝑛

𝑖

)
, (1.11)

where 𝑡 is the maximum number of errors considered. Therefore, inferring the correct error
pattern using s(xb) results in ML decoding. As explained in Algorithm 1, for a given fixed
value of 𝑡, GRAND tries to decode s(xb) by iteratively examining error patterns in decreasing
probability order.
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Figure 1.9: Visualization of GRAND error pattern enumeration for a block length 𝑛 = 6. Each
subplot corresponds to error patterns of a given Hamming weight. The x-axis indexes error
patterns in order of generation, and the y-axis shows the bit positions affected by the error. This
illustrates the principle of GRAND: systematically guessing possible noise patterns in increasing
order of likelihood (here, increasing Hamming weight) until a valid codeword is found.

Algorithm 1 GRAND for Random Linear Codes
1: Input: yb = xb ⊕ e
2: Output: x̂b = yb ⊕ ê
3: ê← Generate Error Patterns
4: if s(yb) = H(x𝑇b ⊕ e𝑇 ) = 0 then ⊲ Syndrome check
5: Output: x̂b = yb ⊕ ê ⊲ Valid codeword found
6: else
7: Go back to Step 3
8: Output: x̂b = yb ⊕ ê
9: end if

Figure 1.9 illustrates the principle of the GRAND algorithm. For a block length of 𝑛 = 6, all
possible error patterns are generated and ordered by Hamming weight. The algorithm proceeds
by applying these candidate noise patterns to the received word, starting from the most likely
(low-weight) errors. The figure shows the structure of these error patterns: each row (subplot)
corresponds to patterns of a fixed Hamming weight, and within each row, the dots indicate the
bit positions that are flipped in a given pattern. This systematic exploration of noise patterns
underlies the decoding process of GRAND, where the first candidate that produces a valid
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codeword is declared the decoder output.

1.2.8 Bose-Chowla-Lindström Code

In current wireless systems, particularly sensor networks and machine-type communications,
numerous devices (terminals) are linked but broadcast only intermittently. Traditional grant-
based random access systems, which need devices to wait for permission before sending, are
unable to fulfill the ultra-reliable low-latency communication (URLLC) requirements of 5G
and beyond. To address this, grant-free random access enables devices to broadcast without
delay [55], [56], [57], [58]. However, this results in collisions, which occur when many devices
broadcast concurrently. Instead of deleting collision packets, physical layer network coding
(PLNC) can use the total of these signals to extract useful information—as long as it can
uniquely identify which devices were active [59], [60], [61]. This necessitates the employment
of uniquely decodable (UD) signature sequences, which allow the identities of the sending users
to be uniquely identified by adding a subset (𝑚 out of 𝑟) of user sequences. While orthogonal
sequences (such as Hadamard or Zadoff-Chu) and pseudo-orthogonal sequences (such as Gold
codes) are commonly utilized, they are not ideal for this application. In short, from a sum,
one can uniquely determine the terms involved in it, and this is known as the signature coding
problem [62], [63], [64], [65]. There are two types of UD sequences: those acquired by the
Chang-Weldon construction [64], which is connected to the Cantor and Mills construction [66],
and those obtained by the Lindström construction [63], [64], [67].

Lindström sequences are completely dependent on an algebraic construction based on Galois
fields, which was initially presented by Bose and Chowla in [68], hence in this work, we will
refer to such sequences as Bose-Chowla-Lindström (BCL) sequences.

The length of the sequence is 𝑛(𝑟, 𝑚) ∼ 𝑚 log 𝑟 bits for a system with 𝑟 users, of which 𝑚

are active [63], [67], [68], assuming that:

lim
𝑚→∞

lim
𝑟→∞

𝑛(𝑟, 𝑚)
𝑚 log 𝑟

≤ 1. (1.12)

BCL sequences are not necessarily binary. Due to their construction from integers that can
be transferred onto various Galois fields [63].

The purpose of the BCL construction is to produce a set of 𝑟 ≥ 𝑡 integers that have UD
sums for each group of 𝑚 out of these 𝑟 integers. This configuration is called BCL(𝑟, 𝑚). The
construction requires that 𝑟 be a prime power, which means that it has the form 𝑝𝑖, where 𝑖 is an
integer and 𝑝 is a prime number. Building a code for 𝑡 users begins with building a code for 𝑟
users, where 𝑟 ≥ 𝑡 and is selected as a prime power. After that, the 𝑟 − 𝑡 integers are eliminated,
which is equivalent to muting the 𝑟 − 𝑡 users, resulting in a final set of 𝑡 users. The prime number
theorem demonstrates that 𝑟 fulfills the upper bound 𝑟 ≤ 2⌈log2 𝑡⌉ .
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In the construction, let 𝛼 be a primitive element of the Galois field GF(𝑟𝑚), meaning that
all elements of the field can be expressed as powers of 𝛼: GF(𝑟𝑚) = 0, 𝛼0, 𝛼1, . . . , 𝛼𝑟𝑚−1.
Primitive elements always satisfy 𝛼 > 1. Let 𝛽1, 𝛽2, . . . , 𝛽𝑠 be elements of GF(𝑟). Define
integers 𝑑1, 𝑑2, . . . , 𝑑𝑠 such that:

𝛼𝑑𝑖 = 𝛼 + 𝛽𝑖 for 𝑖 = 1, 2, . . . , 𝑟 . (1.13)

Python’s Galois field library can compute both 𝛼 and 𝑑𝑖 values. Because 𝛼 + 𝛽𝑖 is always a
nonzero element in GF(𝑟𝑚), each 𝑖 has a corresponding 𝑑𝑖 value. Given 𝛼 > 1, we have 𝑑𝑖 ≠ 0,
and given primitive elements’ characteristics, 0 < 𝑑𝑖 ≤ 𝑟𝑚 − 1. The integers 𝑑1, 𝑑2, . . . , 𝑑𝑠

have a critical property: their 𝑚-term sums are unique. This means that no two alternative
combinations of 𝑚 elements give the same sum. This can be formally expressed as:

𝑚∑︁
𝑖=1

𝑑𝑎𝑖 =

𝑚∑︁
𝑖=1

𝑑𝑏𝑖 ⇐⇒ {𝑎1, 𝑎2, . . . , 𝑎𝑚} = {𝑏1, 𝑏2, . . . , 𝑏𝑚} (1.14)

This equation implies that if two subsets of 𝑚 components provide the same total sum when
combined, they must be equal (up to reordering). In other words, no two unique 𝑚-sized
selections of the 𝑑𝑖 values can provide the same result.

Each integer 𝑑𝑖 is converted to binary and added with an extra 1 to create a binary codeword
x𝑖. This additional bit allows the base station (BS) to detect how many users are participating in
a transmission (i.e., the collision level).

Since each 𝑑𝑖 < 𝑟𝑚 − 1, it needs at most ⌈log2(𝑟𝑚 − 1)⌉ bits to define 𝑑𝑖 in binary:

𝑛(𝑟, 𝑚) =
⌈
log2(𝑟𝑚 − 1)

⌉
+ 1. (1.15)

Given that 𝑟 ≤ 2 log2 𝑡, we can derive an upper bound for 𝑛(𝑡, 𝑚) as follows:

𝑛(𝑟, 𝑚) ≤ 𝑚 log2 𝑟 + 2 (1.16)

≤ 𝑚⌈log2 𝑟⌉ + 2

≤ 𝑚(1 + log2 𝑟) + 2.

This codeword design provides that for any 𝑚, the binary sums of 𝑚 different codewords
are unique. That is, no two distinct groups of 𝑚 users yield the same sum, which is essential
for reliably identifying active users in multi-user communication systems when using non-
orthogonal identification sequences.
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1.3 Thesis Structure

This dissertation is organized as follows:

Chapter 2 – URLLC with Coded Massive MIMO via Random Linear Codes and GRAND

This chapter investigates the integration of RLCs with GRAND decoding in mMIMO sys-
tems. Using zero-forcing spatial multiplexing and different QAM mapping schemes, it demon-
strates that using RLCs with GRAND significantly outperforms 5G polar codes in both block-
error rate (BLER) and decoding latency. The results show substantial decoding-complexity
reductions.

Chapter 3 – Constrained Symbol-Level Noise-Guessing Decoding with Antenna Sorting for
Massive MIMO

Chapter 3 expands GRAND into a symbol-level constrained framework for mMIMO systems.
An antenna-reliability sorting method and a novel lightweight membership test are introduced
to fast prune infeasible noise patterns early. This yields over 90% complexity reduction while
maintaining ML-equivalent performance. Importantly, the proposed techniques constitute gen-
eral decoding mechanisms that apply to a wide class of linear block codes and are not inherently
tied to a particular coding structure.

Chapter 4 – Largely Constrained ML-Level Decoding of Short LDPC Codes

Building on the constraint-driven decoding ideas, this chapter adapts GRAND to short LDPC
codes. It proposes three different techniques to remove the number of error patterns that need
to be tested: 1) set partitioning, a general constraint mechanism applicable to any linear block
codes, 2) sieving, and 3) large-constraint methods that eliminate more than 99% of infeasible
patterns before enabling practical ML-level decoding for short LDPC codes.

Chapter 5 – Uniquely Decodable Signature Sequences Over the Noisy Adder Channel

This chapter proposes using BCL-based UD signature sequences that are constructed through
an algebraic method combining related Galois fields. These sequences guarantee𝑚-sum unique-
ness, enabling reliable user identification under noisy collisions in grant-free random access
systems.

Chapter 6 – Conclusions and Future Work

The final chapter summarizes the dissertation’s contributions and outlines avenues in coding
theory, URLLC, and multiuser random access.
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Abstract—A present challenge in wireless communications is
the assurance of ultra-reliable and low-latency communication
(URLLC). While the reliability aspect is well known to be
improved by channel coding with long codewords, this usually
implies using interleavers, which introduce undesirable delay.
Using short codewords is a needed change to minimizing the
decoding delay. This work proposes the combination of a coding
and decoding scheme to be used along with spatial signal
processing as a means to provide URLLC over a fading channel.
The paper advocates the use of random linear codes (RLCs)
over a massive MIMO (mMIMO) channel with standard zero-
forcing detection and guessing random additive noise decoding
(GRAND). The performance of several schemes is assessed over
a mMIMO flat fading channel. The proposed scheme greatly
outperforms the equivalent scheme using 5G’s polar encoding
and decoding for signal-to-noise ratios (SNR) of interest. While
the complexity of the polar code is constant at all SNRs, using
RLCs with GRAND achieves much faster decoding times for
most of the SNR range, further reducing latency.

Index Terms—Ultra-reliable and low-latency communications
(URLLC), massive MIMO, Random linear codes (RLCs), Guess-
ing random additive noise decoding (GRAND)

I. INTRODUCTION

The physical layer has much to contribute to the goal
of wireless ultra-reliable and low-latency communication
(URLLC), whose major goals are to reduce latency to 1 ms
and simultaneously ensure at least 99.999 % reliability [1].

Noise-guessing decoding was very recently proposed as a
universal decoder for codes having codewords of moderate
length or sufficiently high rate, which are ideal for appli-
cations in wireless URLLC, where the codewords are desir-
ably short. The technique, dubbed guessing random additive
noise decoding (GRAND), allows ditching interleavers and
eliminating the decoding delay bottleneck they imposed [2].
Given that the entropy of the noise is much smaller than
the entropy of the codewords, decoding of the noise pattern
that affected a codeword greatly diminishes the complexity of
maximum likelihood (ML) decoding. Moreover, because it is
a universal decoder, it opened doors to using random linear
codes (RLCs), which are able to attain the maximum rate of
the finite-blocklength regime, precisely the one of interest in
URLLC. The combination of RLC encoding with GRAND is
a perfect fit for URLLC, where the flexibility of choice of the
codewords’ lengths and rates of a RLC greatly exceeds any
limitation regarding their length.

As it is well known, massive multiple-input multiple-output
(mMIMO) allowed the very high spectral efficiencies in 5G
due to spatial multiplexing. In order to cater for both objectives
in URLLC, this paper proposes coded mMIMO links using a
RLC and GRAND. GRAND has been recently proposed for
single-input single-output (SISO) flat Rayleigh channels and
shown to outperform Bose–Chaudhuri–Hocquenghem (BCH)
codes using the Berlekamp-Massey (B-M) decoder [3]. To the
best of our knowledge, the use of RLCs and GRAND is for
the first time proposed and assessed in the context of a MIMO
fading channel.

II. RANDOM LINEAR CODES

Shannon’s random code-construction [4] provably reaches
capacity when the length of the codewords tends to infinity and
the decoder performs ML decoding. However, selecting the
codebook members randomly leads to two different problems:
i) a storage problem, given that all codewords would have
to be stored both at the encoding side and at the decoding
side, and ii) a decoding complexity problem given that, when
applying the ML principle, a corrupted codeword needs to be
compared with all codewords in the codebook in order to find
the most likely one.

The storage problem posed by Shannon’s construction has
been overcome by RLCs, because, as in the case of any linear
block code, the generator matrix G encapsulates a very short
description of a code, and is the only piece of information
needed to be stored.

RLCs are known to be capacity-achieving in the binary
symmetric channel (BSC), [4], [5], in the asymptotic regime.
Notably, they also attain the maximum rate possible in the
finite-blocklength regime [6], [7], the one of interest for prac-
tical URLLC. Furthermore, RLCs can be constructed with any
size and any rate, and thus having those degrees of freedom is
a major practical advantage for most engineering applications.

III. GUESSING RANDOM ADDITIVE NOISE DECODING

Albeit classical RLCs are known to be capacity-achieving,
they do not offer a solution to the remaining problem of
having a practical decoder. A practical solution for the RLC’s
decoding conundrum only recently emerged with the advent
of GRAND-based algorithms [2], [8], [9]. GRAND focuses
on guessing the noise that corrupted the transmitted code-
word, rather than exhaustively going through all the possible
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codewords, and is proven to still lead to ML decoding [8].
GRAND is a universal decoder, enabling the decoding of any
block code of moderate length and with a sufficiently high
code rate, and can be used whether the code is random or
has some mathematical structure (e.g. polar codes [10], [11],
BCH codes [3], [11], Hamming codes, etc), being a binary or
multi-level code. Notably, the solely requirement for GRAND
is that a membership test exists to detect if a received word is
a valid codeword. In the case of RLCs, the test relies on the
codeword’s syndrome.

Because GRAND is a universal decoder, it opened doors
to using the capacity-achieving RLCs for which no practical
decoder was yet available. Recent research has shown that
RLCs supersede the performance of polar codes of the same
length, even with short codewords [2], [10]. However, while
off-the-shelf polar codes do not exist for any wanted length
or desired rate, RLCs can be constructed with any desired
blocklength and rate.

For uniform-at-random RLCs, encoding k bits onto n, with
rate R = k/n, where the codewords are chosen uniformly at
random from the set (or space) where 2n possible words exist,
out of which only 2k = 2nR are valid codewords. The distance
between any two codewords is also uniformly distributed. As
n→∞, GRAND permits a successful decoding in 2n/2nR =
2n(1−R) trials, on average. Consequently, higher code rates
lead to a faster decoding when using GRAND because the
words’ space becomes denser.

IV. SYSTEM MODEL FOR CODED MASSIVE MIMO

A coded mMIMO system is considered, with a RLC encoder
at the transmitter and GRAND at the receiver, as depicted
in Fig. 1. The description of the transmission chain is made
considering only one packet of information comprising k
bits, which is encoded onto a codeword, sent via spatial
multiplexing. For longer streams the process can be repeated
by slicing the string of bits in packets of size k.

A. RLC encoding scheme

A block a of k i.i.d. information bits is linearly encoded
onto a codeword of bits xb of length n using a systematic
RLC with rate R = k

n over the binary Galois F2. A (n, k) RLC
defines a codebook C with 2k = 2nR codewords of length n,
constituting a linear subspace of the discrete vector space Fn2 .
The minimal Hamming distance between two codewords in C
is d, however, its role in the context of RLC is not as relevant
to determine the performance of some code [12, Ch.13]. The
code is defined by a binary random generator matrix G ∈
Fk×n2 , which acts as the basis matrix for the code subspace,
such that C =

{
xb = aG : a ∈ Fk2

}
. The generator matrix is

of the form G = [ P | Ik ], where P ∈ Fk×(n−k)
2 is a binary

random matrix, and Ik is the identity matrix of size k × k,
responsible for the systematic part of the encoding. As a result
of this construction, all codewords xb are equally probable.
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Fig. 1. System model for coded mMIMO URLLC.

B. Spatial multiplexing with mMIMO

The baseband bit encoder outputs the n-bit codeword xb,
which is fed to a transmitter equipped with NT transmit
antennas which maps the n bits onto NT complex sym-
bols belonging to a M -QAM constellation defined by the
symbol alphabet A ∈ C, each of which carrying log2(M)
bits. These symbols form the complex transmit vector is
x(c) = [x1, ..., xNT

]T . In this work one uses a “one-shot”
approach to the transmission of each codeword. This means
that the number of transmit antennas fits the number of
complex symbols needed to transmit one codeword when using
a given cardinality M for the modulation, and is given by

NT =
n

log2(M)
, (1)

nevertheless, this constraint can be easily alleviated.
The codeword of n bits is divided in small strings with

log2(M) bits, which are mapped onto NT constellation sym-
bols using some mapping scheme. Two mapping schemes will
be considered: natural mapping and Gray mapping. In both
cases the complex constellation alphabet A is constructed
as the Cartesian product of two pulse amplitude modulation
(PAM) alphabets, where each of the I and Q components
carry log2(M)

2 PAM bits. The system is designed such that
the fist n/2 bits of a codeword control the PAM symbols in
the I component, and the remaining n/2 bits control the PAM
symbols in the Q component. Square QAM constellations with
M = 22θ are considered, with θ = 2, 3.

The symbols transmitted from each antenna are assumed to
have unit power, that is E{(x(c))Hx(c)} = M , where (.)H is
the Hermitian transpose operator. The coded transmitted signal
x goes through a channel (perfectly known at the receiver),
characterized by the matrix H ∈ CNR×NT and is received
at the receiver equipped with NR � NT antenna elements.
Using the complex MIMO model for flat Rayleigh fading, the
received signal y = [y1, ..., yNR

]T can be expressed as:

y(c) =

√
SNR
M

H(c)x(c) + n(c), (2)

where n(c) = [n1, ..., nNR
]T represents the additive noise

at the receiver. Both the entries in H(c) and in n are i.i.d.
random variables taken from a complex normal distribution
CN (0, 1). For implementation purposes, the complex-valued
MIMO model was converted to a real-valued one [13].

While it is well-known that the performance of ZF is
very poor in symmetric MIMO (NR = NT ), ZF attains
quasi-optimal performance in highly asymmetric MIMO with
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NR � NT . Matrix inversion may become expensive but very
good approximate solutions for the inverse matrix can be
obtained via Neumann series [14]. Considering NR � NT ,
ZF incurs no performance loss and boosts the receiver array
gain. ZF detection amounts to applying the Moore-Penrose
pseudo-inverse [13]

H+ =
(
HHH

)−1
HH , (3)

resulting at the receiver:

H+y = INT
x+H+n︸ ︷︷ ︸

u

, (4)

where INT
is the identity matrix of size NT and u ∈ CNT

denotes the new noise vector after the ZF filter.
Symbol detection is made via a slicer defined by the shape

of the constellation, and finally the bits are demapped from the
detected symbols, reconstructing a binary word yb = xb ⊕ e,
with ⊕ denoting the modulo-2 addition. This word is fed to
the decoder, which applies GRAND to infer the transmitted
word x̂b, which was corrupted by the error pattern e (where
yb, xb, and e, are all strings of n-bits).

C. Decoder applying GRAND

The task of the decoder is to estimate xb given yb. The
central idea of GRAND is that this task is equivalent to the
one of decoding the error pattern ê affecting xb.

Instead of using the generator matrix G, any linear block
code can also be defined by its parity check matrix H ∈
F(n−k)×n
2 whose kernel is: C =

{
xb ∈ Fn2 : HxTb = 0

}
,

reminding that xb ∈ C. Note: the notation of the parity matrix
coincides with the one of the MIMO channel matrix; given the
very different contexts in which they appear, we have opted
to keep the traditional notations.

The syndrome of a detected word y is s(xb) = HxTb =
H
(
xTb ⊕ eT

)
= HeT , which is the 0 vector only if e is 0 or

e is a valid codeword; in both cases yb ∈ C. The syndrome
associated with each error pattern is not unique. The number of
distinct syndromes is only 2(n−k) and the number of possible
error patterns is

∑n
t

(
n
t

)
. Therefore, identifying the true error

pattern based on s(xb) leads to highly sub-optimal decoding.
Unlike other deployed decoders, GRAND concentrates on

identifying the error pattern rather than the codeword itself; it
attempts to decode xb by successively testing error patterns in
decreasing probability order, as described in Fig. 2.

Because of the combined effect of using a M -QAM modula-
tion and having a MIMO flat fading channel, the noise patterns
e will not have the same probability distribution of the additive
white Gaussian noise (AWGN) model that has mostly been
considered when analysing GRAND. Nevertheless, in this
work one considers that the probability of the error patterns
gets smaller with an increasing weight, denoted as |e|. Thus,
error patterns of weight |e| = i are tested, with i = 1, . . . , nb,
meaning that a maximum number of nb bit-flips is considered
in a n-bit codeword.

Generate error pattern ê
(in decreasing probability order)

yb ⨁ ê

yb = xb+ e

Membership test
Yes

No AND |ê| ≤ nb

No AND all |ê| tested

x̂b = yb

x̂b = yb ⨁ ê

Fig. 2. Description of the GRAND algorithm.

V. PERFECT CHANNEL HARDENING LOWER-BOUND

The error patterns e that corrupt the transmitted codeword
are not simply due to the thermal AWGN noise at the receive
antennas. As seen in Section IV-B, in (4), when the receiver
makes ZF detection, the noise affecting the decision is an
amplified version of the thermal noise. The effect the ZF filter
has on the original noise n can be tracked by considering the
autocorrelation matrix of the new noise u = H+n, which is:

Ru = E
{
uuH

}
= E

{(
H+n

) (
H+n

)H}

= E
{(

H+n
) (

nH(H+)H
)}

= H+E
{
nnH

}
(H+)H = σ2

nH
+(H+)H ,

(5)

where the autocorrelation of additive noise, E
{
nnH

}
=

Rn = σ2
n INR

, was used. Replacing (3) in (5), after some
matrix algebra, it is possible to obtain

Ru = σ2
n

(
HHH

)−1
= σ2

nT
−1, (6)

where T = HHH ∈ CNT×NT is the Gram matrix [15].
As seen in (4), the correct detection of x̂ is perturbed by

the modified noise vector u. It is possible to show that the
output SNR after ZF detection of the NT incoming signals is
always lower than the input SNR [16] [13, sec. 2.5.2]:

snr
(ZF )
i =

snri[
(HHH)

−1
]
ii

, 1 ≤ i ≤ NT , (7)

meaning that, in real-world channels, ZF detection always
leads to noise enhancement in the detection of x̂.

There is only one particular (and ideal) situation that does
not lead to noise enhancement: when all the column vectors
in H are mutually orthogonal. This is precisely what tends to
happen when NT is fixed and NR → ∞, as in the case of
mMIMO, leading to the so-called channel hardening effect.
The geometric interpretation is the following: one has NT
random Gaussian vectors living in a NR-dimensional space;
with high probability any pair of the NT vectors will be
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orthogonal to each other. In that case, the Gram matrix, which
comprises all the inner products hHi hj , i, j = 1, . . . NT ,
becomes a diagonal matrix of the form:

T = diag
(
||h11||2, . . . , ‖hNTNT

||2
)
= NRINT

, (8)

given that ‖hii||2 =
∑NR

i=1 |hi|2 = NR, for all the NT vectors.
Replacing (8) in (5), in the case of perfect channel harden-

ing, the autocorrelation of the noise after ZF is Ru =
σ2

n
NR

INT
.

Finally, the power of u is ‖u‖2 = Tr (Ru) =
σ2

n NT

NR
.

It is now possible to establish the equivalent channel model
if the NT ×NR mMIMO configurations were to attain perfect
channel hardening at those (finite) dimensions: y = INT

x+u.
One has NT independent parallel channels with each of the
NT component of u having power |ui|2 =

σ2
n

NR
, shedding light

on the tremendous benefit of having a larger receiver array.

VI. RESULTS

The proposed system was assessed by numerical simula-
tion in terms of performance and decoding complexity when
transmitting a short codeword in “one shot”, i.e., only using
one MIMO burst, aiming at URLLC. The results are also
compared with the (128,103) benchmark polar code used in the
control channel of the 5G air interface, thus having R = 0.8.
For an increasing spectral efficiency of the modulation, the
number of transmit antennas is reduced to accommodate the
same payload of n bits, according to expression (1). In the
case of M = 64, expression (1) would lead to a non-integer
NT = 21.3. To make it an integer number of antennas, the
RLC code is slightly changed to (132,106) in the case of 64-
QAM, keeping the same code rate R = 106

132 = 0.8.
The assessment of the system’s performance is made via the

block error rate (BLER) versus Eb

N0
, as it is most common in

recent papers assessing GRAND. Eb denotes the energy per
information bit and N0 is the bilateral spectral density of the
noise at each one of the receive antennas. The decoding com-
plexity is measured by the expected number of membership
tests needed at each Eb

N0
. All the results are ergodic in sense

that each Monte Carlo iteration uses a different channel matrix
H and a different generator matrix G for the RLC.

Figures 3 and 4 show the performance and complexity
results respectively for M = 16, 64. One should highlight that
n remains constant in the different cases, while NT and M
change, with opposite effects and thus the joint effect does
not lend itself to an easy interpretation. As one would expect,
with all other parameters unchanged, Gray mapping always
outperforms the equivalent scheme using natural mapping.

By increasing the value of nb, threshold error patterns of
larger weight are tested and therefore the performance dra-
matically increases, at the expense of a much larger member
of membership tests. The upper bound for the number of
membership tests is given by

UB =

nb∑

t=1

(
n

t

)
=

(
n

1

)
+

(
n

2

)
+ · · ·+

(
n

nb

)
, (9)
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Fig. 3. Performance (left) and decoding complexity (right) for different nb
thresholds in GRAND, using RLC (128,103), with NT = 32, and 16-QAM.
The corresponding perfect channel hardening lower-bounds are also plotted.
The performance of the polar-code (128,103) is also included.
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Fig. 4. Performance (left) and decoding complexity (right) for different nb
thresholds in GRAND, using RLC (133,106), with NT = 22, and 64-QAM.
The corresponding perfect channel hardening lower-bounds are also plotted.

however, the results show that the average number of mem-
bership tests is much lower than (9) in the case M = 16 (and
also with M = 4, not shown due to space limitations). With
64-QAM the complexity can approach the upper bound when
the noise is too large due to the sheer number of modulation
symbols in error. It is interesting to observe how the average
number of membership tests always tends to one, which is a
consequence of the decreasing number of bits in error, such
that eventually almost all received words are valid codewords.

The comparison of the performance of the proposed
schemes using RLC and GRAND with the performance at-
tained using the polar code (128,103) decoded using the list
decoding technique used in 5G [17], for a list length of 8,
shows that the RLC with GRAND remarkably outperforms the
polar code. More surprisingly, this is true even when GRAND
runs with only nb = 2 (seen in Fig. 3 and also with 4-QAM,
not shown due to space limitations). Note that for M = 64

Authorized licensed use limited to: b-on: ISCTE. Downloaded on November 21,2025 at 10:38:57 UTC from IEEE Xplore.  Restrictions apply. 



2 2.5 3 3.5 4 4.5
0

5

10

15

20

25

30

35

40

Gray n
b
=1

Gray n
b
=2

Gray n
b
=3

Polar code

2 2.5 3 3.5 4 4.5
0

2

4

6

8

10

12

14

16

18

20

Gray n
b
=1

Gray n
b
=2

Gray n
b
=3

Polar code

Fig. 5. Comparison of the average decoding time per codeword: RLC
(128,103) using GRAND with different nb thresholds vs the equivalent
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one could easily construct a RLC with a rate that fits the setup,
however, a polar code counterpart does not exist and could not
be included for comparison in Fig. 4).

Figures 3 and 4 include both the performance and the com-
plexity results for the situation with perfect channel hardening
(see Sec. V). This gauges the loss coming form the non-ideal
mMIMO. As expected, the more asymmetrical the MIMO
configuration becomes, the closer one is from that ideal case.
One has a fixed NR = 200 and NT = 32, 22. In fact, in the
(M = 64, NT = 22) setup the gap to the ideal channel is only
≈ 0.5 dB for all nb and for both mapping schemes.

The complexity involved in decoding the polar code is
assessed by means of the average decoding time of codewords,
as depicted in Fig. 5. The decoding time of polar codes
remains constant for all Eb

N0
. However, as a consequence

of the accentuated reduction of the number of membership
tests performed (as observed in figures 3, and 4), GRAND
almost always spends much less time decoding a codeword
than the list decoder. Depending on Eb

N0
, when GRAND is

set with nb = 1, 2 it is ≈ 2.5 to ≈ 5 times faster in the
(M = 4, NT = 64) setup and ≈ 5 to ≈ 12 times faster in
the (M = 16, NT = 32) setup. Even with the best performant
nb = 3, applying GRAND to the RLC is faster than decoding
the polar code for Eb

N0
> 2.75 dB in the first setup and > 2.3

dB in the second. Using RLC with GRAND is up to over ≈ 3
times faster in the first setup and up to ≈ 8 times faster in the
second setup. The average decoding time was measured using
MATLAB on PC equipped with a CPU Intel Core i7-12700
and 32GB of RAM with maximum clock speed of 4.9 GHz.

VII. CONCLUSIONS

This paper proposed transmission schemes for high-
throughput, high-reliability, and very-low latency, adequate for
URLLC. The proposal puts together RLCs using GRAND
transmitted over mMIMO. The coded schemes attain a large
gain (3.5 − 4.7 dB) in respect to the uncoded transmission,

significantly outperform the polar-coded counterparts with
state-of-the-art list decoding, and for most of the SNR range
GRAND delivers a much faster decoding time, thus reducing
decoding latency, in addition to the delay savings for not
requiring the use of interleavers. Performance can be traded-
off with decoding time, and one can get decoding speeds up
to 12 times faster than the schemes with polar codes, while
still beating the performance of the polar code.
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ABSTRACT Supporting ultra-reliable and low-latency communication (URLLC) is a challenge in current
wireless systems. Channel codes that generate large codewords improve reliability but necessitate the use
of interleavers, which introduce undesirable latency. Only short codewords can eliminate the requirement
for interleaving and reduce decoding latency. This paper suggests a coding and decoding method which,
when combined with the high spectral efficiency of spatial multiplexing, can provide URLLC over a
fading channel. Random linear coding and modulation are used to transmit information over a massive
multiple-input multiple-output (mMIMO) uplink channel, followed by zero-forcing detection and guessing
random additive noise decoding (GRAND) at a receiver. This work considers symbol-level GRAND, which
is a variant of GRAND that was originally proposed for single-antenna systems employing square M-ary
quadrature amplitude modulation, and generalizes it to schemes that combine spatial multiplexing with
any M-ary modulation method. The paper studies the impact of the orthogonality defect of the underlying
mMIMO lattice on symbol-level GRAND, and proposes to leverage side-information that comes from
the mMIMO channel-state information and relates to the reliability of each receive antenna. Additionally,
a lightweight membership test is introduced to reduce the number of error patterns that undergo full
membership tests, by making use of a row in the parity-check matrix that eliminates candidate error
patterns. All proposals reduce the decoding speed without compromising the decoding performance. The
proposed decoder operating at the symbol level, when combined with antenna sorting and syndrome-
constrained decoding, has the potential to reduce complexity by 90% when compared to bit-level GRAND
in some of the tested configurations.

INDEX TERMS Antenna sorting, constrained decoding, guessing random additive noise decoding
(GRAND), massive multiple-input multiple-output (mMIMO), random linear codes (RLCs), symbol-level
decoding, ultra-reliable and low-latency communications (URLLC).

I. INTRODUCTION

IN ADDITION to other crucial requirements for the
sixth generation (6G) of wireless networks, such as low

energy consumption, high scalability, stability, security, and
ubiquitous connectivity, the physical layer of wireless com-
munications will have to significantly contribute to the goal
of ultra-reliable and low-latency communications (URLLC).
To meet the important requirements of applications like
the industrial Internet of Things (IIoT), virtual reality, or

self-driving cars, URLLC’s main objectives are to reduce
latency to 1 ms while concurrently guaranteeing at least
99.999% dependability [1]. Using error-correcting codes
with short codewords is one way of achieving the sought
low-latency objective, because that allows to discard the
interleavers that are typically employed in wireless links to
make the errors look independent and identically distributed
(i.i.d.) [2]. However, developing codes with large codewords
was prioritized in pre-5G systems to reach Shannon’s
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capacity [3], [4]. An interest in codes from the 1960s, such
as Reed-Solomon and BCH codes, was rekindled, aiming at
URLLC applications [5]. While these codes can have short
codewords, they only exist for a limited number of code
rates. Contrary to that, random linear codes (RLCs) can be
constructed with any code rate, even though decoding long
RLCs is impractical [6].
It was previously known that short RLCs could be

decoded using trellis decoding [7], [8], [9], [10], [11],
[12], [13], [14] or information set decoders [15], however,
given the historical emphasis on capacity-achieving codes
(with long codewords), that path of research seems to
have been abandoned by the coding community. Recently,
noise-guessing decoding has been proposed as a universal
decoding technique for codes with moderate length or
sufficiently high rate, which are particularly suited for
wireless URLLC [16]. The method, known as guessing
random additive noise decoding (GRAND) allows maximum
likelihood (ML) decoding with a considerably reduced
complexity, chiefly because it focuses on “decoding the
noise” rather than the codewords, by taking advantage of
the entropy of the noise being much lower than the entropy
of the codewords. The sole requirement is that a code
membership test exists to decide whether some word is a
valid codeword. Consequently, GRAND can perform ML
decoding of binary or nonbinary linear block codes (such as
polar codes [17], [18], BCH codes [18], [19], or Hamming
codes) without the need to compute a trellis or store a large
table.
Also, GRAND opened doors to using RLCs, known to

be capacity-achieving in the asymptotic regime (i.e., with
infinite length codewords) in the binary symmetric channel
(BSC) [3], [4], and they also reach capacity in the finite-
blocklength regime [16], [20], [21], which is the regime of
interest for URLLC applications. Several recent research
works have shown that RLCs supersede the performance
of polar codes of the same length and rate in the clas-
sical case [22], [23]. Most importantly, while off-the-shelf
nonrandom codes, such as polar codes, do not exist for
any desired pair of code length and code rate, one has
great flexibility of choice regarding the length and code
rate when employing RLCs with GRAND [2], [16], [24].
For higher spectral efficiency, GRAND has been proposed
in combination with massive multiple-input multiple-output
(mMIMO) in [23]. The ideas behind GRAND have also
been adapted to allow the decoding of quantum random
linear codes in a practical manner [25], [26], and also to
decode quantum stabilizer codes with a given structure (i.e.,
nonrandom known codes) [27].

Several works have recently proposed enhancements to
reduce the complexity of decoders based on guessing
techniques. Guessing codeword decoding (GCD) is an ML
decoding algorithm [28] that orders error patterns based on a
newly defined metric that serves as a “soft Hamming weight”
for each candidate error pattern, and that allows them to be
sorted in decreasing probability; moreover, the decoder only

tests error patterns that have a given structure associated with
the systematic form of the code (which is always available
via Gaussian elimination). The ordered reliability direct
error pattern testing (ORDEPT) decoder [29] introduced
a technique to test error patterns that are at a Hamming
distance-one of a currently tested error pattern. This early
tests will change the optimal order of testing error patterns
and may lead to finding a codewords that is not the ML
solution. To compensate, the authors proposed populating a
list of error candidates that lead to valid codewords and only
make a decision in the end. In doing that, ORDEPT attains
ML performance, and outperforms both the (sub-optimal)
ordered reliability bits GRAND (ORBGRAND) [18] and the
even more complex first soft GRAND decoder [30]. Soft-
output GRAND (SO-GRAND) [31] employs a list decoder,
which also keeps track of the probability of the correct
ML codeword being in the accumulated list of candidate
codewords at any given moment, allowing to dynamically
adjust the list size by defining a threshold for that probability.
Symbol-level GRAND has been recently proposed in [32]
for single-input single-output (SISO) block fading channels,
of which the additive Gaussian noise (AWGN) channel is
a special case. Symbol-level GRAND attains significantly
faster decoding than the original bit-level GRAND. In [2], the
authors have suggested modifying GRAND to use knowledge
about the adopted modulation scheme for channels with
memory. Symbol-level GRAND takes a different approach:
it relies on a closed-form expression for the probability that
the input stream of bits contains a specific combination of
bit strings representing various constellation symbols. These
constellation symbols have different numbers of nearest and
next-nearest neighbors. When the transmission is done over
a block fading channel, the expression allows to order the
error patterns according to their likelihood.
With the aim of attaining the URLLC objectives, this

work proposes a transmission scheme that integrates RLC
encoding and symbol-level GRAND, aided by antenna
sorting, into a mMIMO spatial multiplexing system. Both
zero-forcing (ZF) detection and minimum mean square
error (MMSE) detection are considered, however, as it
would be expected in mMIMO setups, MMSE provides
no benefit regarding performance or complexity reduction
in respect to the ZF detection filter. While RLCs cater
for the sought-after high reliability and GRAND offers
reduced decoding complexity, mMIMO techniques enable
high spectral efficiency through spatial multiplexing. We
explain that symbol-level GRAND can be directly extended
to mMIMO, if strong channel hardening (CH) conditions are
assumed. Furthermore, we show that the considered mMIMO
system can cope with adverse CH conditions, if the symbols
at the output of the linear detector are ordered according
to their reliability, which can be derived from channel state
information (CSI).
The optimized re-ordering of symbols can be seen as an

antenna sorting problem. Antenna sorting has been known to
greatly impact the detection performance of MIMO systems
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that use a small number of spatial streams. Optimal antenna
sorting strategies that rely on the notion of the effective
signal-to-noise ratio (SNR) of a stream at the output of the
MIMO detector [33], [34] have been devised for different
MIMO detection methods. For example, antenna sorting was
used to increase the performance of V-BLAST detectors [34],
or to simultaneously improve the performance and reduce the
complexity of sphere decoders [35]. Any extra information
regarding the a priori probability of the error patterns should
be used, and that concept is at the core of the proposals
in this paper. In this paper, we use the effective SNR after
ZF or MMSE detection filters as a sorting metric akin to
the reliability of the QAM symbols, which carry the bit
strings that build up the codewords. The proposed antenna
sorting method further reduces the complexity of symbol-
level GRAND. Moreover, we introduce a constraint based on
a carefully selected row of the parity-check matrix to discard
incompatible error patterns. While related ideas appear
in [36], [37], our method offers a simpler and more easily
implementable alternative with minimal modification to the
decoder, which, combined with antenna sorting, can reduce
the complexity by more than 90% in some configurations
when compared to bit-level GRAND.
In summary, the contributions of the paper are as

follows:
1) Symbol-level GRAND, introduced in [32] for RLCs

combined with Gray-coded square M-QAM for trans-
mission over SISO block Rayleigh fading channels,
has been abstracted into a generalized framework that
can be applied to any M-ary modulation scheme for
which a constellation can be defined.

2) Antenna sorting has been proposed as a simple
technique that can be easily integrated into symbol-
level GRAND to make it fit for MIMO channels. The
sorting that results from MMSE detection is compared
with the one arising from ZF detection, and it is
shown that ZF is capable of offering equal performance
and complexity reduction at any SNR in mMIMO
scenarios.

3) A general bit-level lightweight membership test has
been developed that can be applied to any GRAND
decoder. A study of this technique is presented that
leads to finding the rules that maximize the number of
eliminated error patterns to be tested. This proposal is
combined with symbol-level sorted GRAND to filter
out a large number of considered error patterns that
would have otherwise been subjected to the standard
– more computationally intensive – membership test,
thus reducing the overall computational requirements
of the noise-guessing decoder.

4) The model of a system, which encompasses a trans-
mitter employing RLC encoding, M-ary modulation
and spatial multiplexing, a mMIMO channel and a
receiver that uses ZF or MMSE detection and GRAND,
has been created. It is shown that block error rate
(BLER) measurements have been obtained for the

FIGURE 1. System model for coded mMIMO URLLC.

case when the GRAND algorithm is either bit-level
GRAND [16] or symbol-level GRAND [32], and is
optionally combined with antenna sorting. The ideal
case of perfect channel hardening (PCH) has been
used as a lower-bound benchmark. The impact of the
chosen GRAND algorithm on complexity has also
been investigated.

The paper starts by describing the system model in detail
in Section II. Section III shows how symbol reliability can
be obtained from CSI and how antenna sorting should be
implemented. Section IV generalizes symbol-level GRAND
for any M-ary modulation scheme and integrates it with
antenna sorting. Section V introduces a lightweight mem-
bership test that constrains the number of error patterns
queried by symbol-level GRAND and, consequently, reduces
computational cost. Section VI describes how symbol-level
GRAND can be adapted to Gray-coded square M-QAM
in the case of PCH, and discusses memory requirements.
Section VII shows performance and complexity results of
the proposed scheme, and Section VIII summarizes key
conclusions.

II. SYSTEM MODEL FOR CODED MASSIVE MIMO
A coded uplink massive MIMO system is considered, making
use of an RLC encoder at the transmitter and symbol-
level GRAND at the receiver. A block of k information
bits is mapped onto a n-bit codeword and sent “over
the air” via spatial multiplexing, as illustrated in Fig. 1.
This process may be repeated when transmitting longer
information streams by dividing the bit stream into blocks
of size k.

A. RLC ENCODING AND SPATIAL MULTIPLEXING WITH
MMIMO
A block a of k i.i.d. information bits is linearly encoded into a
codeword xb of length n using a systematic binary RLC with
rate R = k/n, denoted by RLC (n, k). The RLC (n, k) defines
a codebook C with 2k = 2nR codewords of length n, which
constitutes a linear subspace of the discrete vector space
Fn2. Although the minimum Hamming distance between
two codewords determines the error correction capability of
(random or nonrandom) linear block codes (LBCs) at high-
SNR, in very noisy conditions the minimum distance is not
as relevant in determining the performance of long RLCs.
In fact, when the objective is to approach the Shannon limit,
the code needs to decode beyond the minimum distance [38,
Ch.13]. This work focuses on the finite blocklenght, using
short RLCs. The RLC (n, k) is described by a random binary
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generator matrix M ∈ Fk×n2 , which acts as the basis matrix
for the code subspace, such that C = {xb = aM : a ∈ Fk2}.
The generator matrix of a systematic RLC is of the form
M = [ Ik | P ], where P ∈ Fk×(n−k)

2 is a random binary
matrix, and Ik is the k × k identity matrix responsible for the
systematic part of the encoding. The corresponding parity-
check matrix will take the form C = [ PT | In−k ] ∈ F(n−k)×n

2 .
The n bits, b1, . . . , bn, of a codeword are input to a M-ary

constellation. The mapper divides the sequence of n bits
into L strings of log2(M) bits, that is, L = n/ log2(M),
and maps the L strings onto L complex-valued symbols,
s1, . . . , sL, taken from the alphabet A ∈ C of the M-ary
constellation. The cardinality of A is |A| = M. We denote
the n-bit codeword and the sequence of L modulated symbols
by xb = [b1, . . . , bn] and xs = [s1, . . . , sL]T , respectively.
Furthermore, we denote by S(si) the string of log2(M) bits
that has been mapped onto symbol si. Thus, the codeword
xb can also be written as xb = [S(s1), . . . ,S(sL)]. If Eb
represents the energy per information bit, then (k/n)Eb is the
energy per codeword bit, and log2(M)(k/n)Eb is the energy
per string of log2(M) bits, which also corresponds to the
energy per symbol, E{|si|2}.

The system can be designed to allow the transmission of
Nc codewords in each MIMO channel used. This implies
that, when a specific cardinality M is employed for the
modulation, the number of transmit antennas is NT = NcL.
Without loss of generality, and to keep the notation simple,
we will describe the system for Nc = 1, where one
MIMO burst transmitted from the NT antennas contains
one codeword only (i.e., NT = L). Later, in Section IV-B,
the generalization for Nc > 1 will be commented on. A
system with Nc < 1 can also be made operational by adding
buffers both at the transmitter and at the receiver, hence
creating a full separation between the mMIMO physical
layer and channel coding and decoding such that symbol-
level GRAND only starts decoding when the L symbols
corresponding to a codeword have been received.
The coded signal xs is transmitted over a MIMO Rayleigh

fading channel, characterized by the matrix H ∈ CNT×NR ,
where NR � NT is the number of antennas fitted at the
receiver. The received signal ys = [y1, . . . , yNR ]T is given
by

ys = Hxs + n, (1)

where n = [n1, . . . , nNR ]T is the additive noise. The entries
in both H and n are i.i.d. random variables taken from
complex normal distributions: the ones in H are taken from
CN (0, 1), and those in n are taken from CN (0, σ 2

n ). The
noise power at each receive antenna is σ 2

n = N0, where N0
is the unilateral power spectral density of the noise. In this
framework, the ergodic SNR per transmit antenna (i.e., per
layer) at the receiver is

snr � E{|si|2}
σ 2
n

= log2(M)(k/n)(Eb/N0). (2)

The symbols in A are normalized to unit average energy,
so that E{|si|2} = 1, and therefore snr = 1

σ 2
n
. The NT × NR

matrix H remains constant during the transmission of xs but
changes independently from channel use to channel use.

B. LINEAR DETECTION AND SYMBOL-LEVEL GRAND
The ZF and MMSE linear detection schemes are con-
sidered [34], [39]. The first amounts to applying the
Moore-Penrose pseudo-inverse

WZF =
(
HHH

)−1
HH, (3)

while the MMSE filter is given by

WMMSE =
(
HHH + 1

snr
INT

)−1

HH . (4)

In the ZF case one obtains at the receiver

WZFys = INTxs + WZFn︸ ︷︷ ︸
u

, (5)

where INT is the NT × NT identity matrix, and u ∈ CNT

denotes the new (now correlated) noise vector after ZF
filtering. Although the performance of ZF detection is rather
poor in symmetric MIMO, where NR = NT , it attains
quasi-optimal performance in highly asymmetric MIMO, for
example, when NR >> NT in an uplink scenario [39]. In
this scenario, which is considered in our system model, the
instantaneous SNR for each channel realization approaches
its ergodic value at each received data stream after ZF
detection. At the same time, the large value of NR boosts
the receiver array gain.
After applying WZF in (3) or WMMSE in (4), which can

both be abstracted to W, a quantization operation Q(·) is
made to the M-ary constellation to obtain the sequence of
detected symbols x̃s = Q(Wys) = [s̃1, . . . , s̃L]T , which is
an estimate of xs corrupted by noise. The detected symbols
s̃1, . . . , s̃L are demapped to bit strings S(s̃1), . . . ,S(s̃L) and
reconstruct a word of n bits, denoted by yb. The relationship
between the reconstructed word yb at the receiver and the
codeword xb at the transmitter is yb = xb ⊕ eb, where eb is
the error pattern that has corrupted the transmitted codeword.
The operation ⊕ denotes modulo-2 addition.

The most common method of decoding LBCs, including
RLCs, is syndrome decoding, which makes use of the
parity-check matrix C ∈ F(n−k)×n

2 to generate the syndrome
s = Cyb ∈ F(n−k)

2 . Since all codewords verify s = 0, this can
be used as a simple membership test. Syndrome decoding
achieves ML decoding, but a lookup table is required for the
storage of possible syndromes and respective coset leaders.
For example, suppose that we wish to correct received words
that contain up to a threshold of wth bit errors. The number
of error patterns that need to be considered is given by∑wth

t=0

(n
t

)
. However, the number of all possible syndromes

is 2n−k. For large values of wth and high code rates, that is
R → 1 and thus n → k, the relationship

∑wth
t=0

(n
t

) � 2(n−k)
holds, therefore the error correction capability of the code
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is limited because a wide variety of error patterns result in
the same syndrome. Choosing the coset leader associated
with each particular syndrome depends on side information
regarding the a priori probability of each error pattern.
Over AWGN, the chosen coset leaders should be the error
patterns with the lowest Hamming weight, which leads to
ML decoding.
In the proposed transmission scheme, the word yb is input

to symbol-level GRAND, which attempts to estimate eb
and infer xb using x̂b = yb ⊕ êb, where x̂b and êb are
estimates of xb and eb, respectively. The first k of the n bits
of the estimated codeword x̂b form the block of decoded
information bits â, as shown in Fig. 1.

III. SYMBOL RELIABILITY AND ANTENNA SORTING
A. EFFECTIVE POST-PROCESSING SNR
After a ZF or MMSE filter, the decisions made by the
quantizer Q(·) to obtain x̂s are perturbed by the modified
noise vector u that appears in (5). One can show that
the output SNR after ZF or MMSE detection of the NT
incoming signals streams depends on the instantaneous
channel realization H in the following manner [33] [34, Sec.
3.1.3–3.1.4]:

snr(ZF)i = snr[(
HHH

)−1
]
ii

= 1[
G−1

]
ii

snr = gi snr, 1 ≤ i ≤ NT (6)

snr(MMSE)
i = snr

[
(
HHH + 1

snr INT )
−1
]
ii

− 1, 1 ≤ i ≤ NT .

(7)

In the ZF case in (6), the gi are defined as the inverses
of the elements in the diagonal of G−1, for i = 1, . . . ,NT .
Note that G = HHH is the Gram matrix of the lattice
spanned by the columns of H (e.g., [40]). The value of each
gi in (6) should be as large as possible. In the case of a
diagonal G, that maximization happens for a G with large
diagonal elements. If the energy spills over the diagonal,
the elements in the diagonal get smaller due to energy
conservation arguments. This corresponds to having the off-
diagonal elements of G no longer close to zero due to
non-orthogonality of the column vectors of H. Note that a
different definition of snr is used in [33], but that does not
change the relation in (6).

Expressions (6) and (7) provide soft information about
the reliability of each detected symbol, given the one-to-
one relation between symbols and antenna streams. This
information will be central to sorting the received symbols
so that symbol-level GRAND can perform its guesswork
of the transmitted symbols starting from the least reliable
symbol to the most reliable one. While both expressions
provide the absolute post-processing SNRs at each antenna,
only the relative information about their magnitude ordering
is required as a side information to be passed to the

FIGURE 2. Cumulative distribution function of the number of exact matches
between the ordered vectors defined by the sorting of the antennas when using ZF
detection and when using MMSE detection filters. Different cases are represented for
the configurations with NT = 32 transmit antennas and a variable number of receive
antennas, NR . Simulation results obtained considering 5000 channel realizations at
each SNR (computed at each integer value of the dB horizontal axis).

symbol-level GRAND decoder. It is known that in highly
asymmetrical mMIMO configurations, MMSE delivers the
same performance as ZF, while having a slightly more
complex implementation. In our proposed receiver, it is
important to determine whether the sorting provided by (6)
and (7) has an impact on the symbol-level GRAND decoding
complexity. At high snr, (6) tends to (7), and therefore the
orders resulting from both should be equal. However, when
snr decreases, the sorting orders could differ. The proportion
of instances in which the ordered vectors produced by
ZF matched those generated by MMSE was obtained and
is shown in Fig. 2. The ordering vectors generated by
sorting snr(ZF)i and snr(MMSE)

i for the NT antenna streams, by
means of (6) and (7), were compared using 5000 channel
realizations. The cumulative distribution function (CDF)
shows that both resulting orders are the same at high SNR.
As the SNR lowers, the ordered vectors start to differ. The
cliff region of the CDF curves can be displaced to lower
SNRs by applying an increasing number of receive antennas.
The SNR range presented in Fig. 2, as well as the range of
values for NT and NR, are covered in Section VII.
The sorting orders resulting from (6) and (7) are trivially

the same as snr → ∞ because (7) tends to (6). To
investigate how sorting is impacted for snr → 0, let us
write the denominator in (7) as (G+ 1

snr INT )
−1 = ( 1

snr (INT +
snrG))−1 = snr (INT + snrG)−1. Therefore, the first term
in (7), the one responsible for the sorting order, is

snr
[(
G + 1

snr INT
)−1]

ii

= 1[(
INT + snrG

)−1]
ii

.

By using the Neumann series (INT − G)−1 = ∑∞
k=0 G

k, for
low snr, one has (INT + snrG)−1 = INT − snrG + O(snr2).
Consequently, when snr → 0, the first term in (7) tends
to an identity matrix, turning equal all diagonal indexes i.
Hence, at low SNR, the ZF sorting will be defined by the
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gi gains, while the MMSE sorting becomes irrelevant. In
the mMIMO scenario, given that G → INT , the same effect
will occur in ZF, eliminating the need for antenna sorting
regardless of the linear detector used (see Section III-C).
For a given snr, a larger NR gives rise to a more orthogonal
channel and therefore to a Gram matrix G that is closer to a
scaled identity matrix. In that case, the denominators in (6)
and (7) are more similar, leading to an increasing matching,
as observed in the results in Fig. 2.

This section established that antenna sorting using ZF is
equivalent to MMSE in mMIMO systems. For this reason,
expression (6) will be used for the calculation of the SNR at
the output of each receive antenna under the assumption of
perfect CSI. A derivation of (6) is presented in Appendix-A.
The impact of imperfect CSI on the SNR expression is briefly
explored and discussed in Appendix-B.

B. LATTICE GEOMETRY WITH A FINITE NUMBER OF
ANTENNAS
The geometry of ZF detection fully determines its detection
performance. For ZF to approach ML detection using the
Voronoi regions of the underlying real MIMO lattice, it is
necessary that the so-called ZF detection region matches the
Voronoi region with a low discrepancy (e.g., [34]). This is
the fundamental cause for ZF detection becoming optimal
as NR increases. When NR → ∞ the lattice spanned by
the columns of H would be a perfectly orthogonal lattice,
and ZF would be optimal. Analytically, this effect can be
captured by measuring the effect of the effective noise u
in (5). The effect of the ZF filter on that noise power can
be tracked by considering the autocorrelation matrix of the
new noise u = WZF + n, calculated as:

Ru = E
{
uuH

}
= E

{
(WZFn)(WZFn)H

}

= E
{
(WZFn)

(
nH(WZF)

H
)}

= WZFE
{
nnH

}
(WZF)

H = σ 2
nWZF(WZF)

H, (8)

where the autocorrelation of the original Gaussian noise,
E{nnH} = Rn = σ 2

n INR , has been used. Replacing the
Moore-Penrose pseudo-inverse from (3) in (8), and using the
definition of the Gram matrix, it is possible to obtain

Ru = σ 2
n

(
HHH

)−1 = σ 2
nG

−1. (9)

From both (6) and (9), one can see that ZF detection
always causes noise enhancement in the case of real-world
channels (with a finite NR). The noise amplification of ZF
detection can be geometrically interpreted using lattices. Let
G = Z+ iZ denote the set of Gaussian integers. A complex
lattice is defined as � = {Hz : z ∈ GNT×1}. For a lattice
basis H ∈ CNR×NT , the lattice has rank NT , and lives in a NR-
dimensional space. The volume of the fundamental region
of the lattice is vol(�) = √

det(HHH) = √
det(G). In the

case of square matrices, this simplifies to vol(�) = det(H).
In MIMO detection it is preferable to use the real-valued

FIGURE 3. Evolution of od(H) as a function of the number of receive antennas. The
blue dots indicate the operating points of the two systems that will be assessed in
Section VII that are closer to (but still far from) the PCH regime. The shaded region
corresponds to two standard deviations of od .

equivalent lattice, defined as �R = {Hz : z ∈ Z2NT×1},
having rank 2NT , and living in 2NR dimensions. It uses
the equivalent real-valued basis H ∈ R2NR×2NT , constructed
from the complex basis H [34]. Noise amplification is
reduced when a lattice’s fundamental region is closer to
orthogonal. To measure how orthogonal a lattice �R is, one
can use the so-called orthogonality defect (OD) [41], which
for a lattice spanned by a real basis H is defined as:

od(H) =
∏2NT

i=1 ‖H(:, i)‖
vol(�R)

. (10)

The value of od(H) is always greater than or equal to
one, and can only attain the unit if the columns of H
are orthogonal to one another. We now use this metric to
investigate how NR and NT influence the geometry of the
mMIMO lattice and, therefore, how far from optimal ZF
detection is. Fig. 3 shows how the OD evolves with NR, for
different values of NT . The figure shows the domain of NR
of more practical significance and an overlaid graph depicts
the OD asymptotic convergence to the unit value when the
number of receive antennas tends to infinity. The OD is
assessed by generating random samples of H, with its real
entries drawn from N (0, 1

2 ). This corresponds to generating
2NT random Gaussian vectors in a vector space of NR (real)
dimensions, with the dimension of the vector space being
much larger than the number of random vectors drawn (i.e.,
NR >> NT). When this happens, those vectors are mutually
orthogonal with high probability. As expected, larger NT
necessitates having a larger NR in order to maintain the same
od(H) value, and as NR increases, the column vectors of H
tend to be mutually orthogonal.

C. PERFECT CHANNEL HARDENING LOWER-BOUND
There is one specific (and ideal) circumstance in which noise
amplification is prevented: when all the column vectors in
H are mutually orthogonal. This occurs when NT is fixed
and NR → ∞, leading to the so-called channel hardening
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effect [42]. For a geometric interpretation of this property,
one could consider NT random Gaussian vectors living in a
finite NR-dimensional space. With high probability any pair
of the NT vectors will be orthogonal to each other. With
NR → ∞, this probability becomes 1. Let us consider a finite
NR and the special case of a channel matrix where an ideal
MIMO channel is formed, i.e., a case where all columns of
H are mutually orthogonal. In this case, the Gram matrix,
which comprises all inner products hHi hj, i = 1, . . . NR,
j = 1, . . . NT , becomes a diagonal matrix of the form:

G =
⎡
⎢⎣

‖h1||2 0
. . .

0 ‖hNT ||2

⎤
⎥⎦ = NRINT , (11)

given that ‖hj||2 = ∑NR
i=1 |hij|2 = NR, for all the NT vectors.

By replacing (11) in (8) one gets that the autocorrelation of
the noise after ZF, in the case of PCH, is

Ru = σ 2
n

NR
INT , (12)

and the power of u comes as

‖u‖2 = Tr(Ru) = σ 2
nNT
NR

. (13)

It is now possible to establish the equivalent channel model
if the NT × NR mMIMO configurations were to attain PCH
at those (finite) dimensions:

WZFys = INTxs + u. (14)

In this scenario, one has NT independent parallel channels,
where the effective noise becomes again a vector of
independent Gaussian entries. Each of these NT components

of u has power |ui|2 = σ 2
n
NR

, shedding light on the benefit
of having a larger receiver array: with NR → ∞ there is
a regression to the mean, and the effective noise power
vanishes. Note that the snr in (14) is the input SNR, at each
receive antenna before any baseband processing takes place.
This asymptotic regime leads to a uniform post-processing
snr(ZF)

i across the NT spatially multiplexed layers. In that
limit, the reliability of all symbols is equal, and therefore
sorting would bring no benefit.

IV. GENERALIZED SYMBOL-LEVEL GRAND WITH
ANTENNA SORTING
Symbol-level GRAND was originally proposed for a SISO
block Rayleigh fading channel [32], thus it cannot be directly
applied to a mMIMO system. Taking in consideration the
analysis made in the previous section, this section outlines
the principles of symbol-level GRAND, generalizes them for
any modulation scheme and describes how this method can
be integrated into the mMIMO setup by incorporating soft
information emanating from the ZF detector.

A. SORTING ERROR PATTERNS GUIDED BY THE
CONSTELLATION STRUCTURE
As described in Section II, the n-bit codeword xb can be
expressed as a sequence of L strings, i.e., xb = [S(si)]Li=1,
where si is a symbol of the M-ary modulation scheme and
S(si) is the string of log2(M) bits that has been mapped
onto si. The demodulator outputs yb = [S(s̃i)]Li=1, where
the hard-detected symbols s̃1, . . . , s̃L are demapped onto
bit strings S(s̃1), . . . ,S(s̃L), respectively. The relationship
between S(s̃i) at the receiver and S(si) at the transmitter is
S(s̃i) = S(si) ⊕ ei, for i = 1, . . . ,L, where ei is the error
string of length log2(M) that altered the i-th bit string S(si).
The received word yb assumes the form:

yb = [
S(s̃i)

]L
i=1

= [S(si) ⊕ ei]
L
i=1

= [S(si)]
L
i=1 ⊕ [ei]

L
i=1

= xb ⊕ eb, (15)

where eb = [ei]Li=1 is the error pattern that corrupted the
transmitted codeword xb. The objective of algorithms based
on GRAND is to obtain an estimate of eb, denoted by êb,
and then add it to yb to estimate xb, that is, x̂b = yb ⊕ êb
provided that x̂b ∈ C.

Bit-level GRAND [16] keeps generating error patterns êb
in descending order of likelihood until an error pattern that
satisfies the test yb ⊕ êb ∈ C is identified. The likelihood
of an error pattern is assumed to be a monotonically
decreasing function of its Hamming weight. In order to
reduce complexity, bit-level GRAND introduced the notion
of the abandonment threshold wth. The generation of error
patterns is abandoned when all error patterns of weight less
than or equal to wth have been tested and a valid codeword
has not been found, i.e., yb ⊕ êb /∈ C for every ‖êb‖1 ≤ wth,
where ‖êb‖1 denotes the Hamming weight of êb.
In symbol-level GRAND [32], the condition yb ⊕ êb ∈ C

is replaced by the equivalent expression [S(s̃i) ⊕ êi]Li=1 ∈
C, where êi is the i-th error string of the estimated error
pattern, i.e., êb = [êi]Li=1. Differently from bit-level GRAND,
symbol-level GRAND does not generate and verify every
realization of êb for increasing Hamming weight; instead, it
creates and tests only realizations of êb, which are composed
of error strings that are more likely to occur, as dictated by
the properties of the constellation diagram of the modulation
scheme and the method for mapping bit strings onto symbols.
The concept of symbol-level GRAND was introduced

in [32] through the lens of Gray-coded square M-QAM, as
the analysis and expressions therein were tailored to that
particular modulation scheme. In this section, we derive a
generalized expression for the probability of occurrence of
an error pattern when symbol-level GRAND is applied to
any M-ary modulation scheme. As in [32], we will initially
study the case where the L received symbols have been
affected by the same fading coefficient and, therefore, have
the same reliability. We will then present a simple add-on
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TABLE 1. Examples of error patterns with structure [L1 L2] for M = 16 and n = 16.

to symbol-level GRAND to enable the decoding of symbols
that have different reliabilities, as in the considered mMIMO
setup.
Let [L1 L2 . . . Lϑ ] describe the structure of an error pattern,

where Lw denotes the number of error strings in the error
pattern that have Hamming weight w, for w = 1, . . . , ϑ ,
1 ≤ ϑ ≤ log2(M) and

∑ϑ
w=1 Lw ≤ L. The Hamming weight

of the error pattern is given by
∑ϑ

w=1 wLw. Table 1 shows
examples of error patterns of length n = 16 composed of
L = 4 error strings, each having length log2(M) = 4. For
clarity, error strings in an error pattern have been separated
by dashes. Error strings of weight up to ϑ = 2 are considered
in Table 1, thus the structure of an error pattern can be
summarized by [L1 L2]. For example, the three error patterns
listed at the bottom of Table 1 have structure [L1 L2] = [2 1],
i.e., each error pattern consists of L1 = 2 error strings of
weight 1 (displayed using blue typeface) and L2 = 1 error
string of weight 2 (rendered in red lettering). In all three
cases, the weight of the error pattern is L1 + 2L2 = 4.

If the fading coefficient of the channel is constant
over a block of L symbols, error patterns that have the
same structure [L1 L2 . . . Lϑ ], have the same probability
of occurrence denoted by P(L1,L2, . . . ,Lϑ). Symbol-level
GRAND relies on an expression for P(L1,L2, . . . ,Lϑ) to
calculate the likelihood of every possible structure – or every
structure that satisfies

∑ϑ
w=1 wLw ≤ wth if we wish to bound

from above the Hamming weight of the considered error
patterns. Error patterns are then generated and tested for
each structure, from the most likely structure to the least
likely structure.
The error strings ê1, . . . , êL that compose an error pattern

do not take values uniformly at random, but depend on the
transmitted symbols s1, . . . , sL and the noise power that led
to the detection of symbols s̃1, . . . , s̃L at the receiver, given
that êi = S(si) ⊕ S(s̃i) for i = 1, . . . ,L. To facilitate the
derivation of an expression for P(L1,L2, . . . ,Lϑ), we:

• Define B neighborhoods for each symbol. Members of
a neighborhood of a symbol are other symbols of the

constellation diagram that are adjacent to that symbol
and have the same Euclidean distance from it.

• Define T types, whereby symbols of the same type share
the same neighborhood characteristics in terms of size,
Euclidean distance, and also Hamming distance.

Fig. 4(b) shows examples of neighborhoods and sym-
bol types for the 16-ary regular triangular QAM
(TQAM) [43], [44], also referred to as regular hexagonal
QAM [45], and for Gray-coded square 16-QAM. In the
case of 16-ary regular TQAM, the nearest neighbors of a
symbol are equidistant from that symbol and surround it,
thus forming a single neighborhood for that symbol (B = 1).
Notice that if si is transmitted and the detected symbol s̃i is
in the neighborhood of si, the Hamming distance between
S(si) and S(s̃i) corresponds to the Hamming weight of the
error string êi. Depending on the size of a neighborhood
and the Hamming distance between a symbol and each of
its neighbors, the 16 symbols can be classified into T = 6
types. If each type is arbitrarily assigned a unique number
j ∈ {1, . . . ,T}, then tj denotes the number of symbols of type
j, where

∑T
j=1 tj = M. For 16-ary regular TQAM, we have

t1 = 2, t2 = 2, t3 = 4, t4 = 2, t5 = 2 and t6 = 4. In the case
of Gray-coded square 16-QAM, the symbols that surround
each symbol can be divided into B = 2 neighborhoods based
on their Euclidean distance from that symbol. Each symbol
can then be categorized into one of T = 3 types, where
t1 = 4, t2 = 8 and t3 = 4, as illustrated in Fig. 4(a).

Using the concepts of neighborhoods and types, the
probability that an error pattern or, equivalently, a sequence
of L error strings has structure [L1 L2 . . . Lϑ ] can be
expressed as a function of the probability that L symbols
classed into T types are selected uniformly at random for
transmission, L′ of them are received incorrectly, where L′ =∑ϑ

w=1 Lw, and the remaining L − L′ symbols are received
without errors. More specifically, we can write:

P(L1,L2, . . . ,Lϑ) =

= 1

ML

∑
∑T

j=1 �j=L

{(
L

�1, . . . , �T

) T∏
j=1

t
�j
j ×

×
∑

∑T
j=1 �′

j,0=L−L′
∑T

j=1 �′
j,w=Lw

∀w∈{1,...,ϑ−1}

[ T∏
j=1

(
�j

�′
j,0, . . . , �

′
j,ϑ

) ϑ∏
w=0

p
�′
j,w
j,w

]}
. (16)

The second line of (16) determines the fraction of
sequences of L symbols, from a total of ML possible
sequences, that contain �j symbols of type j, for j = 1, . . . ,T .
Each of the �j positions in the sequence can be occupied by

any of the tj symbols of that type, resulting in t
�j
j possible

outcomes. The third line of (16) enumerates all possible ways
that �′

j,w error strings of weight w can change any �′
j,w of the

�j transmitted symbols of type j into a neighboring symbol

with probability p
�′
j,w
j,w , for j = 1, . . . ,T and w = 0, . . . , ϑ .

An error string of weight 0 leaves a transmitted symbol
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FIGURE 4. Constellation diagrams of (a) 16-ary regular TQAM and (b) Gray-coded square 16-QAM. In each case, every symbol has been classified into a type based on the
number of adjacent symbols, their Euclidean distance and their Hamming distance from that symbol. Symbols located at the same Euclidean distance from a symbol compose a
neighborhood for that symbol. Symbols connected by a single line are separated by a Hamming distance of 1. The Hamming distance between symbols linked by a double line is
2. If a symbol is transmitted and a neighboring symbol is received, the Hamming weight of the error string that altered the binary value of the transmitted symbol is equal to the
Hamming distance of the two symbols.

unchanged, thus the first condition
∑T

w=1 �′
j,0 = L − L′

ensures that the number of weight-0 error strings matches the
number of correctly received symbols. The second condition
requires that all error strings of weight w add up to Lw for
0 < w ≤ ϑ − 1. Given the values of �′

j,0, . . . , �
′
j,ϑ−1, the

value of �′
j,ϑ can be derived from �′

j,ϑ = �j − �′
j,0 − . . . −

�′
j,ϑ−1. Expressions for pj,w depend on the M-ary modulation
scheme. Section VI applies (16) to the case of Gray-coded
square M-QAM and provides expressions for pj,w.

Derivation of (16) assumed that received symbols have
the same reliability, which is the case when symbols are
transmitted over a SISO block Rayleigh fading channel. The
following section explains how CSI could guide symbol-level
GRAND in prioritizing error patterns of the same structure
when received symbols have different reliabilities, as in the
considered mMIMO scenario.

B. SORTING ERROR PATTERNS GUIDED BY CSI
In a non-ideal mMIMO scenario with od(H) > 1, the
reliability of spatial streams could vary significantly among
them. At the receiver, a first processing block should
implement the antenna sorting, as previously discussed in
Section III.
Without loss of generality, we will discuss the case

with Nc = 1. This can be accomplished by inserting a
permutation matrix �, which is a binary matrix whose
columns are all columns of the identity I but placed in a
different order. As it is well known, a permutation matrix is
always an orthogonal matrix, and its inverse is its transpose:
�−1 = �T . These two matrices can be added before and
after symbol-level GRAND, as presented in Fig. 5. The
g1, . . . , gNT gains in (7) are sorted in ascending order of
magnitude, and the corresponding permutation matrix �

is created. The permuted symbols x̃(�)
s = x̃s� are fed

to symbol-level GRAND, which will now not assume that

FIGURE 5. Types of symbol-level GRAND: (a) symbol-level GRAND proposed in [32],
and (b) symbol-level GRAND with antenna sorting.

error patterns of the same structure are equiprobable and
test them in an arbitrary order, as was the case in the
previous section, but will test them in decreasing order of
likelihood.
In the general case with Nc > 1 codewords per MIMO

transmission, the set of the gi, for i = 1, . . . ,NT = NcL,
is partitioned in Nc subsets and an independent sorting
process is applied to each one of those subsets. Note that,
for a faster overall decoding time, these sorting processes
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FIGURE 6. Symbol-level GRAND with antenna sorting after the demodulation and
detection stages. (The final output of the algorithm makes use of MATLAB notation.)

can be implemented in parallel. Afterwards, each subset
of L sorted symbols is passed on to the symbol-level
GRAND, which independently decode each one of these Nc
codewords. Likewise the sorting procedures, the decoding
of each codeword can be performed in parallel, if further
reduction of decoding latency is paramount. This may be
done at the cost of having multiple symbol-level GRAND
processors.
The flowchart of the proposed symbol-level GRAND with

antenna sorting is presented in Fig. 6 (for the Nc = 1 case).
The membership test creates a computational bottleneck
in the estimation process that can be remedied by the
introduction of a preliminary lightweight test, as explained
in the following section.

V. LIGHTWEIGHT MEMBERSHIP TEST
Upon reception of yb, symbol-level GRAND with antenna
sorting generates error patterns in descending order of
likelihood and, in theory, selects the first error pattern eb that
satisfies yb ⊕ êb ∈ C. In practice, yb ⊕ êb is not compared
against every codeword in C. Instead, the decoder calculates
the syndrome vector s = Cyb using C, i.e., the (n− k) × n
parity-check matrix of the (n, k) RLC. The algorithm in
Fig. 6 keeps generating error patterns until an error pattern
êb that meets Cêb = s is found, which implies that yb ⊕ êb
is a member of C. In this section, we propose a lightweight
test, which requires the multiplication of a considered error
pattern with just one of the n−k rows of C. Only if this test
is passed, the product Cêb is calculated, thus constraining
the number of error patterns that are multiplied with every
row of C.

The proposed refinement takes advantage of the positions
of the non-zero elements in the syndrome. The positions in
s holding ones are referred to as flagged positions, which

FIGURE 7. Example of the application of the lightweight membership test. (a) Full
parity-check matrix C with the syndrome’s flagged positions marked by red arrows,
associated to the flagged rows of C. (b) Reduced parity-check matrix Cred, where row
u = 5 is the most unbalanced row, with |S(5)

1 | = 4 and |S(5)
0 | = 26.

correspond to the support of s, denoted by supp(s), and
their count is the Hamming weight ‖s‖1. The rows of C
corresponding to these flagged positions are extracted to
form a reduced matrix Cred. We use MATLAB notation to
denote the i-th row of Cred as Cred(i, :), for 1 ≤ i ≤ ||s||1,
and we define the set of ones, as the set of positions that
contain ones is the support of that row:

S(i)
1 = supp(Cred(i, :)). (17)

The weight of each row of Cred is ||Cred(i, :)||1 = |S(i)
1 |. The

remaining positions in Cred(i, :), i.e., its positions containing
zeros, form the set of zeros of that row, denoted as S(i)

0 . Note
that the union S(i)

1 ∪ S(i)
0 corresponds to all n positions.

Fig. 7 depicts an example, whereby an error pattern êb
produces the pre-computed syndrome s upon multiplication
with the parity-check matrix C, i.e., the error pattern êb
satisfies the membership test s = Cêb in Fig. 6 and will be
selected for the estimation of the transmitted codeword. The
red arrows in Fig. 7(a) identify the ||s||1 flagged positions
in s, which point to ||s||1 rows in the (n−k)×n parity-check
matrix C. These ||s||1 rows in C can be stacked to form the
||s||1 ×n matrix Cred, as shown in Fig. 7(b). In this example,
k = 10, n = 30 and ||s||1 = 7.

Let cTu = Cred(u, :) denote an arbitrarily selected row of
Cred. Based on the definition of Cred, if a candidate error
pattern êb satisfies the equality s = Cêb, the product Cred êb
will give the ||s||1 × 1 all-ones vector, hence the equality
cTu êb = 1 will also be satisfied. Conversely, if êb does not
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satisfy cTu êb = 1 and, instead, results in cTu êb = 0, then it will
fail the membership test s = Cêb. Therefore, the constraint
cTu êb = 1 can be used as a lightweight test; only error
patterns that meet the constraint and pass the lightweight
test will be subjected to the membership test, whereas all
other error patterns will be filtered out. In the latter case, the
proposed constraint reduces the complexity associated with
the computation of Cêb from O((n− k)n) = O(n2) to O(n),
as multiplication is limited to a single row of C.
The search space of all error patterns of weight ||êb||1 that

will be considered for the membership test has size
( n
||êb||1

)
.

Let α0 be the number of error patterns that result in cTu êb =
0 and will thus be eliminated by the lightweight test. On
the other hand, let α1 be the number of error patterns
that meet the condition cTu êb = 1 and, therefore, will pass
the lightweight test and undergo the membership test. The
relationship between α0, α1 and the size of the unconstrained
search space of all vectors of weight ||êb||1 is

α0 + α1 =
(

n

||êb||1
)

. (18)

To derive an expression for α0 and α1, the conditions for
cTu êb being 0 or 1, respectively, need to be first determined.
If we shift our attention back to Fig. 7(b), we will notice

that the product of the selected row cTu and the error pattern
êb is 1 because only one of the two positions in êb that
hold non-zero elements is in S(u)

1 = {2, 3, 9, 22}. If the two
non-zero elements of êb occupied positions that were both
members of S(u)

1 , or they both occupied any of the remaining
n − |S(u)

1 | = 26 positions, the product would have been 0
and the lightweight test would have failed.
In general, an error pattern of weight ||êb||1 will fail

the lightweight test and will be eliminated from the search
space of the membership test, if an even number of non-
zero elements in the error pattern occupy any of the |S(u)

1 |
positions listed in S(u)

1 , while the rest of the non-zero
elements occupy the remaining n− |S(u)

1 | = |S(u)
0 | positions.

Hence, the total number of error patterns that will be
eliminated by the lightweight test is given by

α0 =
ρup∑

ρ=ρlo

(|S(u)
1 |

2ρ

)(
n− |S(u)

1 |
||êb||1 − 2ρ

)
. (19)

Expressions for the lower and upper bounds of the summa-
tion, i.e., ρlo and ρup, can be deduced from the conditions
0 ≤ 2ρ ≤ |S(u)

1 | and 0 ≤ (||êb||1 − 2ρ) ≤ n− |S(u)
1 | that the

two binomial coefficients in (19) are subject to. The upper
bound is defined by having no more ones to distribute among
the positions in S(u)

1 or because there are no more empty
positions in S(u)

1 to fill in with ones. Conversely, the lower
bound is related with the situation when very few ones are
placed in S(u)

1 and the remaining ones exceed the number
of existing positions in the S(u)

0 set. The interval where the

FIGURE 8. Number of error patterns that are eliminated by the lightweight test, as a
function of the weight of the selected row cT

u . Error patterns of length n = 32 and
weight 1 ≤ ||êb||1 ≤ 8 have been considered. Markers (×) correspond to values
obtained through an exhaustive search, whereas solid lines (—) correspond to values
obtained from (19).

two ranges overlap determines the domain [ρlo, ρup] of ρ.
We obtain

ρlo = max

{
0,

⌈ |S(u)
1 | + ||êb||1 − n

2

⌉}
and

ρup = min

{⌊ |S(u)
1 |
2

⌋
,

⌊ ||êb||1
2

⌋}
,

where 
t� and �t� are operators that round t up or down,
respectively, to the nearest integer.
Expression (19) has been plotted in Fig. 8 in terms of

|S(u)
1 |, for 1 ≤ ||êb||1 ≤ 8 and n = 32. Similar trends emerge

for different values of n. An exhaustive search has also been
carried out to count all error patterns that do not satisfy
cTu êb = 1, and compare the total with the value of α0 obtained
from (19) to visually confirm the validity of (19) in Fig. 8.
We can infer from the plotted curves that selecting a row
cTu out of the ||s||1 rows of Cred – not arbitrarily but based
on its weight – could maximize the value of α0. As shown
in Fig. 8, for even values of ||êb||1, choosing the row of
Cred with either the lowest or the highest weight, i.e., with
the greatest imbalance in the number of zero and non-zero
elements, will maximize the number of error patterns that
the lightweight test eliminates. The index u of this row can
be determined from

u = argmin1≤i≤||s||1
{
|S(i)

1 |, |S(i)
0 |
}

= argmin1≤i≤||s||1
{
|S(i)

1 |, n− |S(i)
1 |
}
, for ||êb||1 even.

(20)

If multiple rows have the same weight, a value for u is
selected at random from the tied candidates. On the other
hand, for odd values of ||êb||1, choosing the row of Cred
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with the lowest weight has the potential to maximize the
value of α0. In this case, the index u can be obtained from

u = argmin1≤i≤||s||1
{
|S(i)

1 |
}
, for ||êb||1 odd. (21)

The size of the constrained and, thus, reduced search space
of error patterns of weight ||êb||1 for the full membership test
can be derived from (18), if we solve for α1 and substitute
α0 with the sum in (19). Note that in the case of systematic
codes, due to the existence of n − k − 1 zeros in the In−k
submatrix in C, the most unbalanced row selected by (20)
often ends up corresponding to the row with the fewest ones,
selected by (21).

VI. ANALYSIS IN THE PERFECT CHANNEL HARDENING
LIMIT
The system model considered in this paper and presented in
Section II focuses on Gray-coded square M-QAM. Symbol-
level GRAND with antenna sorting tests error patterns of
structure [L1 L2] and weight L1 + 2L2 ≤ wth. An expression
for the likelihood of a structure [L1 L2], which will be used
to order all structures prior to the generation and testing of
error patterns, can be obtained from (16) for ϑ = 2, T = 3,
t1 = 4, t2 = 4(

√
M− 2), t3 = (

√
M− 2)2 and L′ = L1 + L2,

as follows:

P(L1,L2) ≈
1

ML

∑
�1+�2+�3=L

{(
L

�1, �2, �3

)
4�1+�2

(√
M − 2

)�2+2�3

×
∑

�′
1,0 + �′

2,0 + �′
3,0 = L− L′

�′
1,1 + �′

2,1 + �′
3,1 = L1

[ 3∏
j=1

(
�j

�′
j,0, �

′
j,1, �

′
j,2

)
×

×
2∏

w=0

p
�′
j,w
j,w

]}
, (22)

which is in agreement with the expression derived in [32].
Exact and approximate expressions for pj,w in (22), for
j = 1, 2, 3 and w = 0, 1, 2, have been included in [32]
but are also listed in Table 2 for the sake of completeness.
They are all functions of the halfway Euclidean distance d′
between any two adjacent points along one dimension of the
constellation diagram at the receiver.
As explained in Section III, PCH is achieved when NT is

fixed and NR → ∞, which essentially reduces the mMIMO
channel into an equivalent non-fading AWGN channel. In
this case, the ergodic SNR is given in (2) and the noise
variance per dimension is σ 2

n /2. Therefore, d′ assumes the
form:

d′ = d

√
snr√
0.5

= d
√

2 snr =
√

3 snr

M − 1
, (23)

where d = √
3/(2(M − 1)) is the halfway distance between

adjacent points along one dimension of the M-QAM con-
stellation diagram at the transmitter [46], [47].

TABLE 2. Expressions for the probability terms in (22). Function
Q(z) � (1/

√
2π )

∫ ∞
z exp ( − t2/2) dt is the tail distribution of the standard normal

distribution. Variable d ′ is given by d ′ = √
3 snr/(M − 1).

FIGURE 9. Evolution of the ranking of the error structures, based on (22), for
NR → ∞, wth = 4 and an increasing value of snr.

Fig. 9 provides an example that demonstrates the memory
requirements of symbol-level GRAND. Lookup tables are
presented side by side for snr values ranging from 9 dB
to 27 dB in steps of 1 dB. Each lookup table contains all
possible structures for wth = 4, arranged in descending order
of likelihood as determined by (22). One lookup table is
required for each snr value in the range, since the ordering
of the error structures depends on snr. In this example, the
ordering of the error structures does not change for snr values
greater than 18 dB, therefore lookup tables beyond 18 dB
can be omitted. Observe in Fig. 9 that 0 ≤ L1 ≤ 4 and
0 ≤ L2 ≤ 2, hence L1 and L2 can be represented by 3
bits and 2 bits, respectively. A structure [L1 L2] occupies
λ = 3 + 2 = 5 bits, each lookup table contains v = 8
structures, and a total of τ = 10 lookup tables are needed to
cover the range between 9 dB and 18 dB in steps of 1 dB.
Therefore, symbol-level GRAND will reserve λvτ = 400
bits of memory space in this example.

VII. RESULTS
The performance and the decoding complexity of the consid-
ered system were evaluated through numerical simulations.
The number of codewords per MIMO channel use, previously
defined in Section II, is here set to Nc = 1. In this
setup, each codeword of n bits is transmitted in “one
shot”, using Gray-coded M-QAM over a mMIMO channel
with NT = n/log2(M) transmit antennas. Both ZF and
MMSE detectors have been assessed, using (3) and (4)
for filtering and (6) and (7) for antenna sorting. In all
considered system configurations, the curves obtained using
MMSE detection perfectly matched those obtained using ZF
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FIGURE 10. BLER performance (left) and decoding complexity (right) for different thresholds wth = 2, 3, for different decoders, using RLC (128,103), with NT = 32 and NR = 50,
and 16-QAM. The corresponding PCH lower bounds are also plotted.

detection, showing no advantage of MMSE over ZF. In the
high-SNR regime, both (4) and (7) converge respectively
to (3) and (6). In the low-SNR regime, as seen in Fig. 2,
the different filters lead to different antenna sorting orders.
However, for a large number of errors in a codeword,
the error correction capability of the short codes does not
suffice to provide any complexity reduction. Consequently, as
MMSE does not offer an advantage over ZF in the considered
system model, only results for ZF detection are presented in
this section. Note that after the ZF detector, antenna sorting
involves the arrangement of the set of gi, for i = 1, . . . ,NT ,
in ascending order.
Two constellations were considered: 16-QAM and 64-

QAM. As the M-arity of the modulation grows, the number
of transmit antennas NT is decreased to accommodate the
same payload of n bits. The number of antennas was set to
NT = 32 for 16-QAM with a RLC (128, 103), and NT = 22
for 64-QAM with a RLC (132, 106), such that the code rate
R = k/n = 0.8 is kept constant. Three different values for NR
were tested for each M-arity: NR = 50, 100 and 200 for 16-
QAM, and NR = 38, 69 and 138 for 64-QAM. To make the
comparison between 16-QAM and 64-QAM fair, the number
of receive antennas NR in each configuration was chosen
to yield similar load factors NR/NT , i.e., 50/32 ≈ 38/22,
100/32 ≈ 69/22 and 200/32 ≈ 138/22.

The antenna sorting preprocessing can be used to improve
the decoding speed of symbol-level GRAND but also of
bit-level GRAND. After arranging the bit-stings S(s̃i) in
ascending order of likelihood, one can also apply the
original bit-level GRAND using its default flipping order for
each bit. However, this leads to sub-optimal performance,
given that the probability of the strings of log2(M) bits
is being used rather than the probability of the individual
bits. We refer to this decoding method as sorted-bit-level

TABLE 3. Summary of the simulation curves presented in the figures.

decoding. While sub-optimal, this ordering performs a step
toward optimal bit ordering, and therefore reduces decoding
complexity in comparison to standard unsorted bit-level
GRAND. Afterward, decoding can be further accelerated by
using the row of the parity-check matrix conveying most
information about the errors’ location as a filter on the
candidate error patterns coming from the previous decoding
steps as described in Section V.
For clarity and completeness, Table 3 summarizes all the

labels that appear in the legends of the simulation figures.
Fig. 10, Fig. 11 and Fig. 12 illustrate the performance and
decoding complexity results for 16-QAM, and Fig. 13,
Fig. 14 and Fig. 15 show the performance and decoding
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FIGURE 11. BLER performance (left) and decoding complexity (right) for different thresholds wth = 2, 3, for different decoders, using RLC (128,103), with NT = 32 and
NR = 100, and 16-QAM. The corresponding PCH lower bounds are also plotted.

FIGURE 12. BLER performance (left) and decoding complexity (right) for different thresholds wth = 2, 3, for different decoders, using RLC (128,103), with NT = 32 and
NR = 200, and 16-QAM. The corresponding PCH lower bounds are also plotted.

complexity results for 64-QAM. The block error rate (BLER)
has been used to evaluate the system’s performance as
a function of Eb/N0, as it is commonly used in recent
works evaluating GRAND. The decoding complexity has
been expressed in terms of the expected number of mem-
bership tests needed at each Eb/N0. All figures include
the curves for uncoded transmission, bit-level GRAND
decoding, sorted-bit-level decoding, symbol-level GRAND
decoding, sorted-symbol-level decoding, and sorted-symbol-
level decoding with extra “filtering” provided by the
application of the lightweight membership test. Each system

configuration is assessed with two different thresholds for
the number of bits in error in the error pattern, wth = 2, 3.
The figures also include performance and complexity results
when using symbol-level GRAND for PCH. Recall that, in
the ideal scenario of PCH, antenna sorting prior to GRAND
has no impact on the overall decoding complexity because
all streams experience the same SNR after ZF detection, as
seen in (14).

As expected, the BLER performance greatly improves
as one tests error patterns with larger weights, but this is
achieved at the cost of a considerably larger number of
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FIGURE 13. BLER performance (left) and decoding complexity (right) for different thresholds wth = 2, 3, for different decoders, using RLC (132,106), with NT = 22 and NR = 34,
and 64-QAM. The corresponding PCH lower bounds are also plotted.

FIGURE 14. BLER performance (left) and decoding complexity (right) for different thresholds wth = 2, 3, for different decoders, using RLC (132,106), with NT = 22 and NR = 69,
and 64-QAM. The corresponding PCH lower bounds are also plotted.

membership tests. When considering a given wth threshold,
the worst-case upper bound on the number of membership
tests occurs in the case of bit-level GRAND, which is∑wth

w=0

(n
w

)
. The upper-bound value for wth = 2, 3 has been

plotted in the figures that show complexity results. The
results show that the average number of membership tests is
much lower than the upper bound forM = 16 with NR = 200
and M = 64 with NR = 138. Nevertheless, when the noise
is too large, the decoding complexity can get close to the
upper bound due to the sheer number of erroneous symbols.
As one would expect, when the noise vanishes, the average

number of membership tests always tends to be one; in that
case, all the received words are valid codewords and the
only membership test performed is to check, and confirm
that the error pattern is êb = 0.

One should note that the BLER performance results for
bit-level GRAND, symbol-level GRAND, sorted-bit-level,
sorted-symbol-level, and sorted-constrained-symbol-level
decoding for the analyzed range of Eb/N0 are all the
same (all four curves overlap). However, the complexity
comparison illustrates that the sorting antenna schemes and
then symbol-level sorted with the lightweight test involving
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FIGURE 15. BLER performance (left) and decoding complexity (right) for different thresholds wth = 2, 3, for different decoders, using RLC (132,106), with NT = 22 and
NR = 138, and 64-QAM. The corresponding PCH lower bounds are also plotted.

hTu remarkably outperform bit-level GRAND. The extra
complexity reduction added by the sorting preprocessing
becomes more significant when NR becomes smaller. This
is due to a less strong channel hardening effect so that the
equivalent SNR at each of the NT streams becomes more
uneven. As seen in the complexity results, the decoding time
is reduced by ≈ 80% when M = 16, and by ≈ 90% in the
system with 64-QAM.

VIII. CONCLUSION
This paper proposes a coded mMIMO transmission scheme
for high-throughput, high-reliability, and low-latency, in
accordance to the URLLC desiderata. This is accomplished
using RLCs and ordered reliability symbol-level GRAND.
Symbol-level GRAND has been generalized from M-QAM
to any M-ary modulation scheme, and extended from SISO
channels to mMIMO channels.
When the channel conditions are far from ideal, the paper

shows that linear detectors can provide a soft-metric for
the reliability of each spatial stream, which in the proposed
setup corresponds to a symbol reliability. The orthogonality
defect of the mMIMO lattice is related to the variance of
the reliability of the symbols. The disparity between the
reliability of the symbols gets larger when NR decreases;
in that case, the proposed antenna sorting can provide a
significant reduction of the decoding complexity.
The results show that symbol-level GRAND provides

much faster decoding than the bit-level GRAND counterpart
in the same mMIMO setup, throughout the SNR range of
interest. The proposed antenna sorting mechanism further
speeds up the decoding process in scenarios where channel-
hardening is far from perfect. Furthermore, the error patterns
generated by the symbol-level decoder with antenna sorting
decoding stages undergo a “filtering” constraint based

on a partial membership test. This proposed lightweight
membership test employs a linear complexity constraint
O(n), rather than the quadratic one, O(n2), involved in a
full membership test. This technique has been optimized
to maximize the number of discarded error patterns. In the
worst scenario of “filtering” with a balanced row, half of the
error patterns are discarded.
Without performance degradation, the number of mem-

bership tests can be dramatically reduced when comparing
the results of the GRAND receiver combining symbol-level
GRAND, antenna sorting and the lightweight membership
test, with the results of using conventional bit-level GRAND.

APPENDIX: ANTENNA SNR WITH PERFECT AND
IMPERFECT CSI
This appendix explores the impact of imperfect CSI on the
output SNR at each antenna stream for ZF. For a clearer
and more streamlined presentation, the derivation of (6) for
perfect CSI is first presented and a similar line of thought
is then followed to obtain an expression for the output SNR
in the case of imperfect CSI.

A. PERFECT CSI
While the case with perfect CSI is well-known (e.g., [33]),
we start by deriving (6) with the aim of obtaining useful
equalities for the following subsection. Let us consider the
model in (5). After applying (3) (and dropping the ZF
notation), one gets Wy = x+Wn. The post-detection noise
covariance matrix is

Rn = E
[
WnnHWH

]

= WE
[
nnH

]
︸ ︷︷ ︸

=σ 2
n I

WH = σ 2
nWWH . (24)
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It is possible to show that, using (3),

WWH =
(
HHH

)−1
, (25)

and therefore, considering E{|si|2} = 1, the resulting SNR
for the i-th stream is

snr(perfect CSI)i = 1

σ 2
n

[(
HHH

)−1
]
ii

= snr[
G−1

]
ii

= gi snr.

(26)

B. IMPERFECT CSI
In the case of imperfect CSI, the estimated channel matrix
can be modeled as

Ĥ = H + Hε, (27)

where the elements of Hε are i.i.d. CN (0, σ 2
ε ). The received

signal can be written as

y = (
Ĥ − Hε

)
x + n. (28)

The detection filter constructed at the receiver will then be

Ŵ =
(
ĤHĤ

)−1
ĤH . (29)

Hence, the detected signal is

Ŵy =
(
ĤHĤ

)−1
ĤH(Ĥ − Hε

)
x + Ŵn

= x − ŴHεx + Ŵn. (30)

One has now to compute the power of the two noise terms,
starting by obtaining the correlation matrices

Rε = E
[
ŴHεHH

ε Ŵ
H
]

= ŴE
[
HεHH

ε

]
︸ ︷︷ ︸

=σ 2
ε I

ŴH

= σ 2
ε ŴŴH = σ 2

ε

(
ĤHĤ

)−1
, (31)

where the last equality uses (25). The covariance matrix of
the Ŵn noise term is obtained similarly to (24) and (25)

Rn̂ = E
[
ŴnnHŴH

]
(32)

= σ 2
n ŴŴH = σ 2

n

(
ĤHĤ

)−1
. (33)

Therefore, the SNR for the i-th stream under imperfect
CSI is

snr(imperfect CSI)
i = 1[(

ĤHĤ
)−1(

σ 2
ε + σ 2

n

)]
ii

=
1
σ 2
n

ĝ−1
i

(
1 + σ 2

ε

σ 2
n

)

= snr

ĝ−1
i

(
1 + σ 2

ε snr
) , (34)

where snr = 1
σ 2
n
. Also, ĝi = [Ĝ]ii, and Ĝ = ĤHĤ stands for

the imperfectly estimated Gram matrix.
Note that when σ 2

ε = 0, one recovers (6), as in that case
ĝi = gi. The impact of a small σ 2

ε on the ordering of the
antennas will be negligible, however for large perturbations
of the channel estimate, with σ 2

ε � σ 2
n , the estimates

in (34) are defined by the random variables ĝi. While under
perfect CSI, the sorting order is deterministically obtained
from H, when only a very poor estimate of the channel is
available, the sorting becomes random. For near-perfect CSI,
the sorting order should be nearly identical or even equal
to the optimal order. The evaluation of how the decoding
performance is affected and how robust the complexity
reduction remains for a given level of CSI uncertainty is
suggested for future work.
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ABSTRACT When using guessing random additive noise decoding (GRAND) to decode linear block
codes (LBCs), the list of error patterns to be tested is blind to any structure in the parity-check matrix.
This paper starts by proposing simple and general set partitioning (SP) constraints that reduce the number
of possible patterns to less than half when decoding random linear codes (RLCs). Sparser parity-check
matrices induce faster decoding when using SP, but at the expense of a severe performance loss. This
loss can be mostly recovered by considering regular or quasi-regular low-density parity-check (LDPC)
codes. Given their structure, one can apply the proposed Sieving-GRAND that, for a given support of the
syndrome, “filters” possible error positions. Subsequently, a guessing approach is applied to those few
positions. The filtering threshold can be successively relaxed to extend the set of candidate positions. We
further propose a largely constrained GRAND mechanism (LC-GRAND), which takes advantage of zeroed
syndrome positions to efficiently eliminate incompatible error patterns, while not requiring quasi-regular
LDPC codes. The two main proposed techniques lead to similar sharp pruning of the search space. For
example, LC-GRAND, in combination with SP, reduces the number of membership tests to ≃ 1%. All the
proposed hard-decoding techniques retain the same decoding performance of unconstrained GRAND.

INDEX TERMS Constrained GRAND, LDPCs, RLCs, set partitioning, short codes, sieving error positions,
URLLC.

I. INTRODUCTION

FOR error protection, binary messages with a length of k
bits should be mapped to codewords n bits long, taken

from a finite codebook C, with a code rate R = k
n . Shannon

showed that it is possible to communicate with an error
probability that tends to zero when using a code with suffi-
ciently long codewords (n→∞), as long as the code rate is
below capacity [1]. When employing an error correction code
(ECC), the asymptotic bit error probability (BER) decays as
BER ∝ e−nϵ(R) [2]. The capacity corresponds to the highest
code rate for which ϵ(R) > 0. The statistics of the error
exponent of random codes have been very recently analyzed
in [3] when n→∞, proving that it converges to its expected

value for both high and low code rates. Shannon’s non-
constructive proof showed that random codes could reach
capacity [1], [4], [5], however, a simple maximum-likelihood
(ML) decoder does not exist for such codes [6]. Decades-
long research looked for codes capable of achieving capacity
with some embedded structure, for which a feasible decoder
could exist [7]. The focus was on reaching capacity, and the
length of the codewords was not a major constraint. Low-
density parity-check (LDPC) codes, also known as Gallager
codes [8], later rediscovered by MacKay and Neal (MN) [9],
[10], reach capacity for extremely large codewords.

Short codes became relevant for ultra-reliable low-latency
communications (URLLC) [11], [12] in 6G [13], [14], even

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/
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more than in 5G [15]. The capacity for the finite blocklength
regime was found by Polyanskiy et al. [16], recovering
Shannon’s capacity when n → ∞. The authors pointed out
that very few prior works had looked at that problem, as
considered by Salema [17, sec. 6.12-6.13], and by Dolinar
et al. [18], who revisited Shannon’s work considering finite
codewords [2].

Ordered statistics decoding (OSD), which has similarities
with the concept of noise-guessing decoding, can be used
to decode any linear block code (LBC) with quasi-ML
performance [19], [20], has been proposed for short codes
[21], [22]. Although OSD involves costly gaussian elimi-
nation for general LBCs, a low-latency OSD has recently
been proposed for the particular case of Bose-Chaudhuri-
Hocquenghem (BCH) codes, which eliminated the need of
gaussian elimination [23]. The concepts of noise-guessing
decoding can be traced back to [24]. Using a constrained
serial list Viterbi algorithm, a very low number of codewords
needs to be tested [25], however, this comes at the expense
of a Gaussian elimination preprocessing for each received
codeword, with a complexity that scales with ≈ O(n3).

High-speed decoding of LDPC codes (with n = 1027) has
been presented in [26], which includes a list of other fast de-
coders implemented for n between 672 and 1994 bits. With a
focus on fast decoding, short protographs LDPC codes have
been proposed for URLLC, unfortunately enforcing rather
resource-intensive very low code rates (from 1

3 to 1
12 ) [12].

Guessing random additive noise decoding (GRAND) is a
universal ML decoder for codes with moderate redundancy,
i.e., with high rate. This includes short or high-rate random
linear codes (RLCs), which attain the maximum possible
rates of the finite blocklength regime [27]. It should be noted
that, while OSD appeared as a solution to decode short block
codes (including LDPCs) with ML decoding performance,
OSD has limited decoding throughput and is not adequate to
meet the low-latency decoding aimed for 6G [28]. In addition
to the Gaussian elimination required for each received code-
word, OSD operates by flipping the k most reliable bits of the
n-bits received words, its complexity exponentially increases
due to the binomial coefficient

(
n
k

)
. For that reason, OSD is

only a low-complexity viable alternative when low-rate codes
are considered. For the high-rate codes considered in this
work (for higher spectral efficiency), OSD is not competitive
with noise-guessing approaches regarding decoding latency.

GRAND-type decoders [29] were originally proposed
by Duffy et al. as a hard ML decoder [11], [27], [30].
The concept shifted the decoding paradigm from finding
the transmitted codeword to finding the error pattern that
corrupted that codeword. This is done by successively testing
error patterns in decreasing order of likelihood. In the case
of RLCs, as for any LBC, the membership test depends
entirely on the observed syndrome [4], [29]. GRAND has
been extended to soft-decoding [31], [32] and GRAND
with joint detection has been analyzed in [33]. GRAND
has been applied to fading channels in single-antenna [34]

and multi-antenna systems [35] [36]. GRAND has been
implemented in hardware [37], [38], showing record energy-
efficient decoding [39]. The noise-guessing concept has also
been applied to network coding [40], to quantum ECCs [41]
[42], [43], and even to the purification of quantum links [44].
With GRAND, error-detecting codes, such as CRCs [45], or
even the AES cryptosystem [46], can be turned into an ECC.
GRAND can also compromise physical-layer security [47].

Although the statistics of the error patterns are central
in determining the order in which they should be tested
[11], [31], one should also restrict the number of possible
error patterns that are worth testing. This was done in [48]
by taking into account the modulation symbols. One can
also take advantage of the parity-check matrix, H. Given
a syndrome, not all error patterns are compatible with
the observed syndrome, which can greatly reduce the list
of possible error patterns L. Other recent proposals have
appeared to reduce the decoding complexity of GRAND-
type algorithms while preserving their near-ML decoding
performance. In [49], the authors make use of a single parity-
check constraint to eliminate guesswork in GRAND-based
decoding, demonstrating that decoding complexity can be
halved without compromising performance, particularly at
lower signal-to-noise ratios (SNRs). Taking into account H
and the observed syndrome, some constrained versions of
GRAND have been proposed, achieving ML performance
and requiring many fewer membership tests. In [50], con-
straints associated with the rows of H are used: for each
considered row, the average number of tests is halved. How-
ever, processing those constraints becomes an extra burden,
and the authors recommend using a single row. The work
in [51] proposes splitting H in two matrices: one is used
to generate low-weight error patterns via a (partial) trellis
search, and the other is used to check whether the candidate
error patterns can generate the remaining partial syndrome.
In [52] the idea is to start with a list of partial error patterns
ordered in decreasing order of likelihood, as defined by the
soft metrics of the bits, and complete the remaining error
position by testing which position, associated with a column
of H, is compatible with the observed syndrome. A unified
analytical framework was introduced in [53] to distinguish
between guessing noise decoding (GND) and guessing code-
word decoding (GCD) algorithms for linear block codes.
In this work, GND, representing the family of GRAND-
type decoders, was contrasted with GCD approaches, such
as OSD, which explicitly exploit the algebraic structure of
the code. Both decoding paradigms were shown to achieve
ML decoding performance; however, GCD demonstrated
greater efficiency in terms of the number of required guesses,
particularly for low-rate or highly redundant codes. In [54],
[55], a segmented ORBGRAND method was proposed,
in which the noise-guessing search space is partitioned
into syndrome-consistent sub-patterns and recombined using
logistic-weighted compositions. This segmentation reduces
redundancy, cutting the average number of decoding queries
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by over 66% across all SNR while maintaining near-ML
accuracy. In [56], a soft-output GRAND (SOGRAND) de-
coder was introduced to extend the GRAND framework to
soft-information processing. This method generates accurate
a posteriori reliability estimates for both single and list
decodings, supporting iterative architectures that outperform
standardized LDPC codes from 5G New Radio in reliability
and latency.

Collectively, these works mark an important evolution
of the GRAND family from purely combinatorial noise-
guessing toward adaptive, probabilistic, and structure-aware
decoding methods. A recent overview and comparison be-
tween GRAND, OSD, and GCD is provided in [57], where
the authors point out in which regions of coding rate
and block length each decoding approach is preferable.
Building upon these foundations, the present work proposes
a largely constrained GRAND framework that makes use
of two newly proposed techniques specifically designed
for LDPCs, and later combined with one general purpose
complexity-reduction technique. Our proposals introduce
parity-check–driven structural constraints into the noise-
guessing process. One of our main proposals leverages
the inherent sparsity and quasi-regularity of LDPC parity-
check matrices to perform syndrome-guided sieving of can-
didate error positions. The other main proposal looks at the
zero-syndrome “filtering”, thereby eliminating incompatible
error patterns. In doing that, one achieves ML decoding
performance for any short LDPC code with significantly
reduced computational overhead and latency, extending the
practicality of GRAND-type decoders for URLLC scenarios.

Note that the proposed decoders are distance-bounded
decoders, which do not try to decode beyond the number
of errors t dictated by the minimum Hamming distance,
dmin. Distance-bounded decoders do not reach capacity, with
n → ∞, as to reach capacity one has to be able to
decode errors beyond t = dmin−1

2 [10] [4, Ch.13]. However,
in the finite blocklength regime imposed in URLLC, this
distinction has no practical meaning.

A. Contributions:
Belief-propagation (BP) decoders are known to offer a low-
complexity solution suitable for long block lengths, with
a complexity that grows linearly with n. However, in the
case of short LDPCs, BP falls short from the ML decoding
performance [13], [14], and near-ML decoding of short
LDPCs has been classified as an open problem in [58].
Noise-guessing decoders are seen as an efficient decoding
approach to that goal [13], however none of them takes
advantage of the sparsity of the LDPCs. The decoder in [50],
which introduced the idea of “pre-filtering” error patterns
by applying one or more constraints associated with one or
more rows (or combinations of rows) of the parity-check
matrix is a state-of-the-art decoding technique that fits well
the hard-decoding of sparse codes and will be compared with
our proposals. This paper focuses on low-complexity noise-

guessing hard-decoders fit for quasi-regular LDPC codes,
while some of the proposed techniques are not restricted
to LDPCs. The contributions of this work are the following:

1) Short RLCs with GRAND have shown faster decoding
than CRC-aided polar (CA-Polar) codes of similar length or
than standalone polar codes using the Tal-Vardy list decoder
[31], [35], [59]. This paper starts by proposing in Section
III simple constraints based on a set partitioning (SP) of the
positions of the errors, which can be applied to any LBC,
and is tested with RLCs. The existence of a very unbalanced
number of ones and zeros in some row of H determines the
reduction of complexity. Sparse RLCs would lead to faster
decoding, however, at the expense of the codes’ performance.
By considering short LDPC codes, one can retain a good
performance.

2) To mitigate the performance degradation observed with
sparse random codes, we use short quasi-regular low-density
parity-check (LDPC) codes that maintain high reliability
while enabling efficient constrained decoding. By relaxing
the strict overlap constraints of Gallager and MacKay–Neal
constructions from one to two overlaps allowed between
any two columns [8]–[10], the proposed LDPC matrices
retain uniformly weighted columns suitable for rapid error-
pattern filtering in GRAND decoders that is crucial for the
Sieving-GRAND technique proposed in Section IV. This
is a syndrome-guided “sieving mechanism” that uses the
structure of the LDPC matrix to iteratively identify and prior-
itize likely error positions. This filtering process dynamically
enlarges the candidate set of positions in a controlled manner,
allowing the decoder to find the ML codeword solution with
minimal computational effort.

3) Next, in Section VI we develop the largely constrained
GRAND (LC-GRAND) algorithm, which introduces a novel
constraint based on zero-valued syndrome components. This
additional layer of structural restriction enables the early
elimination of incompatible error patterns, providing sharper
search-space pruning and faster convergence toward the cor-
rect error pattern. Likewise SP, this technique is applicable to
both regular and irregular LDPCs. Without loss of generality,
for a fair performance comparison, LC-GRAND is assessed
with the quasi-regular LDPC code used to assess Sieving-
GRAND.

4) Finally, by applying SP to the reduced candidate posi-
tions obtained from the Sieving-GRAND and LC-GRAND
stages one obtains the most efficient decoding strategy,
as shown in the results in Section VII. The integration
achieves maximum-likelihood performance while reducing
the number of membership tests to approximately 2% of
those required by unconstrained GRAND, enabling decoding
speeds up to 50× faster.

To improve the manuscript’s readability, Table 1 sum-
marizes the proposed GRAND-based decoding variants and
clarifies their relationships. Each variant introduces a dis-
tinct constraint or filtering mechanism, and the combined
schemes apply multiple mechanisms jointly to further reduce
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TABLE 1. Overview of the GRAND-based decoding variants.

Decoder Mechanism

GRAND Unconstrained noise-guessing decoding.

SP-
GRAND

Classifies the n potential error positions in disjoint
subsets where the errors can lie.

Sieving-
GRAND

Syndrome-guided filtering of candidate error positions
using column-weight thresholding of a reduced parity-
check matrix.

LC-
GRAND

From the zero-valued syndrome components only tests
feasible combinations of error positions based on the
weight of the columns of a reduced parity-check matrix.

SPS-
GRAND

Applies set partitioning over the reduced candidate-
position set obtained from the Sieving technique.

SPLC-
GRAND

Applies set partitioning and additionally enforces the
LC constraints for sharper pruning.

the search space while always preserving the same ML
performance obtained by GRAND [27].

Notation: we use MATLAB’s notation to denote rows and
columns of a matrix: the i-th row is H(i, :) and the j-
th column is H(:, j). The Hamming weight of a vector is
denoted by its 1-norm, || · ||1. A set of positions is denoted
as P ⊆ {p1, p2, . . . , pn}, with size |P| ≤ n. This set
of positions can be written as P = {pj1 , pj2 , . . . , pj|P|},
where j1, j2, . . . , j|P| are all different. A set can be a set
of positions (integers) or a set of binary vectors (error
patterns). The addition in GF(2) is denoted by ⊕. The
overlap between two binary column vectors is the number
of common positions holding 1s. ⌈x⌉ denotes the smallest
integer larger than x. 1n is the row-vector of ones of size
n, 0n is a column-vector of zeros of size n, aT denotes the
transpose of vector a, and × denotes the Cartesian product
of sets.

II. Encoding schemes
A. Random Linear Codes: dense and sparse
A column vector a with k independent and identically
distributed (i.i.d.) information bits is encoded by an LBC
onto n-bits long codewords, xb, and then mapped onto
binary phase-shift keying (BPSK) or quadrature phase-shift
keying (QPSK), subjected to additive white Gaussian noise
(AWGN).

We start by considering short (systematic) RLCs, given
their performance guarantees, mentioned in Section I. The
elements of the generator matrix G ∈ Fn×k

2 can be chosen
uniformly at random from a Galois field Fq = {0, 1, . . . , q−
1}, where in this work, q = 2. The G matrix defines
a codebook C =

{
xb = Ga : a ∈ Fk

2

}
with 2k = 2nR

codewords of length n, which is a linear subspace of the
discrete vector space Fn

2 . For systematic codes, G is of the

form G =

[
P
Ik

]
, where P ∈ F(n−k)×k

2 is a random binary

matrix, whose elements have probabilities: P (1) = p and

P (0) = 1 − p. When p >= 0.5, we say that the RLC is
dense, and for p < 0.5 we say that the RLC is p-sparse. Ik
is the k × k identity matrix associated with the systematic
part of the encoding.

Any LBC can be also defined by the (n − k) × n

parity-check matrix, H = [In−k |P(n−k)×k] ∈ F(n−k)×n
2 ,

which spans the null space of G, so that HG = 0n−k,
and thus Hxb = 0n−k,∀xb ∈ C. A received block, after
hard-detection, can be written as yb = xb ⊕ e, where e
is the binary error vector after detection. The syndrome,
s = [s1, s2, ..., s(n−k)]

T ∈ Fn−k
2 , is computed as s =

Hyb = H(xb ⊕ e) = He. GRAND uses the syndrome for
the membership test, given that s = 0n−k if and only if
yb ⊕ ê ∈ C, for some candidate error pattern ê.

B. Quasi-regular LDPC codes with relaxed overlapping
Although short RLCs exist for any length and rate, the rules
to design the parity-check matrices of MN codes and LDPC
codes may not be feasible to fulfill for some desired lengths
or rates. In its simplest form, a quasi-regular MN or LDPC
code is constructed via its parity-check matrix with two
simple rules [9], [10]:

1) randomly generate different sparse columns for H, all
with equal weight wc;

2) any new column, hnew, can only be allowed to have an
overlap ≤ 1 with all previously accepted columns.

The resulting code is a non-systematic one. To construct
short LDPC codes we relax the second rule and tolerate over-
laps ≤ 2. The overlaps can be easily checked by the inner
product between columns of the extended Hext = [H |hnew].
The acceptance of a new column must check the off-diagonal
elements of the Gram matrix: a new column hnew is rejected
if any element in of the matrix constructed as HT

extHext−wcI
is > 2.

As noted earlier, short RLC codes outperform short LDPC
codes. However, for reasons that will become apparent in
Section IV.B, having an H with equal column weights
(quasi-regular LDPC codes), will allow to strongly reduce
the number of candidate error positions. Regular LDPC
codes would additionally have an equal weight, wr, in all
their rows and could be used equally. Given its simpler
construction, and similar performance when the codes are
short (operating far from capacity), quasi-regular codes will
be considered.

III. Set partitioning for Linear Block Codes
We start by proposing the partition of the n positions of a
received block yb into sets. This allows us to generate a
shorter list of admissible error patterns, L.

Definitions: the positions of the syndrome containing a
1 are called the flagged positions of the syndrome, and
their number is F = ||s||1. In all of them, s(f) = 1, for
f ∈ {1, 2, . . . , n − k}. The rows of H that are associated
with these positions are called the flagged rows. The flagged
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rows are stacked to form the matrix H-reduced, denoted
as Hred. The support of a binary vector a of length n is
defined as supp(a) ≜ {i ∈ {1, . . . , n} : ai ̸= 0}, as in [50].
Accordingly, the i-th row of H has a support supp(H(i, :)),
whose cardinality (i.e., number of 1s) is its Hamming weight:
||H(i, :))||1 =|supp(H(i, :))|. Because s = He, we say that
an error pattern e activates the j-th column of H when
e(j) = 1. Each row i of Hred has a set of ones, whose
elements are the positions of the row that contain a 1,
denoted by S(i)1 (corresponding to the support of the row),
and a set of zeros, which comprises the positions of the row
holding a 0, denoted by S(i)0 . The size of these sets is given
by |S(i)1 | and |S(i)0 |, respectively.

A. Construction of the admissible error sets
For a clearer explanation, we start by independently describ-
ing how the error patterns of weights t = ||e||1 = 1, 2, 3 are
generated, and later we generalize to any even or odd weight.

1) One error case
In the case of a single error corrupting the block of n bits,
there is no need to run membership tests by successively
flipping single bits. Given that s = He, this situation
corresponds to the case where only one column of H is
active. This amounts to identifying whether the observed s
is a copy of some column of H. If only one error exists in
position p1 = j, then s = H(:, j).

2) Two errors case
With t = 2 errors, any flagged position, f , in s can only
result from two active columns H(:, p1) and H(:, p2), where
the flagged row H(f, :) has in the positions H(f, p1) and
H(f, p2) different bits. This means that the position of one
of the errors must be in the set of ones, S(i)1 , of the row
H(f, :) while the other error must necessarily be contained
in the set of zeros, S(i)0 , of that same row.

The flagged rows are used to build the smaller matrix
Hred. The row of Hred that discloses more information about
the location of the two errors is the one with the highest
unbalance between the number of 0s and the number of 1s,
i.e., the one where the sizes of the sets S(i)1 and S(i)0 that are
most different. While the location of two errors among the
n positions, all drawn from the same set, entails |L2| =

(
n
2

)

possible error patterns, the list of all possible error patterns
when the erroneous positions come from two disjoint sets is
defined by the Cartesian product S(i)1 × S

(i)
0 , whose size is

|S(i)1 ×S
(i)
0 | = |S

(i)
1 |·|S

(i)
0 |. Note that S(i)1 ×S

(i)
0 generates the

list of candidate error patterns Ê1, Ê2, . . . , Ê|S(i)
1 ×S(i)

0 |, where
each error pattern is defined by a set of two positions, i.e.,
Êi = {pj1 , pj2}. The associated error pattern êi is the binary
vector with 1s in the two positions in Êi.

The number of candidate error patterns can be minimized
by choosing the row of Hred that has the minimum or

the maximum weight of the support. From an information-
theoretic perspective, that is the most informative row about
the locations of the errors. The remaining entropy is sub-
sequently dealt with by applying a noise-guessing approach
that only considers the reduced set of candidate error pat-
terns. The two extreme cases correspond to: a) S(i)1 = 1,
where the number of error patterns with two errors is
|L2| = 1·(n−1), which is the case where S(i)1 fully specifies
the location of one of the two errors, leaving the other error
position to be guessed among the remaining n−1 positions;
b) |S(i)1 | = |S

(i)
0 | = n

2 , leading to |L2| = n
2 · n2 = n2

4 . For
the benefit of the algorithmic complexity of the decoder, we
opt for only looking at the minimum support row of Hred,
i.e., the row of Hred that has the fewest 1s, defined in the
following manner:

hT
m = H(m, :), m = argmin

i∈I
|supp(H(i, :))| , (1)

where I ⊆ {1, . . . , n − k} denotes the set of row indices
selected from H to form Hred, so that |I| = F .

This option becomes optimal when sparse codes are
considered, as hT

m will always be the most unbalanced row
[36]. In the case of t = 2, two other sets should also be

formed: the full set: F , which contains the positions pj where
the columns Hred(:, pj), pj ∈ F , are column-vectors of 1s
with size F :

F =
{
pj : Hred(:, pj) = 1T

F , j ∈ {1, . . . , n}
}
, (2)

and the null set, N , which contains the positions pj where
the columns Hred(:, pj), pj ∈ N , are a zero column-vector
with (n− k)− F elements:

N =
{
pj : Hred(:, pj) = 0(n−k)−F , j ∈ {1, . . . , n}

}
.
(3)

If one error p1 ∈ F , then it is easy to see that, necessarily,
p2 ∈ N . Therefore, we have a new set of possible error
patterns given by another Cartesian product: F ×N .

Finally, the complete list of admissible error patterns is
L2 =

(
(S(m)

1 \ F)× (S(m)
0 \ N )

)
∪ (F × N ), with size

|L2| = |S(m)
1 \ F| · |S(m)

0 \ N | + |F| · |N |. This further
splitting of the sets in the particular case of ||e||1 = 2 allows
for an additional reduction of the number of error patterns
to be tested, which is more accentuated when the codes are
very sparse and more zero-columns appear in Hred.

3) Three errors case
In the case of t = 3 errors, the flagged rows, and in particular
the minimum support row, hT

m, can only trigger the flag if
one of the two situations happens:
a) all three positions in error p1, p2, p3 ∈ |S(m)

1 | and thus
one has to search through all the possible error patterns
with three positions in S(m)

1 ;
b) one error activated a 1 in the row and the other two lie

“hidden” in the 0s, i.e., p1 ∈ S(m)
1 and p2, p3 ∈ S(m)

0 .
Thus, one has to search through error patterns resulting
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from the Cartesian product of S(m)
1 ×H, where H is the

set of error patterns having all the combinations of two
error positions “hiding” in S(m)

0 .

With these constraints, the number of admissible error
patterns with weight three is |L3| =

(|S(m)
1 |
3

)
+ |S(m)

1 | ·(|S(m)
0 |
2

)
≪
(
n
3

)
.

4) Any even or odd number of errors
Given that only an odd number of error positions in S(m)

1

can cause the syndrome flag associated with row hT
m, when

considering t errors, the set split is performed considering
l = 2a + 1 ≤ t positions in S(m)

1 , for a ∈ Z+
0 , and the

remaining t − l positions are errors “hidden” in S(m)
0 . The

cases detailed for t = 1, 2, 3 are particular examples of this
simple rule. For simplicity, the full set and the null set are
recommended to be used only in the t = 2 case. Without
those two sets, when applying set-partitioning, the maximum
number of error patterns of weight up to t having to be tested
is:

|L| =
t∑

l=0

|Ll| = 1 +

t∑

l=1

l∑

i=1
i odd

(|S(m)
1 |
i

)
·
(|S(m)

0 |
l − i

)
. (4)

The following section will show that, for the parity-check
matrices of RLCs or LDPCs, |L| is much smaller than the
number of all error patterns of weight ||e||1 < t, which
amounts to

∑t
i=0

(
n
i

)
.

B. Probability mass function of the minimum weight of
the rows of Hred

The impact of splitting the n positions into the set of
ones, S(m)

1 , and the set of zeros, S(m)
0 , depends on how

low the weight of the minimum weight of the support
row of Hred is. Therefore, it is important to look at the
probability distribution of this weight ||hT

m||1, which cor-
responds to the size |S(m)

1 | in the minimum support row.
The probability mass function (PMF) of |S(m)

1 | is plotted
in Fig. 1 for RLCs (128,103) with SP-GRAND. Given that
H = [In−k |P(n−k)×k] ∈ F(n−k)×n

2 , dense RLCs (128,103)
have on average 65 1s’ in each row of H: n

2 coming from the
elements in the P ∈ F(n−k)×k

2 submatrix, plus one coming
from the identity. The average weight of the minimum
support row, E{||hT

m||1} = E{|S(m)
1 |}, must be lower than

n
2 + 1. As observed in Fig. 1, the mean value E{|S(m)

1 |} =
45, and therefore E{|S(m)

0 |} = n − E{|S(m)
1 | = 83. In this

case, and considering t = 3, the number of possible error
patterns is |L3| =

(
45
3

)
+ 45 ·

(
83
2

)
≪
(
128
3

)
.
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FIGURE 1. Simulated PMF for the number of 1s in the most unbalanced
row of Hred, using RLC (128,103).

Fig. 2 compares the number of error patterns required by
unconstrained GRAND with the number of error patterns
generated by the Cartesian products when set partitioning
is applied, considering different weights of the minimum
support row, |S(m)

1 |. The number of error patterns is plotted
as a function of the codewords’ length 2 ≤ n ≤ 128, and in
the case when one is trying to guess the locations of t = 2
errors. In the case of unconstrained GRAND (blue curve), the
number of error patterns is |L2| =

(
n
2

)
. When applying set

partitioning GRAND, the worst-case scenario (black curve)
corresponds to the case where |S(m)

1 | = |S(m)
0 | = n

2 , in
which case |L2| = n

2 · n2 = n2

4 . This upper bound for SP-
GRAND is always much lower than

(
n
2

)
. The figure also

depicts several curves for a varying number of |S(m)
1 | and

|S(m)
0 | = n − |S(m)

1 | pairs. In all cases, |L2| = |S(m)
1 ×

S(m)
0 | = |S(m)

1 | · |S(m)
0 | ≪

(
n
2

)
.
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FIGURE 2. Number of error patterns considered in unconstrained GRAND
and in set partitioning GRAND (SP-GRAND) for different weights of the
minimum support row, |S(m)

1 |, when looking for t=2 errors in codewords
of length n.

IV. Sieving-GRAND for quasi-regular LDPC codes
When the parity-check matrix is both sparse and all columns
have equal Hamming weight, such as the ones of quasi-
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regular LDPC codes, the number of candidate error positions
that need to be tested can be greatly reduced using a simple
constraint (or “filter”), capable of gradually sieving candidate
positions into a set, P , with more positions being added
to the set at different iterations. (See sieve algorithms for
the closest vector problem in lattices [60], [61]). At each
iteration, a GRAND approach only considers error patterns
formed by error positions that belong to that reduced set of
positions. We will next define that set and then explain the
two proposed filtering mechanisms.

After the l-th iteration, the set of candidate error positions
is P(l) = {pj1 , pj2 , . . . , pj|P(l)|

}. The size of the set increases
monotonically, with more positions added to it in each iter-
ation. The number of iterations is upper bounded by wc− 1.
When the algorithm reaches iteration l = wc − 1 without
finding the ML error pattern in any of the previous iterations,
all the n positions will be in the set in that last iteration.
After the first iteration, the set of candidate positions P(1) is
usually very small and, although |P(l)| grows rapidly with
each iteration, the number of error patterns to be tested
for t errors in the l-th iteration is

(|P(l)|
t

)
≪

(
n
t

)
, for

k = 1, 2, · · · , wc − 1. Note that the maximum number of
iterations depends on the column weights of the LDPC code;
nevertheless, the decoding can successfully terminate at a
much earlier iteration if the ML ê has been found.

The proposed Sieving-GRAND algorithm implements two
techniques involving a) the weight of the syndrome, and b) a
Sieving mechanism of candidate positions where the errors
may be. They are described in the following.

A. Discarding error patterns by weight
In the case of regular or quasi-regular-LDPC codes, by
looking at the weight of the error syndrome, ||e||1 it is
possible to immediately discard some error patterns. For an
H where all columns have constant weight wc, the maximum
weight of the syndrome can bear when t errors affect a
codeword and is max{||s||1} = t · wc. This happens when
all the 1s in the t activated columns of H are in disjoint
rows, i.e., with none of them overlapping. When overlaps
of columns Hred(:, j) take place, ||s||1 ≤ t · wc. Therefore,
when ||s||1 > m ·wc, for some m ∈ Z+, the decoder should
only test error pattern with weights ||ê||1 > m. Therefore,
the first t to be tested should be t = ⌈ ||s||1wc

⌉.

B. Filtering candidate error positions
We start by constructing Hred ∈ FF×n

2 , consisting of the F
flagged rows of H, as defined in Section III. The Sieving
(or filtering) mechanism depends on the Hamming weights
of the columns of Hred:

Σ(j) = ||Hred(:, j)||1

=

F∑

i=1

Hred(i, j), for j = 1, . . . n,
(5)

corresponding to the number of 1s in each column of Hred.
These sums form a row vector that can be directly obtained
via the inner product of the syndrome vector with each
column of the parity-check matrix:

Σ = sT ·H. (6)

The iterations begin with an empty set of candidate positions
P(0) = ∅. Next, more candidate positions are added such that
P(1) = ∅ ∪ {pi}new. The mechanism for accepting positions
into the candidate set at the l-th iteration is the following:

P(l) = {pj : Σ(j) ≥ wth(l), j ∈ {1, . . . , n}} , (7)

where j indexes the columns of Hred and wth(l) is the value
of a weight threshold during the l-th iteration, starting at
wth(1) = wc. While the number of possible positions is
|P(l)| < t , wth is lowered by one unit: wth(l+1) = wth(l)−1
until it reaches a pre-defined minimum value wthmin

. By
choosing wthmin

= 1 in Sieving-GRAND, the decoding
performance must coincide with the one of GRAND (i.e.,
ML); a choice of wthmin

> 1 will lead to faster but sub-
optimal decoding, leaving some errors uncorrected. At this
point, the error patterns are tested by running GRAND on
the reduced set of positions P(l), involving only |L| =(|P(l)|

t

)
≪
(
n
t

)
candidate error patterns. The threshold is

successively reduced in unit steps until the set of candidate
positions P(l) includes all the t positions where the ML
errors lie, in which case the decoding of the ML error pattern
ê will take place during the guessing stage. The need to have
equal-weight columns in H assures an unbiased selection of
positions to be added to P(l) at iteration l, meaning that
they all hold an equal a priori probability. If the columns of
H were to have different weights, the columns with larger
weights would have more matches with the syndrome flags
and would be selected for inclusion in P(l) at early iterations,
even when that column has not been activated by an error
position.

For a visualization of these calculations, consider the
example in Fig. 3 with n = 30. An overview of the procedure
is provided through the flowchart in Fig. 4, and detailed in
Algorithm 1.

0 1 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0
0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1
0 1 1 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 1 1 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1
0 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1 1 0 0 0 1 0 1
0 0 0 0 0 0 0 1 0 1 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 1
0 1 0 0 1 0 1 1 0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 4 2 1 2 3 2 2 1 4 2 2 1 1 1 1 2 2 3 0 2 1 3 2 1 1 1 2 1 4

FIGURE 3. Hamming weights of the columns of Hred and formation of the
candidate set P(l), for iterations l= 1, 2, 3, which respectively correspond
to the column-weight thresholds wth = 4, 3, 2.

In this example, the different colors indicate the set of
new positions that are added to the pool at each iter-
ation. In the first iteration, the selected candidate posi-
tions are P(1) = {p1, p2, p3} = {2, 10, 30} (colored in
blue) for the first threshold wth(1) = 4. We denote such

VOLUME , 7



Author et al.: Preparation of Papers for IEEE OPEN JOURNALS

Detecting flagged rows of 
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FIGURE 4. Sieving (or filtering) candidate positions using i) a column
weight threshold, and ii) the weight of the syndrome to discard error
weights.

Algorithm 1 Sieving (filtering) candidate positions using (i)
a column-weight threshold and (ii) the syndrome weight to
discard error weights

1: Input: syndrome s
2: Construct Hred from the flagged rows of H
3: Compute Σ(j) = ∥Hred(:, j)∥1, j = 1, . . . , n
4: wthmin

← 1

5: for t = ⌈ ||s||1wc
⌉ to tmax do

6: wth ← wc
7: P (0) ← ∅
8: l← 0
9: while wth ≥ wthmin

do
10: l← l + 1
11: P (l) ← P (l−1) ∪ {pj : Σ(j) ≥ wth(l)}
12: Run GRAND restricted to positions in P (l)

13: if positive membership test then
14: Output: ê
15: return
16: end if
17: wth ← wth − 1
18: end while
19: end for
20: Output: Not found

columns as columns of type S4, defined by their weight.
The set of candidate positions is subsequently extended to
P(2) = {p1, p2, p3, p4, p5} = {2, 6, 10, 19, 23, 30} (colored
in green), for wth(2) = 3; similarly, we denote such columns
as columns of type S3. Finally, the candidate positions
are extended (if needed) to include the remaining positions
where ||Hred(:, j)||1 ≥ 2 (colored orange), which are denoted
as columns of type S2.

Error patterns that have been tested in a previous iteration
do not need to be retested after adding new positions to P , as
only error patterns that involve new positions added during
each iteration need to be considered.

One should note that the proposed Sieving mechanism
is rather different from majority logic decoding (MLD) for
LDPC codes, first proposed by Gallager as one-shot hard-
decoder [8], and which later evolved to the iterative (hard or
soft) bit-flipping algorithm [62, Ch. 8], [63, Ch. 8]. In MLD,
parity-check equations cast votes to iteratively determine and
flip symbol values, directly modifying the received word
during decoding. The Sieving mechanism does not perform
bit decisions nor iterative correction. Instead, it leverages
syndrome–parity-check consistency to rank candidate error
positions that are successively added to the pool of candidate
locations for the errors. This preserves maximum-likelihood
decoding (the ML error pattern is never discarded without
testing) while greatly reducing the search space in compar-
ison to GRAND.

C. Probability mass function of the set of candidate
positions |P(l)| containing the t errors
The Sieving approach adds at each iteration l a new set of
positions to the set P(l−1), leading to P(l). Here we analyze
the probability distribution of the increasing set of candidate
positions, containing the t errors after l iterations. A positive
membership test takes place at the l-th iteration if and only if
the correct t error positions {p1, p2, . . . , pt} ∈ P(l). Fig. 5a )
shows the continuous-variable approximated PMF of the size
|P(l)| that contains all the t = 3 errors for an LDPC code
(128,104) with the Sieving-GRAND decoder. We get that the
set sizes |P(l)| ≤ 10 concentrate ≈ 74% of the probability
mass function (as seen in the cumulative distribution function
(CDF) plotted in Fig. 5b ). This very small pool of candidate
positions translates into an extreme reduction of the average
number of error patterns to be tested.

V. Mixing set partitioning and Sieving-GRAND
By combining set partitioning and the Sieving technique, one
obtains set partitioning Sieving-GRAND (SPS-GRAND). To
shed light on the concept, an example with a small parity-
check matrix, with n = 30 and n−k = 20, will be discussed
in the following (and illustrated in Fig. 6).

• Let us consider a number of flags in the syndrome F =
||s||1 = 8.

• both the flags and the flagged rows are highlighted by
red arrows (rows {1, 3, 4, 5, 7, 9, 14, 16}).

• the flagged rows are stacked to form Hred.
• the columns’ Hamming weights are obtained: Σ(j) =
||Hred(:, j)||1, and the positions P(1) = {2, 10, 30}
are first selected, for a threshold wth = 4, P(2) =
{2, 6, 10, 19, 23, 30}, for wth = 3, and finally extended
(if needed) to include the remaining positions where
||Hred(:, j)||1 ≥ 2.
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FIGURE 5. Simulated PMF and CDF for the number of positions in the set
P(l) that contain all the t errors. The results are for the LDPC code
(128,104), with the decoder searching for up to t=3 errors.
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• The set of candidate positions is obtained by filtering the columns of Hred whose weight is ≥ sum threshold.
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FIGURE 6. Construction of Hred for the Sieving procedure. The non-zero
syndrome components (their number is ∥s∥1 = 8 in this example) select
the corresponding flagged rows of H, which are highlighted and stacked
to form Hred.

• At iteration l = 2, the candidate error patterns are tested
by running GRAND exclusively on a smaller subset of
positions |P(l)| = 6 including only |Lt| =

(|P(l)|
t

)
≪(

n
t

)
candidate error patterns. When looking for t = 3

errors, |L3| =
(
6
3

)
= 20≪

(
30
3

)
= 4060.

The simultaneous application of set partitioning and Siev-
ing techniques is exemplified in Fig. 7. It begins with
S(m)
1 and S(m)

0 , as defined by the minimum support row,

min 
0 1 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0
0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1
0 1 1 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 1 1 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1
0 1 1 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1 1 0 0 0 1 0 1
0 0 0 0 0 0 0 1 0 1 0 1 0 0 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 1
0 1 0 0 1 0 1 1 0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 4 2 1 2 3 2 2 1 4 2 2 1 1 1 1 2 2 3 0 2 1 3 2 1 1 1 2 1 4

FIGURE 7. Identification of the minimum support row of Hred, and the
combined application of set partitioning and Sieving-GRAND
(SPS-GRAND). The squares highlight the positions in the set of zeros,
S(m)
0 , and the circle highlights the position in the set of ones, S(m)

1 .

and next, the set P(l) intersects both S(m)
1 and S(m)

0 .
The admissible error patterns are generated by applying
the sets partitioning technique while considering only the
remaining positions in P(l) ∩ S(m)

1 and P(l) ∩ S(m)
0 . In this

example, |P(l) ∩ S(m)
1 | = 1 (indicated by a circle), and

|P(l) ∩ S(m)
0 | = 5 (indicated by squares). The number of

candidate error patterns is |L3| = 1× 5≪ 4060.

A. Probability mass function of |S(m)
1 | with SPS-GRAND

After applying the filtering mechanism described in Section
IV, the positions in the set P(l) can be intersected with
the ones in the S(m)

1 and S(m)
0 sets, resulting in the elim-

ination of many of the positions in both S(m)
1 and S(m)

0 .
Fig. 8 depicts the simulated histogram of the number of
positions in the intersection |S(m)

1 | ∩ P(l), using the LDPC
code (128,104), for t = 3. Compared with Fig. 1, where
E{|S(m)

1 |} = 45, we now see in Fig. 8 that, when set parti-
tioning and the Sieving technique are applied simultaneously,
|S(m)

1 | is always below 20 positions with probability 1.
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FIGURE 8. Simulated PMF for the remaining number of 1s in
|S(m)

1 | ∩ P(l) after applying the intersection of SPS-GRAND, using the
LDPC code (128,104), with t =3.

VI. Largely constrained GRAND
While the Sieving mechanism introduced earlier significantly
reduces the number of candidate error patterns in GRAND-
based decoding of LDPCs, further computational savings can
be obtained by exploiting zero-valued syndrome positions.
We refer to this enhanced approach as largely constrained
GRAND (LC-GRAND). The key idea is to utilize the
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zero-valued syndrome positions and column-wise Hamming
weight properties of the parity-check matrix.

For a binary syndrome vector s, define the set F0 as the
positions in the syndrome vector where the value is zero,
which will be called zero-flagged positions. The number of
such positions is |F0| = (n− k)−F , and the corresponding
rows are called the zero-flagged rows of H, which satisfy
H(f0, :) · e = 0, for f0 ∈ {1, 2, . . . , n− k}. These positions
are stacked to form matrix H red ∈ F|F0|×n

2 . The decoding
strategy depends on analyzing the column-wise weights of
H red . Similarly to vector Σ, defined in Subsection IV.B, we
define the row vector Σ, whose elements are the sums of the
columns of matrix Hred:

Σ(j) = ||Hred(:, j)||1

=

|F0|∑

i=1

Hred(i, j), for j = 1, . . . n.
(8)

This “sums vector” can be obtained via the product of the
syndrome vector with the parity-check matrix, noting the
following relation between Hred and Hred:

Σ = wc1n −Σ

= wc1n − sT ·H,
(9)

where 1 is the row-vector of ones of size n. The relation cap-
tured in (9) comes from the construction of the considered
quasi-regular LDPC codes. Considering that all columns of
H have weight wc, when the j-th column of Hred has weight
Σ(j), then the corresponding j-th column of Hred necessarily
holds the remaining Σ(j) = wc − Σ(j) 1s.

The columns of Hred are classified according to their
weights. Specifically, Ci denotes the set of columns having∥∥Hred(:, j)

∥∥
1
= i, for i = 0, 1, . . . , w(LC)

th . For a fair com-
parison between Sieving-GRAND and LC-GRAND, we use
the same quasi-regular LDPC and therefore the maximum
weight a column of Hred can take is

w(LC)
th = wc − wthmin , (10)

where wthmin has been defined in Section IV.B. An error
pattern is valid only if the activated columns from these
sets yield even parity across all flagged zero rows. This
principle allows many patterns to be eliminated in advance.
To illustrate how the proposed LC-GRAND method narrows
down viable error patterns, we examine cases of error
patterns with weights t = 2, 3, 4. In each example, we
analyze whether the given Cartesian product of sets Ci can
generate a valid error pattern. Each set Ci contributes exactly
i ones in the corresponding column, i.e., C0 contains no
1s, C1 contains one 1, C2 contains two 1s, and so on,
up to Cw(LC)

th
. We aim to cancel 1s across rows so that

each row reaches even parity. If all 1s can be paired or
grouped in such a way that every row ends up with an
even number of 1s (or dashes after cancellation), the result
is a valid error pattern (even). Otherwise, if any row has an
unpaired 1 (odd parity), it cannot lead to a valid error pattern.

This rule enables us to identify feasible error patterns in
combinations of sets by examining how the 1s align and
whether full cancellation is achievable. The error sets of
weight t have a structure Ci1 × Ci2 · · · × Cit =

∏t
a=1 Cia ,

where ia ∈ {1, 2, . . . , w(LC)
th }. Determining whether one of

such structures is feasible, is an algorithmic problem that
can be generally framed and solved by making use of the
following simple rules:

1) Place the sets Ci with increasing cardinality from left
to right;

2) group horizontal even numbers of 1s and eliminate
them;

3) if there is a remaining 1 in a row, it descends to a row
below where it can turn that row even; if no such row
is found, that 1 drops to an extra row at the bottom.

Algorithm 2 formally describes how these rules are ap-
plied, and to make this procedure clearer some examples
will be explored in detail in the following.

Algorithm 2 Checking feasibility of an error pattern with
LC-GRAND constraints

1: Input: A collection of t sets {Ci}
2: Sort the sets Ci in increasing order of their cardinality
3: Place the sets from left to right according to this order
4: for each row r do
5: while exists a horizontal pair of 1s in row r do
6: Group two 1s and eliminate them
7: end while
8: if exactly one 1 remains in row r then
9: Search for a row r′ > r that becomes even by

adding this 1
10: if such a row r′ exists then
11: Move remaining 1 to row r′

12: Eliminate the pair
13: else
14: Move remaining 1 to extra row at the bottom
15: end if
16: end if
17: end for
18: if all rows have no 1 left unpaired then
19: Output: Feasible error pattern type
20: else
21: Output: Infeasible error pattern type
22: end if

Feasible example for t = 2:

C1×C1

1 1 −→ −

• each C1 contributes a single 1. These two 1s cancel
each other out, leaving no unmatched 1s, so the re-
sulting parity is even, meaning this set is a valid error
pattern.
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Feasible example for t = 3:
C1×C2×C3

1 1 1
1 1

1
−→

1 1 1
− −

1
−→

1 1
− −

1 1
−→

− −
− −

− −

• The two 1s in the second row cancel each other,
• one 1 remains in the first and third rows. We regroup

to pair the remaining 1s in the first and third rows,
• all 1s have been canceled, each row has even parity.

Consequently, this composition is a valid error pattern

Infeasible example for t = 3:
C1×C3×C3

1 1 1
1 1
1 1

−→
1 1 1
− −
− −

−→
1 1
− −
− −

1

−→
− −
− −
− −

1 −
• The 1s in the second and third rows cancel in their

overlapping positions, leaving three 1s in the first row,
• we bring down the remaining 1 in the first row to try

canceling with others. But now we have an odd number
of 1s distributed,

• one unpaired 1 remains (bottom row), resulting in odd
parity. Thus, a Cartesian product of the form C1×C3×
C3 is not a valid error pattern.

The process for t = 4 follows the same logic as in the earlier
examples with t = 2 and t = 3: we progressively cancel or
pair 1s in overlapping rows, and then assess whether all rows
achieve even parity.

Feasible example for t = 4:
C1 C2 C2 C3

1 1 1 1
1 1 1

1

−→
− − 1 1

1 1 1
1
−→
− − − −

1 1 1
1
−→
− − − −

1 − −
1
−→
− − − −

− −
1 1

−→
− − − −

− −
− −

Infeasible example for t = 4:
C1 C2 C3 C3

1 1 1 1
1 1 1

1 1

−→
− − 1 1

1 1 1
1 1

−→
− − − −

1 1 1
1 1

−→
− − − −

1 − −
1 1

−→
− − − −
− − −
1 1 1

−→
− − − −
− − −
− −

1 − −

We now present in Fig. 9 an example to visualize these
calculations using a small parity-check matrix with n = 30
and n− k = 20:

• Let us consider a number of zero-flagged positions in
the syndrome |F0| = 12;

• the flagged zero positions (highlighted by red arrows)
are rows {2, 6, 8, 10, 11, 12, 13, 15, 17, 18, 19, 20});

• the flagged zero rows are stacked to form H red ;
• vector Σ is obtained according to (9);

TABLE 2. Feasible error patterns for two errors (t=2) using LC-GRAND

filtering.

H red Possible patterns

C0 × C0 Yes

C1 × C1 Yes

C2 × C2 Yes

• at this stage, GRAND only tests the candidate error
patterns from the sets Ci, where i ∈ {0, 1, 2}, as shown
in Table 2.
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• The set of candidate positions is obtained by filtering the columns of whose weight is ≥ sum threshold.𝐇𝑟𝑒𝑑

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0

1 0 0 0 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0

1 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 1 0 1 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 1 1 1 0 0

0 0 0 1 0 1 1 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0

1 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0

0 0 1 0 1 0 0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0 1 0 1 0

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0

1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 1 0

0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0

8

10
11
12
13

15

17
18
19
20

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 1 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 1 1 1 0 0
0 0 0 1 0 1 1 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 1 0
0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0

4 0 2 3 2 1 2 2 3 0 2 2 3 3 3 3 2 2 1 4 2 3 1 2 3 3 3 2 3 0

FIGURE 9. Example of the LC-GRAND: (top) construction of H red from
the zero-flagged rows; (bottom) obtaining the weights of the columns of
Hred.

By applying these rules, all valid configurations for er-
ror weights t = 2, 3, 4 have been obtained, which are
summarized in Tables 3, 4, and 5 respectively. Each row
in the tables represents a candidate error pattern formed
by selecting columns from the constraint sets Ci, intend-
ing to preserve the zero-valued syndrome condition. The
Cartesian products that form errors of weight t in positions
Êi = {pj1 , pj2 . . . pjt}, as defined in Subsection III.A.2),
are specified in these tables in two different but entirely
related notations: in the first column, related with Hred,
they appear as in the notation defined for the Sieving-
GRAND presented in Section IV, where the indexes of Si are
i = wc, wc−1, . . . , 1, considering that wthmin = 1; and in the
second column, related with Hred, the error sets are denoted
using the notation of LC-GRAND, where the indexes of Ci

are i = 0, 1, . . . , wc − 1, according to (10), also considering
wthmin = 1. The third column indicates whether the Cartesian
product of these sets can produce an error pattern compatible
with the zero-flagged positions of the syndrome.

VII. Results
The system model described in Section II was numeri-
cally evaluated with RLCs (128,103), and an LDPC code
(128,104) with wc = 4 and dmin = 7 (i.e., capable of
correcting at least t = 3 errors), constructed as described
in Subsection B, so that both systems have R ≈ 0.8 (the
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TABLE 3. Valid and invalid error patterns for two errors (t =2) under LC-

GRAND constraints.

Hred H red Possible patterns

S4 × S4 C0 × C0 Yes

S4 × S3 C0 × C1 No

S4 × S2 C0 × C2 No

S4 × S1 C0 × C3 No

S3 × S3 C1 × C1 Yes

S3 × S2 C1 × C2 No

S3 × S1 C1 × C3 No

S2 × S2 C2 × C2 Yes

S2 × S1 C2 × C3 No

S1 × S1 C3 × C3 No, Overlap > 2

TABLE 4. Feasible and infeasible error patterns for three errors (t =3)

using LC-GRAND constraints.

Hred H red Possible patterns

S4 × S4 × S4 C0 × C0 × C0 Yes

S4 × S4 × S3 C0 × C0 × C1 No

S4 × S3 × S3 C0 × C1 × C1 Yes

S4 × S4 × S2 C0 × C0 × C2 No

S4 × S3 × S2 C0 × C1 × C2 No

S4 × S2 × S2 C0 × C2 × C2 Yes

S4 × S4 × S1 C0 × C0 × C3 No

S4 × S3 × S1 C0 × C1 × C3 No

S4 × S2 × S1 C0 × C2 × C3 No

S4 × S1 × S1 C0 × C3 × C3 Yes

S3 × S3 × S3 C1 × C1 × C1 No

S3 × S3 × S2 C1 × C1 × C2 Yes

S3 × S2 × S2 C1 × C2 × C2 No

S3 × S3 × S1 C1 × C1 × C3 No

S3 × S2 × S1 C1 × C2 × C3 Yes

S3 × S1 × S1 C1 × C3 × C3 No

S2 × S2 × S2 C2 × C2 × C2 No

S2 × S2 × S1 C2 × C2 × C3 No

S2 × S1 × S1 C2 × C3 × C3 No

S1 × S1 × S1 C3 × C3 × C3 No

construction of the LDPC requires k = 104). For bit energy
Eb and noise power spectral density N0, we use the block
error rate (BLER) as the performance metric, and the average
number of error patterns tested as the complexity metric,
both assessed as a function of Eb/N0. In the case of RLCs,
each transmitted message was assigned a randomly generated
code so that the average performance of RLCs is measured.
Let t = 1, 2, 3 be the maximum number of errors that a
distance-bounded GRAND-based decoder aims to correct.

Fig. 10 depicts the results using RLCs with set parti-
tioning GRAND (SP-GRAND) compared to unconstrained
GRAND. All BLERs are identical (all curves overlap), and
the complexity curves show that SP-GRAND is substantially
faster than unconstrained GRAND. For t = 1, only one
membership check is needed, as seen in Section 1, as it is

TABLE 5. Feasible and infeasible error patterns for four errors (t =4) using

LC-GRAND constraints.

Hred H red Possible patterns

S4 × S4 × S4 × S4 C0 × C0 × C0 × C0 Yes

S4 × S4 × S4 × S3 C0 × C0 × C0 × C1 No

S4 × S4 × S3 × S3 C0 × C0 × C1 × C1 Yes

S4 × S3 × S3 × S3 C0 × C1 × C1 × C1 No

S4 × S4 × S4 × S2 C0 × C0 × C0 × C2 Yes

S4 × S4 × S3 × S2 C0 × C0 × C1 × C2 No

S4 × S3 × S3 × S2 C0 × C1 × C1 × C2 Yes

S4 × S4 × S2 × S2 C0 × C0 × C2 × C2 Yes

S4 × S3 × S2 × S2 C0 × C1 × C2 × C2 No

S4 × S2 × S2 × S2 C0 × C2 × C2 × C2 Yes

S4 × S4 × S4 × S1 C0 × C0 × C0 × C3 No

S4 × S4 × S3 × S1 C0 × C0 × C1 × C3 Yes

S4 × S3 × S3 × S1 C0 × C1 × C1 × C3 No

S4 × S4 × S2 × S1 C0 × C0 × C2 × C3 No

S4 × S3 × S2 × S1 C0 × C1 × C2 × C3 Yes

S4 × S2 × S2 × S1 C0 × C2 × C2 × C3 No

S4 × S4 × S1 × S1 C0 × C0 × C3 × C3 Yes

S4 × S3 × S1 × S1 C0 × C1 × C3 × C3 No

S4 × S2 × S1 × S1 C0 × C2 × C3 × C3 Yes

S4 × S1 × S1 × S1 C0 × C3 × C3 × C3 No

S3 × S3 × S3 × S3 C1 × C1 × C1 × C1 Yes

S3 × S3 × S3 × S2 C1 × C1 × C1 × C2 No

S3 × S3 × S2 × S2 C1 × C1 × C2 × C2 Yes

S3 × S2 × S2 × S2 C1 × C2 × C2 × C2 No

S3 × S3 × S3 × S1 C1 × C1 × C1 × C3 Yes

S3 × S3 × S2 × S1 C1 × C1 × C2 × C3 No

S3 × S2 × S2 × S1 C1 × C2 × C2 × C3 Yes

S3 × S3 × S1 × S1 C1 × C1 × C3 × C3 Yes

S3 × S2 × S1 × S1 C1 × C2 × C3 × C3 No

S3 × S1 × S1 × S1 C1 × C3 × C3 × C3 Yes

S2 × S2 × S2 × S2 C2 × C2 × C2 × C2 Yes

S2 × S2 × S2 × S1 C2 × C2 × C2 × C3 No

S2 × S2 × S1 × S1 C2 × C2 × C3 × C3 Yes

S2 × S1 × S1 × S1 C2 × C3 × C3 × C3 No

S1 × S1 × S1 × S1 C3 × C3 × C3 × C3 Yes

well known. For the more interesting t = 2, 3, SP-GRAND
achieves 68% and 55% reductions if the average number
of membership tests, respectively. We note that the results
for t = 2 considered the sets F and N , however it was
observed that the extra reduction attained by considering
the F × N is negligible. Given the extra pre-processing
complexity they induce, we recommend these extra partitions
to be implemented only for very sparse codes, where a larger
N can arise in Hred.

Fig. 11 compares Sieving-GRAND and unconstrained
GRAND for the LDPC code (128,104). The overlapping
BLER curves confirm that Sieving-GRAND attains the same
performance of unconstrained GRAND, given that all possi-
ble error patterns can eventually be tested. It is important to

12 VOLUME ,
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FIGURE 10. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using RLC (128,103) with set partitioning GRAND (SP-GRAND)
compared with unconstrained GRAND. The normal approximation bound
for codewords (128, 103) is also included.
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FIGURE 11. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) with Sieving-GRAND compared with
unconstrained GRAND. The normal approximation bound for codewords
(128, 104) is also included.

note that the RLCs outperform the similar-size LDPC code
(comparing the left figures of Fig. 10 and Fig. 11). The
0.5 dB loss is due to the LDPC code itself rather than to
the filtering mechanism applied in the decoding. The code’s
structure allows for much faster decoding, which is traded
off by its slightly less good performance.

The normal approximation (NA) is a metric that is com-
monly used in the finite blocklenght regime [64], [65], [66,
Sec.1.5, App.C.1]. NA bounds have been included in both
Fig. 10 and Fig. 11 for the respective code sizes. In Fig. 10
one can observe that the RLC (128,103) gets 1.5 dB close to
the NA bound with GRAND or with SP-GRAND (both of
which are hard-decoders). In [13], the performance results
for RLC (128,106) with soft-GRAND gets 1 dB close to
the respective NA. In Fig. 11, one can see that the LDPC
(128,104) exhibits a gap of ≈ 2 dB to the respective NA.]

As seen, the Sieving-GRAND approach sharply reduces
the number of membership tests needed by unconstrained
GRAND, purging ≈ 97% of the original

∑t
i=0

(
n
i

)
tests for

t = 2, 3. This is achieved by considering a set of admissible
error positions P(l), of size |P(l)| ≪ n, which includes
the correct error positions with a monotonically increasing
probability as the iterations unfold. Although in some cases,
to find the ML ê, the threshold has to be lowered down to
wth = 2, this happens with low probability, thus the average
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FIGURE 12. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) with combined set partitioning and
Sieving-GRAND (SPS-GRAND) compared with unconstrained GRAND.
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FIGURE 13. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) with largely constrained GRAND
(LC-GRAND) compared with unconstrained GRAND.

number of positions considered in the guessing stage remains
consistently ≪ n.

The SP and Sieving techniques can be easily combined
by applying SP to the candidate positions filtered at each
iteration, leading to the here proposed set partitioning and
Sieving-GRAND (SPS-GRAND). The resulting decoding of
the LDPC code (128,104) is shown in Fig. 12. As ex-
pected, SPS-GRAND has the same BLER as unconstrained
GRAND. The complexity comparison reveals that SPS-
GRAND outstandingly outperforms GRAND, eliminating
on average over 98% of the membership tests, even when
looking for t = 3 errors.

As shown in Fig. 13, the proposed LC-GRAND con-
strain for LDPC codes (128,104) significantly enhances
the efficiency of error pattern selection by exploiting zero-
valued positions in the syndrome. The results show that
LC-GRAND also keeps the same decoding performance of
GRAND and, even though the mechanism to attain a reduc-
tion of error patterns tested being quite different, the number
of membership tests is virtually the same as the one attained
by Sieving-GRAND. This constraint allows the decoder to
eliminate a large portion of infeasible error patterns, thereby
reducing the number of membership tests by 97% compared
with the unconstrained GRAND approach, while maintaining
near-maximum likelihood decoding accuracy.

For a fair comparison with Sieving-GRAND, the first error
weight tested by LC-GRAND is also t = ⌈ ||s||1wc

⌉, given that
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FIGURE 14. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) with combined set partitioning and
largely constrained GRAND (SPLC-GRAND) compared with unconstrained
GRAND.

this is a mechanism that can be applied to any quasi-regular
(or regular) LDPC code, as presented in Section IV.A.

Furthermore, when LC-GRAND is combined with set
partitioning constraints (referred to as SPLC-GRAND), ad-
ditional complexity gains are observed. As illustrated in
Fig. 14, SPLC-GRAND achieves a dramatic reduction in
decoding complexity ≈ 99%, leading to a much larger
decoding speed without compromising reliability.

As described in Sections III, IV and VI, SP-GRAND,
Sieving-GRAND and LC-GRAND have a very lightweight
pre-processing per incoming word when compared with a
competitor such as OSD, which would involve computing
Gaussian elimination for each received word, to obtain the
positions of the k most reliable bits. In SP-GRAND one
has to obtain hT

m from (1). In Sieving-GRAND and LC-
GRAND, the pre-processing amounts to computing a vector-
matrix product as in (6) or (9), and in the case of Sieving-
GRAND, this is complemented by adding more positions to
P(l) at each iteration. In the main three proposed techniques
(and also in the syndrome-weight technique applicable to
quasi-regular LDPCs), there is no extra complexity when
generating the error patterns, and no error pattern is ever
generated to be discarded before any membership test is
made. All these techniques use light pre-processing to reduce
the number of positions where the errors may be and conse-
quently they generate the error patterns by taking Cartesian
products of t positions taken from a set of filtered candidate
positions, Êi = {pj1 , pj2 . . . pjt}, while in unconstrained
GRAND one would generate all Cartesian products of up to
t sets, each set containing all the n positions (expunged from
repetitions). Note that, as stated in Subsection III.A.2), each
binary error pattern êi to be tested has 1s in the positions
listed in Êi.

A. Noise-guessing vs belief-propagation decoding
The belief-propagation (BP) algorithm has been identified
quite early as a possible decoder for LDPCs [10]. BP is an
iterative message-passing algorithm operating on the Tanner
graph of the code, where soft reliability information is ex-
changed between variable nodes and check nodes. Its decod-
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FIGURE 15. BLER performance (left) and decoding complexity (right) for
t = 1, 2, 3, 4 using an LDPC (128,104) code, comparing BP decoding with
different maximum iteration counts (2, 5, 10, 20, 30, 40, 50), with the
proposed Sieving-GRAND (the results for LC-GRAND overlap those and
are omitted) and with GRAND, for reference. The constrained decoder
proposed in [50] is also included when decoding the same LDPC, and
tested with a different number of row-constraints (1, 2, 3, 4).

ing performance improves with the number of iterations, at
the expense of increased decoding latency and computational
effort, and it can reach the ML decoding performance when
the LDPC codes are cycle-free. However, short LDPC codes
tend to have many short cycles and many small trapping
sets [62, Sec.2.7]. For that reason, the performance of short
LDPC codes decoded via BP may lie far from the normal
approximation (NA), as mentioned in [13], [14]

The performance of BP decoding has been assessed for
different numbers of iterations (between 2 and 50) and
compared with the one of GRAND and Sieving-GRAND in
Fig. 15. Note that all the proposed noise-guessing receivers
hold the same performance, and LC-GRAND and Sieving-
GRAND lead to undistinguishable complexities; for that
reason LC-GRAND is omitted in Fig. 15. In the same figure,
we also show the results attained by the decoding technique
proposed in [50] for an increasing number of constraints (1,
2, 3, and 4). While the number of full membership tests is
halved each time an additional constraint is included, one
should note that is due to a “pre-filtering” of error patterns
by the considered constraints that entails a lighter com-
plexity than a full membership test. When considering four
constraints that approach can be competitive with Sieving-
GRAND and LC-GRAND in at very low Eb/N0 when many
columns of H are activated by many errors. When looking
at the average decoding time in the next Subsection, one can
observe that the “pre-filtering” lighter operations add up in
a non-negligible manner, contributing to a larger latency.

As expected, the BP algorithm converges extremely fast to
a codeword (see next Subsection) when decoding the LDPC
(128,104) code. However, it often converges to an incorrect
codeword and consequently Fig. 15 exhibits a performance
gap of ≈ 1.5 dB to the performance of any of the noise-
guessing decoders when they look for error patterns of up
to t = 3 errors. This performance loss happens even though
the BP decoder makes use of soft detection metrics. This
is a well-known phenomena when applying BP decoding to

14 VOLUME ,



short LDPC codes [28]. For LDPC codes of similar length to
the tested LDPC, the performance distance in respect to the
NA bound has been found to be between 1 dB and 1.75 dB,
while OSD can perform 0.5 dB off from the NA curve [13].

A larger number of iterations improves the error-rate
performance, but beyond 10 iterations the performance gain
is low. Noticeably, even with a rather large number of
iterations, BP does not fully achieve the performance attained
by GRAND, which attains the ML performance [27], and
which is seen to be kept by all the proposed decoders.

For the reference LDPC, with dmin = 7, testing error
patterns with weight up to t = 3 suffices to reach the
asymptotic ML hard-decoding performance. Nevertheless,
Fig. 15 also includes the performance results for GRAND
and Sieving-GRAND testing error patterns up to weight
t = 4. As expected, the asymptotic performance t = 3
and t = 4 coincide. However, interestingly, at low SNR,
correcting up to t = 4 errors slightly reduces the BLER. This
is an expected effect: while a minimum distance dmin = 2t+1
ensures that a ball of Hamming distance t can exist around
any two codewords containing only a codeword at its center
and with the two balls not intercepting, in some error
instances it is still possible to correct beyond t = dmin−1

2 [4,
Ch.13].

B. Overall decoding time
The proposed decoders rely on some pre-processing based
on the syndrome and the parity-check matrix, while the
original concept of GRAND in [27] only requires the noise-
guessing stage. It is therefore relevant to compare the average
total decoding time per codeword taken by the proposed
techniques, i.e., including the pre-processing stage, rather
than only looking at the number of membership tests. We
start by summarizing in Table 6 the complexities of both
decoding stages of the most relevant proposed techniques by
means of the big-O notation. Note that the types of feasible
error patterns in LC-GRAND are entirely known in advance,
and fixed for any LDPC code, according to the tables given
in Section VI.

For a fair assessment, the total decoding time, including
pre-processing and guessing stages, of the main proposed
noise-guessing techniques have been measured, along with
the decoding time of BP decoding (with a varying number of
iterations). The decoding time of the decoder inspired by the
idea of segmentation, as presented in the previous subsection,
is also included. Such results are shown in Fig. 16. The tests
where run using MATLAB in a 12-th gen Intel core i7 2.10
GHz computer (with no explicit parallelization in the code).

As mentioned in the previous Subsection, BP is known
to converge very rapidly to a codeword and is therefore
significantly faster than GRAND-based decoders at low
Eb/N0; however, it often does not converge to the ML
codeword. Increasing the maximum number of iterations up
to 20 in BP improves the error-rate performance, however,
beyond that number no performance gain is noticeable, as
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FIGURE 16. Average decoding time per block versus Eb/N0 for
LDPC(128,104) and RLC(128,104) codes for different decoders: the
proposed SP-GRAND, Sieving-GRAND and LC-GRAND are compared with
unconstrained GRAND and, in the case of the LDPC, also compared with
BP decoding for different maximum iteration limits (2, 5, 10, 20, 30, 40, and
50). The noise-guessing decoders are plotted for t = 2, 3 (single errors
amount to a column search in H), while Sieving-GRAND is evaluated up
to t = 4 (beyond its correction capability, as in Fig. 15). Note that for t = 2

and t = 3 the LC-GRAND curves fully overlap the corresponding curves
with Sieving-GRAND. The constrained decoder proposed in [50] is also
included and tested with a different number of row-constraints (1, 2, 3, 4).

seen in Fig. 15. Also as expected, at low Eb/N0 more
iterations are required before convergence or termination.
Even so, for Eb/N0 > 6 dB, Sieving-GRAND and LC-
GRAND (considering error patterns up to t = 3) can even
decode faster than the BP algorithm when it runs more
than 20 iterations, and beyond 7 dB they even get faster
than BP running 5 iterations. This is due to the very low
number of error patterns tested when the noise entropy is
low (and also because the proposed decoders have a minimal
pre-processing per codeword). In Fig. 16 one can also
observe that the Sieving- and LC-GRAND decoders hold
the same decoding times. This happens due to i) their very
similar pre-processing and ii) due to an indistinguishable
number of membership tests, as observed in the complexity
curves in the previous Subsection. Interestingly, the average
decoding time of the proposed Sieving-GRAND and LC-
GRAND is lower than the decoding times achieved by [50]
for all the tested number of constraints. This happens even
though, as seen in Fig. 15, when applying 4 constraints,
the number of queries attained by the technique proposed
in [50] being lower when the Eb/N0 is very low. However,
the computation of the “pre-filtering” of error patterns via
the constraints do not translate into a lower decoding time.
This is a clear example that complexity comparisons should
not only rely on the number of membership tests.

C. Constrained GRAND techniques with coded 16-QAM
The proposed set partitioning and Sieving-GRAND (SPS-
GRAND) operates at a bit level on the received LDPC
codewords; nevertheless, the M-arity of the modulation mod-
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TABLE 6. Worst-case complexity comparison (big-O per received block) for the main decoding techniques correcting up to t errors.

Decoder Preprocessing Membership tests (worst-case)

Unconstrained GRAND None
t∑

i=0

(n
i

)
= O(nt)

SP-GRAND O (n(n− k))
t∑

i=1
i odd

(|S(m)
1 |
i

)(|S(m)
0 |

t− i

)

(find min-weight row of Hred) with |S(m)
1 |+ |S(m)

0 | = n, O(nt) worst-case

Sieving-GRAND O(n(n− k))
∑

l

(|P(l)|
t

)
, |P(l)| ≤ n

(compute sTH, as in (6)) avg. |P(l)| ≪ n

LC-GRAND O(n(n− k)) Feasible t-fold products from Ci sets
(compute wc1n − sTH, as in (9)) (see Tables 3–5), O(nt) bound

Note: |S(m)
1 | and |S(m)

0 |: no. of ones/zeros in min-weight row of Hred; |P(l)|: candidate position set size at iteration l; wc: constant column weight.

ifies the performance of a coded system. Here, we present
the BLER and complexity results when using the same
coding schemes, now with 16-QAM (quadrature amplitude
modulation; M = 16) with Gray mapping. The results are
shown in Fig. 17, Fig. 18, Fig.19, Fig.20, and Fig. 21 in
the same order as in the main text. Fig. 17 illustrates the
performance and decoding complexity of RLC (128,103)
using set partitioning GRAND (SP-GRAND), in comparison
to unconstrained GRAND. The BLER remains identical for
SP-GRAND and unconstrained GRAND across the analyzed
range of Eb/N0, with the curves overlapping. As with
M = 2 or M = 4 (BPSK or QPSK), with 16-QAM
SP-GRAND also significantly reduces the number of tests
needed with unconstrained GRAND: for t = 2, 3 the savings
are over 70%. (In the case with t = 1, as seen in Section
1, only a direct comparison of s with all columns H(:, j) is
needed, and only one membership test is involved.)

Fig. 18 compares performances and decoding complex-
ities of Sieving-GRAND with the original unconstrained
GRAND, when decoding the LDPC code (128,104). The
BLER curves for both Sieving-GRAND and GRAND per-
fectly overlap, indicating that in this setup Sieving-GRAND
also achieves the ML decoding performance. As observed,
Sieving-GRAND significantly reduces the number of mem-
bership tests required by unconstrained GRAND, eliminating
over 95% of the original

∑t
i=0

(
n
i

)
membership tests.

The decoded output of mixing set partitioning GRAND
and Sieving-GRAND for an LDPC code (128,104) is shown
in Fig. 19. As anticipated, within the specified Eb/N0

range, SPS-GRAND holds the same BLER as unconstrained
GRAND. Regarding complexity savings, the results also
show the superiority of SPS-GRAND, ditching over 98%
of the membership tests needed on average.

Fig. 20 compares the performances and decoding com-
plexity of the LC-GRAND and the original unconstrained
GRAND for t = 1, 2, 3, using an LDPC code (128, 104).
Without sacrificing performance, LC-GRAND significantly
reduces the number of error patterns that are tested.
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FIGURE 17. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using RLC (128,103) and 16-QAM, with set partitioning GRAND
(SP-GRAND) compared with unconstrained GRAND.
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FIGURE 18. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) and 16-QAM, with Sieving-GRAND
compared with unconstrained GRAND.

The performance and complexity results for t = 1, 2, 3,
using an LDPC code (128, 104) with combined set partition-
ing and LC-GRAND (i.e., SPLC-GRAND), are compared
with unconstrained GRAND in Fig. 21. The BLER perfor-
mance remains identical, while the decoding complexity is
reduced by approximately 99% compared with unconstrained
GRAND.
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FIGURE 19. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) and 16-QAM, with combined set
partitioning and Sieving GRAND (SPS-GRAND) compared with
unconstrained GRAND.
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FIGURE 20. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) and 16-QAM with largely constrained
GRAND compared with unconstrained GRAND.

VIII. CONCLUSION
This paper starts by proposing a simple constraint for the
decoding of any LBC. The constraint splits the positions
of the errors into sets, allowing one to construct the error
patterns by means of the Cartesian product between sets.
With this set partitioning the complexity reduction is more
accentuated with sparser codes. By using short quasi-regular
LDPC codes, one can retain the benefits of sparsity without
incurring a severe performance loss. For such codes, a simple
filtering technique is used to greatly reduce the candidate
positions where the error positions may lie. The technique
is based on the “fingerprints” that the active columns of the
parity-check matrix leave on the observed syndrome. This
technique starts by selecting a small pool of positions where
the errors most likely lie, and then GRAND runs on those
few positions only. This is done iteratively, allowing more
positions to be added to that pool until the ML error pattern
is found. The number of these iterations is bounded by the
weight of the columns of the parity-check matrix.

The third decoding approach proposed, the largely con-
strained mechanism, applies a more straightforward con-
straint to any short LDPC code (not necessarily quasi-
regular), and can be extended to any short linear block code
– which is suggested as a natural extension of the present
work. In this case, the decoder avoids testing infeasible
error patterns. It only tests error patterns derived from valid
Cartesian products that are computed a priori, ditching
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FIGURE 21. BLER performance (left) and decoding complexity (right) for
t =1,2,3, using an LDPC (128,104) and 16-QAM with combined set
partitioning and largely constrained GRAND compared with
unconstrained GRAND.
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FIGURE 22. BLER performance (left) and decoding complexity (right) for
the number of error t=1, using RLC (128,103) and BPSK, with p-sparse
(indicated as a percentage) parity-check matrices, using set partitioning
GRAND.

the need of an iterative process as the one in the Sieving
approach. This enhanced decoding strategy reduces compu-
tational complexity also without compromising performance,
particularly when combined with set partitioning constraints.
It reduced the membership tests to ≈ 1% of those required
by GRAND. We conclude by highlighting the pressing need
for ML-performance decoders for short LDPC codes in the
context of quantum error correction, where LDPC-based
quantum codes are emerging as a practical solution [67]–
[69], and where noise-guessing decoders may play a relevant
role [41], [43]. The presented techniques can be of interest
to tackle the present challenge of decoding quantum LDPCs.

Appendix: Set partitioning GRAND with sparse RLCs
The number of candidate error patterns constructed via
Cartesian products of two position sets gets smaller when
the entropy of one of the sets is lower; fewer elements in
a set provide more information about the errors’ locations.
Sparse RLCs necessarily verify the objective of having a low
minimum support row hT

m. We assessed the performance
and the complexity of SP-GRAND for RLCs (128, 103)
with different sparsity values in their parity-check matrix,
as shown in Fig. 22, Fig. 23, and Fig. 24 for bounded-
decoders with t = 1, 2, 3, respectively. All figures include the
performances of uncoded transmissions as well as the BLER
and complexity results with SP-GRAND. With a sparser
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FIGURE 23. BLER performance (left) and decoding complexity (right) for
the number of errors t =2, using RLC (128,103) and BPSK, with p-sparse
(indicated as a percentage) parity-check matrices, using set partitioning
GRAND.
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FIGURE 24. BLER performance (left) and decoding complexity (right) for
the number of errors t =3, using RLC (128,103) and BPSK, with p-sparse
(indicated as a percentage) parity-check matrices, using set partitioning
GRAND.

parity-check matrix, the weight of the minimum support row
is lower and faster decoding is possible, however, at the
expense of a severe deterioration of the codes’ performance,
as one would expect (as they lack the proper construction
of LDPC codes). It should be noted that the very sparse
RLC codes can lead to a BLER even higher than the one
of the uncoded transmission. This is because the added
redundant bits contribute to more errors and the energy spent
in their transmission is assigned to Eb, while this extra
redundancy does not contribute to a codeword correction that
compensates for that extra spent energy.
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ABSTRACT Signature sequences that are uniquely decodable allow one to identify which terminals are
active by observing their sum. They solve the problem of uniquely identifying from a total of t users which
m ≤ t users are active: for example, they want to fire an alarm, or want to transmit information, as happens
in a grant-free access scheme that works with physical layer network coding (PLNC) principles. Although
such sequences were known to exist, and some previous works on random access assumed their existence,
they have never been explicitly constructed, nor was their performance studied when considering a noisy-
sum observation. Such sequences are defined by sets of integers that verify the unique-sum property. The
construction of the sets is algebraically defined depending on two Galois fields with related dimensions.
Using the Bose-Chowla-Lindström (BCL) construction, the paper finds the sets of integer sequences that
verify the unique-sum property and that can be generated with reasonable computational complexity. From
these integer sets one obtains the corresponding UD binary sequences, which are seen to require fewer bits
than Hadamard orthogonal sequences for similar size setups. Subsequently, the binary signature sequences
are mapped to some binary antipodal modulation and assessed in the multiple access adder channel (MAAC)
disturbed by noise. This work assesses the detection performance of BCL sequences under additive white
Gaussian noise (AWGN). The error performance is shown to be perfectly described by a general model that
considers uniformly distributed random binary sequences, where the received sums can be interpreted as
non-uniform PAM signals. We can then obtain the closed-form expressions for the probability of having an
incorrect sum detection as a function of the signal-to-noise (SNR) ratio, which is then numerically verified.
Both hard and soft maximum likelihood detectors are applied to the equivalent-PAM sum signals, allowing
one to assess the probability of not correctly identifying the subset of active users in the random access
system.

INDEX TERMS Uniquely decodable sequences, non-orthogonal signature sequences, multiple access adder
channel, noisy sums, grant-free, random access, IoT.

I. INTRODUCTION

IN sensor networks andmachine-type communications that
will be at the core of Internet of Things (IoT) services,

it is common to have a large number of terminals deployed,
but their activity pattern is such that they only sporadically
transmit information [1], [2]. The use of random access pro-
tocols is common in standards such as LTE/5G [3]. Random
access has been analyzed in the context of massive MIMO

[4]–[8] and even cell-free massive MIMO (CF-mMIMO) [9],
which aims to provide uniform service and improved spec-
tral efficiency for dense, distributed deployments. This work
derives terminal identification sequences holding the unique-
sum property, and then focuses on their application to the
multiple access adder channel (MAAC) with additive white
Gaussian noise (AWGN).

Polyanskiy formalized the multiple-access problem for
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a massive number of uncoordinated users (also called un-
sourced users), as encountered in modern wireless scenarios
such as massive machine-type communication (mMTC) and
low-power wide-area networks (LP-WANs) [10]. That work
proposes a formal definition of random-access codes for the
Gaussian multiple-access channel (MAC), enabling reliable
decoding of a subset of active users’ messages in the presence
of noise. It presents an achievability bound for such codes
and benchmarks their theoretical performance against prac-
tical schemes, including ALOHA, coded slotted ALOHA,
CDMA, and interference-as-noise strategies. A framework
for understanding such random access scenarios has been
proposed in [11], under the name unsourced multiple access
(UMAC), restating the problem of massive uncoordinated
communication as a coding-theoretic problem, in which all
users transmit using a common codebook and the base station
(BS) attempts to decode a subset of transmitted messages
without knowing which users are active.

Random access schemes are traditionally grant-based,
meaning that one terminal can only start transmitting its
message after some access grant is conveyed by the BS. The
1ms latency goal that is sought for such systems becomes
hard to accomplish [12]. In a grant-free protocol, a terminal
starts transmitting its message without having to wait for
this access grant, which contributes to achieving the ultra-
reliable low-latency communication goals (URLLC) in ter-
restrial networks [12], [13], as well as in satellite-enabled IoT
[14]. These grant-free protocols use different flavors of hy-
brid automatic repeat request (HARQ) retransmissions after
collisions occur, leading to discarding information that could
be otherwise retrieved from the resulting collision (i.e., from
the sum of the colliding packets). In order to take advantage
of this partial information, the use of physical layer network
coding (PLNC) [15] for the grant-free random access channel
has been proposed by Goseling et al. [16], [17]. In their
work, the identification of how many and which terminals
are involved in a collision is crucial for the implementation
of PLNC in the message-bearing part of the packets, and
this knowledge was assumed to be available at the BS when
decoding the packets. When that information is not available,
successive interference cancellation (SIC) techniques have
been used when uniquely decodable sequences (UDSs) are
considered [2], [18]. In [19], [20] the authors proposed non-
orthogonal multiple access (NOMA) uplink random access
system, taking advantage of the power-domain [21] to have
an an extra dimension such that two users that collide in time
can still be decoders applying SIC.

In the random access channel, within the synchronization
time slots defined by the BS, some terminals may access
the channel, transmitting a packet containing the terminal’s
identification, possibly also followed by a message. Orthogo-
nal sequences, such as Hadamard sequences or Zadoff-Chu
sequences, and also pseudo-orthogonal ones such as Gold
sequences or M-sequences, can be used to solve the termi-
nal identification problem when several terminals become
active simultaneously [22]–[24]. However, the problem can

be more efficient solved by using non-orthogonal sequences
that, given the sum of m sequences, allow to uniquely iden-
tify which m out of t terminals transmitted the colliding
sequences. In short, from a sum one can uniquely determine
the terms involved in it. This is known as the signature coding
problem, as discussed in [25]–[27]. There are two types of
UDSs: those obtained by the Chang-Weldon construction [26]
(related to construction by Cantor and Mills [28]), and those
obtained by the Lindström construction [25], [26], [29]. The
former is not optimal, but the latter are asymptotically optimal
[26] with respect to the length of the UDSs it generates.
In fact, Lindström sequences are entirely dependent on the
algebraic construction based on Galois fields, which were
first proposed by Bose and Chowla in [30], hence we will
refer to these sequences as Bose-Chowla-Lindström (BCL)
sequences. To our knowledge, [2] has so far been the only
engineering work exploring the existence of sequences with
such properties, precisely in the context of a random channel
applying PLNC principles. The authors assumed that the
problem of identifying m-out-of-t terminals had a solution
(using ‘‘Lindström sequences’’) when considering collisions
of up to m sequences, and focused on proposing an al-
gorithm to deal with the collisions that are non-resolvable
by the UDSs in the grant-free random access channel. In
a related but distinct approach, [31] proposed a physical-
layer collision resolution method using FM0 delay codes
combined with a finite-symbol separation Viterbi decoder
(FSVD). Their technique, designed for short-range random
multi-access networks, enables the separation and decoding
of colliding signals without prior knowledge of fading co-
efficients. Information-theoretic wise, this type of collision
resolution is treated under the framework of the multiple-
access adder channel (MAAC). In [32], the authors proposed
uniquely decodable multi-amplitude sequences in association
with bit interleaving coded modulation for better error perfor-
mance.
Signature sequences are related to uniquely decodable

codes (UDCs) over the MAAC. UDCs apply to the perma-
nent activity case, where all users are permanently active in
transmitting information, and from the sum of the codewords
transmitted, it is possible to infer the messages transmitted
by each terminal. In that case, the set of codewords assigned
to a user can be associated with different messages, but the
zero codeword cannot be assigned to more than one user.
Such codes are known for the two-users MAAC [33], [34],
and for a rather limited number of simultaneous T users in a
MAAC [35], [36]. It is known that the construction of UDCs
can be related to the coin-weighing problem, as described in
[26], [29], [37]. When only a subset of users is active and
one wants to identify that subset, the problem is known as the
partial activity case (or the m-out-of-t model). In this case,
no more than m users out of t total users are active at any
given time: inactive users transmit a zero vector, representing
silence, while active users send codewords that correspond to
their unique identification. The receiver collects the sum of
these codewords and from it should determine which users
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were active. In this case, we have UDSs, even though some
literature also calls themUDCs (and are also known as alarm-
ing codes [38]). In short, UDSs are UDCs that contain a zero
codeword in the set of codewords of each user, and which is
associated with their inactivity periods [25], [29].

In [39] the author provided a UDC for T users for the
permanent activity case, that can also function as UDSs in the
context of the partial activity case for up to T/2 users, even
though only for a noiseless MAAC. UDSs other than the BCL
ones, have been addressed in: [38], considering the columns
of the parity-check matrix of linear block error correction
codes (ECCs) as signature codes (which due to the properties
of their syndrome calculation allows having a number of
columns with unique sums); in [40], using detection matrices,
and not providing error correcting capability for noisy sum-
sequences; and in [41], allowing for error correcting capabil-
ity but using non-binary sequences with exponential length
on the number of users (due to an embedded Hadamard con-
struction); in [42], with signature sequences constructed from
Pascal’s triangles; and in [43], where the authors construct
UDSs from linear ECCs and extend those sequences via an
Hadamard construction.

Up until now we have discussed the problem of dealing
with random access to the physical channel. Once the random
users gain access, different problems arise, depending on
the terminals’ objectives. For example, [44] deals with the
problem of having massive random access (MRA) to a cen-
tralized that stores a compressed version of the information of
correlated sources, where numerous users randomly request
different data segments. They introduced the so-called incre-
mental coding based extractable compression (IBEC), which
enables a server to store everything once and then quickly
extract just what each user needs without re-enconding the
data, saving time and resources.

To our knowledge, the BCL integer sets have never been
generated and made easily available, so that they could be
tested in a range of systems. This paper constitutes a first step
towards the use of BCL sequences in the MAAC. Our goal is
to provide explicit integer sets, characterize their properties,
and evaluate their behavior under AWGN. The BCL(t,m)
integer sets are computationally obtained and listed in the
present work for the first time. We present lists of BCL(t,m)
integer sets which were feasible to obtain with reasonable
computational complexity (less than 48 hours on CPU Intel
Core I7-12700 at 3.2 GHz). Traditional orthogonal signature
codes, such as Hadamard codes, are known for their robust
error detection capabilities but lack the flexibility needed to
handle dynamic and variable user populations. In contrast,
BCL sequences offer shorter sequence lengths and greater
adaptability, especially when the number of active users is
much smaller than the total user count. In this work, the
identification error performance of BCL sequences are also
analyzed for the first time considering that the receiver only
has access to noisy sums. The failure probability of systems
using UDSs mapped onto a binary antipodal signal such as
binary phase-shift keying (BPSK) is analytically derived and

numerically verified, considering additive white Gaussian
noise (AWGN) at the BS.

II. SYSTEM MODEL
We consider a system with t terminals that apply a random
access protocol to access the channel via (non-orthogonal)
BCL sequences. As will be seen later, such sequences require
the system to be designed for a number of users r ≥ t ,
which is required to be prime. Without loss of generality, we
consider systems with a prime number of users t = r . At a
given time slot, m-out-of-r terminals want to simultaneously
access the channel to signal an alarm or declare that they want
to initiate the transmission of the message. Thus, we always
have m ≤ t ≤ r , and when t < r , we just assume that r − t
users always remain inactive.
A system where m-out-of-r users are active is associated

with a BCL set BCL(r ,m) containing r integer elements, gen-
erated via the BCL construction method. The system operates
at three levels or layers:
i) the Galois field level, over GF(rm), where the integer

sets BCL(r ,m) have the property that any sums of m
di ∈ BCL(r ,m) are different and the sum S(A) uniquely
identifies the terms di and therefore their indexes i ∈ A,
definingA as the set containing the indexes of the active
users;

ii) the logic level, with binary UDSs ui representing the di
integers by 1 + n bits in the adder channel. These n-
bits sequences ui are also UD, and their sums can be
converted to the unique S(A). The extra bit serves to
allow the BS to know the number of active users;

iii) the physical-layer level, where the signature sequences
are mapped onto the {−1,+1} alphabet, resulting in
uniquely decodable sum-vectors where the 1+n channel
symbols after the adder channel are isomorphic to the
sums of theui and can also be converted back to the BCL
integer sums S(A).

Fig. 1 illustrates the system model for transmitting BCL
signature sequences over a multiple access adder channel
(MAAC), considering a slotted-time system, similar to the
one in [16], [41], [43]. Each terminal can be active or inactive,
which is determined by the variable a ∈ {0, 1}. The proba-
bility P(a = 1) is considered to be low, such that the number
of m terminals colliding is small in comparison to the total
number of t terminals. This model can encompass the case of
the wireless access channel, where each terminal has access to
perfect channel state information (CSI) and power control to
compensate for the channel gain. Time division duplex (TDD)
with channel reciprocity is assumed, such that the channel can
be estimated from a reference signal sent from the BS and
inverted, as considered in [2], [19], [20]. Before transmission,
the signature sequences are mapped onto binary phase shift-
keying (BPSK), or, equivalently, to amplitude shift-keying
(ASK).
In this system, each user is assigned a unique integer,

di ∈ BCL(r ,m), which is then converted to binary, leading
to the terminal’s signature sequence ui (a n-bit long vector).
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FIGURE 1. System model for the adder channel using uniquely decodable signature sequences.

This sequence is then mapped to the physical-layer, using
theM mapper, producing vector xi =M(ui), containing n
symbols. Crucially, the unique decodability property of the
di over the adder channel is preserved by both ui and xi
sequences. In fact, the sum S(A) =

∑
i∈A di can also be

obtained either from su =
∑

i∈A ui or from sx =
∑

i∈A xi.
Without loss of generality, we assume that the m active users
are the first ones, i.e.: ai = 1, for i = 1, 2, · · · ,m, and
ai = 0, for i = m + 1,m + 2, · · · , t , holding the respective
signature sequences ui, with i = 1, 2, · · · ,m. At the receiver,
the sum-signal sx is corrupted by additive white Gaussian
noise (AWGN) with zero mean and noise power σ2

n , and can
be written as:

y =

m∑

i=1

xi + n = sx + n. (1)

Given as input the (logic) binary sequences ui, the adder
channel leads to the non-binary vector su =

∑m
i=1 ui, whose

elements su(i) ∈ Su = {0, 1, 2 · · · ,m − 2,m − 1,m},
as exemplified in Figure 2. Hence, the sequences su are in
[GF(m+ 1)]1+n.

0 0 0

0

0 1 00 0 1 1 0 0 1 0 10 1 1 1 1 0 1 1 1

31 2

FIGURE 2. Outputs of the adder channel when adding m = 3 bits, leading
to Su = {0, 1, 2, 3}.

It is easy to see that Su is isomorphic to the set Sx , con-
sisting of the possible values for the elements of the sum-
vector sx =

∑m
i=1 xi, with sx(i) ∈ Sx = {−m,−m +

2,−m + 4, . . . ,m − 4,m − 2,m}. Hence, each su(j) can be
obtained from the individual symbols in the adder channel,
sx(i), by means of the one-to-one mapping su(i)↔ sx(j), for
j = 1, 2, · · · , n. Eventually, the sum-signal vector su at the
logic-level can be converted into the integer sum by applying

S(A) =
n∑

j=1

2n−jsu(j). (2)

A maximum-likelihood (ML) decoder is used to detect
the sum-signal sx at the receiver. The ML detector performs
an exhaustive search over all possible sums of codewords,
selecting the one with the smallest Euclidean distance to the
received signal:

ŝx = arg min
sx ∈ C

||Q(y)− sx ||2, (3)

where C is the set of all possible sum-vectors sx associated
with the unique sums generated by the BCL set BCL(r ,m).
The operator Q(·) denotes the quantization to the set Sx ,
applied in a hard-decision ML decoder. By removing the
quantizing operator Q(·) in (3), one obtains a soft-decision
ML decoder.

III. BOSE-CHOWLA-LINDSTRÖM SIGNATURE SEQUENCES
The known most efficient family of UDSs are the BCL se-
quences [25], [26]. For a system with t users, out of which
m are active, the sequence’s length is n(t,m) ∼ m log t bits
[25], [29], [30], denoting that

lim
m→∞

lim
t→∞

n(t,m)
m log t

≤ 1.

Note that BCL sequences are not necessarily binary, as
they are constructed from integers, that can be mapped onto
different Galois fields [25].
The BCL construction aims at obtaining a set of r ≥ t

integers such that m-out-of-r have uniquely decodable sums,
which are denoted by BCL(r ,m). The construction requires r
to be a prime power (i.e., an integer of the form pi, where p is
prime and i is an integer). To construct a code for t users, one
first generates a code for r ≥ t users, choosing r as a prime
power, and subsequently, one discards r−t integers (i.e., r−t
terminals are considered to be always muted) to produce the
set of integers to be used by the t users. As a consequence
of the prime number theorem, the upper bound r ≤ 2⌈log2 t⌉

can be established, where ⌈x⌉ denotes the first integer that is
larger than x.
For construction, let α be a primitive element of GF(rm),

that is, GF(rm) = {0, α0, α1, · · · , αrm−1}, meaning that
all elements in GF(rm) can be generated by αi. Note that
any primitive element of any Galois field verifies α > 1.
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Let β1, β2, . . . , βr be elements of GF(r). Define integers
d1, d2, . . . , dr such that [30], [25]:

αdi = α+ βi for i = 1, 2, . . . , r . (4)

The primitive elements α and di can be computed using
Python’s Galois fields package. Sinceα is one of the primitive
elements of GF(rm) and α+ βi is a nonzero element, such di
exists for every i. Given that α > 1, the right side of (4) is
> 1, and therefore di ̸= 0. Moreover, recalling the definition
of primitive power, one gets that 0 < di ≤ rm − 1.

In our implementation, the Galois field arithmetic is han-
dled using the Galois library in Python, which allows efficient
computations within finite fields. It begins by defining the
Galois field GF(r), where r is a user-specified prime integer.
This field includes elements β1, β2, . . . , βr , which are stored
in a list for further processing. Next, the procedure defines
the extended Galois field GF(rm) and identifies its primitive
elementsα. These primitive elements are critical, as they form
the basis for calculating the di values for the BCL sets. For
each primitive element α, the library iteratively searches for
integers di such that (4) holds for each element βi in GF(r).
This solution is stored in a dictionary, mapping each primitive
element to its corresponding list of di values.

One crucial characteristic of the numbers d1, d2, ..., dr is
that different sums of exactly m of them cannot coincide.
Defining

S(A) =
m∑

i=1

dai ; S(B) =
m∑

i=1

dbi (5)

then

S(A) = S(B) = S ⇐⇒ {a1, a2, . . . , am} = {b1, b2, . . . , bm}.
(6)

This means that if the sums of two different subsets of m
integers are the same, then these sets must consist of the same
elements and, given the construction in (4), they also appear
in the same order. In short, the sets must be identical.

Let the binary representations of the integers di be denoted
as ui. They have one extra digit 1 to allow the BS to count
the number of users colliding, as mentioned in Section II. It
requires ⌈log2(ℓ+1)⌉ bits to express integers up to ℓ in binary.
Given di < rm − 1 and r ≤ 2⌈log2 t⌉, consequently:

n(t,m) = ⌈log2 (rm − 1)⌉+ 1. (7)

An upper bound for this number is:

n(t,m) = m log2 r + 2 (8)

≤ m⌈log2 t⌉+ 2

≤ (1 + log2 t)m+ 2.

The property in (6) translates to binary sequences, such
that any sum of two binary sequences over the adder channel
leads to a unique sequence that corresponds to the unique
sum in (6) [30], [25]. This is easy to confirm: each bit in the
xi is associated with a weight 2i, depending on its position.
These vectors are added, as defined in (1), and the addition,

performed element-wise, preserves the sums at each weight
2i, such that the sum of the integers, S(A), can also be
obtained using (2).
As an example, let us consider a system with r=5 and

m=2; consequently, the β’s come from the field GF(5)={0,
1, 2, 3, 4} and the di integers belong to GF(52). Table 1
provides the lists of the di integers associated with each of the
primitive elements α of GF(52), that result from (4), which
were computed using Phyton’s Galois field package:

TABLE 1. BCL (r = 5,m = 2) in GF(r m)

r m α di
5 2 5 {1, 22, 15, 2, 17}

9 {1, 17, 14, 15, 10}
10 {1, 8, 4, 17, 3}
13 {1, 3, 17, 16, 20}
15 {1, 3, 17, 16, 20}
17 {1, 8, 4, 17, 3}
20 {1, 17, 14, 15, 10}
21 {1, 22, 15, 2, 17}

In order to preserve the order of the calculation of the di
resulting from the algebraic equation (4) in GF(rm), the inte-
gers di are not sorted in Table 1, but rather listed preserving
the order dictated by the βi. For instance, when considering
the primitive element α = 5 and β = {0, 1, 2, 3, 4}, the
integer set comes ordered as di = {1, 22, 15, 2, 17}. In detail,
operating in GF(52), one has the following equalities:

α1 = α+ 0, α22 = α+ 1, α15 = α+ 2,

α2 = α+ 3, α17 = α+ 4.

In the Appendix we list the integer sets BCL(r ,m) that are
computationally attainable. A summary of those system con-
figurations that can be obtained with reasonable computa-
tional complexity is given in Table 2.

TABLE 2. BCL (r ,m) in GF(r m)

r m
5 3
7 2, 3, 4, 5
11 2, 3, 4, 5, 6
13 2,3
17 2,3
31 2, 3, 4, 5
67 2, 3, 4

IV. BCL VS ORTHOGONAL SIGNATURES
The well-known Hadamard sequences are a set of orthogonal
binary vectors with size 2k bits, k ∈ Z+ [45]. A Hadamard
matrix H of order nH = 2k is a square matrix with elements
in {−1,+1}, with all rows mutually orthogonal. Given a
Hadamard matrix H ∈ {−1,+1}nH×nH , one has H · HT =
nHI, where I is the nH × nH identity matrix. For any pair of
rows in H, hi · hj = 0 for i ̸= j, and hi · hi = nH. We
consider the set of Hadamard signature sequences of length
nH to correspond to the rows of a Hadamard matrix (the
columns could be similarly considered).
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FIGURE 3. Comparison of the number of bits required for signature
sequences using BCL and Hadamard constructions as a function of the
total number of users r and the number of active users m. The stair-step
curves represent nBCL, the bit length of BCL sequences computed using
(7), for m = 2, 3, 4, 5, 6. The black dots indicate nH = r , the length of
Hadamard sequences for r = 2k . The shaded region highlights the range
16 ≤ r ≤ 32 where BCL sequences require fewer bits up to m ≤ 6 active
users. Similar advantages of the BCL sequences in comparison with the
Hadamard sequences (i.e., requiring shorter sequences) can also be seen
for systems with r < 16 users.

In a MAAC for random access based on orthogonal se-
quences, each terminal has a physical-layer sequence xi,
corresponding to the i-th row of H. The identification pro-
cess of the active terminals makes use of the column vector
sx to compute the nH inner products with all the signature
sequences, given by the nH elements of column vector

D = H · sx . (9)

A basic example is provided for the order nH = 4
Hadamard matrix

H =




+1 +1 +1 +1
+1 −1 +1 −1
+1 +1 −1 −1
+1 −1 −1 +1




Suppose that it is the sum of the 2nd and 3ndcolumns. The
MAAC will generate vector sx = [+2, 0, 0,−2]T . To identify
which columns were involved in the sum one computes

D = (H · sx)/nH = [0, 1, 1, 0]T ,

which identifies user 2 and user 3 as the active users.
BCL sequences can be constructed as long as r is a prime

number and m is a positive integer. BCL sequences require
nBCL bits, given by (7) when expressed as a binary sequence.
On the other hand, a system based on Hadamard sequences
needs to be designed for a number of users that is rounded up
to the next power of two (r = 2k ), and the length of those
sequences is nH = r = 2k .

As seen in Fig. 3, the stair curves display BCL signature
codes for varying numbers of active users, ranging from two
to six by using (7), while the black points represent the first
five existing Hadamard signature codes. The dashed lines
show the upper bounds of the BCL sequences, as derived in
(8).

There are two reasons why BCL signature sequences are
preferable to Hadamard ones:

• the set containing the possible maximum number of
users that a Haddamard-based system can accommo-
date is sparser than the one designed based on BCL
sequences. This is a consequence of the set of prime
numbers being denser than the set of the powers of two,
for system sizes of practical interest.

• BCL sequences are shorter than Haddamard sequences
when the number of active users is low compared to the
number of total users in the system (m ≪ r), which is
also expected in practical scenarios.

For instance, consider systems with a number of users in
the shaded region of Fig. 3; if one requires a Hadamard-based
system with more than 16 users, then one is forced to design
the system for a maximum number of users r = 32 users,
implying sequences of length nH = 32. In contrast, BCL
signature codes provide in that region a large selection of
values of r to choose from (i.e., the prime numbers between
16 and 32). Moreover, for various numbers of active users,m,
the sequences require fewer bits, i.e., nBCL < nH. For m =
2, 3, 4, 5, 6, one has, respectively, nBCL = 10, 15, 19, 23, 28
bits, which translates to a significant saving when compared
with the required nH = 32.

V. PERFORMANCE ANALYSIS OF NOISY-SUM DETECTION
We consider a system with m active users transmitting over
a MAAC, where each user independently transmits either+1
or−1with equal probability. The received sum signal y is the
superposition of thesem signals and can be modeled as a non-
uniformM -PAM (M -ary pulse amplitude modulation) signal,
where we makeM ≜ m+1. The corresponding constellation
at the physical layer is symmetric and defined as:

{−m,−m+ 2,−m+ 4, . . . ,m− 2,m}.
This set, denoted as Sx , corresponds to the symbol set of
an M -PAM constellation. Thus, the output sum vectors sx
produced by the adder channel can be interpreted asM -PAM
signals. Each symbol si in the constellation has an associated
energy |si|2, and a transmission probability P(si) determined
by how many binary combinations of ±1 inputs sum to
that value. Therefore, the average symbol energy E{s2x} is
computed as

E{s2x} =
M∑

i=0

|si|2 · P(si). (10)

To illustrate this, consider the case where m = 3. Each
of the three users transmits xi ∈ {−1,+1}, resulting in
23 = 8 combinations. All possible combinations of three
users accessing the MAAC are as follows:



−1 1 −1 1 −1 1 −1 1
−1 −1 1 1 −1 −1 1 1
−1 −1 −1 −1 1 1 1 1




Summing column-wise one gets all the possible outcomes
at the logic level:

sx =
[
−3 −1 −1 +1 −1 +1 +1 +3

]
.
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The amplitudes −1 and +1 appear in three cases, while −3
and +3 appear once. Thus, the corresponding probabilities
are:

P(−3) = P(3) =
1

8
, P(−1) = P(1) =

3

8
.

More generally, the number of ways a specific sum can
occur is governed by a binomial coefficient. Let us look
at the example with m = 3 active users, in which the
maximum sum attainable is +3, when the set of transmitted
signals by the three terminals is {+1,+1,+1}. In fact, only
that combination can reach sx =

∑m
i=1 = +3. The sum

sx =
∑m

i=1 = +1 can be obtained from any of the sets
{−1,+1,+1}, {+1,−1,+1}, {+1,+1,−1}. In general, the
number of ways a given sum (and thus a symbol) can be
generated depends on a binomial coefficient. In the end, the
probability of each sum symbol in the non-uniformM-PAM is
normalized by the total number of possible user transmission
combinations, 2m, to ensure that the sum of the probabilities
equals 1.

The resulting non-uniform PAM signal are described by the
following expressions:

• With m odd:


P(si) =

(
m

m−1
2 − i

)
· 1

2m

si = (2i+ 1)2
for i = 0, . . . ,

m− 1

2
.

(11)
• With m even:



P(si) =

(
m

m
2 − i

)
· 1

2m

si = (2i)2
for i = 1, . . . ,

m
2
. (12)

Due to symmetry in the M -PAM constellation, it is suffi-
cient to compute the contribution to the average energy from
only one half of the spectrum (e.g., the positive amplitudes)
and then double those contributions. That symmetry accounts
for the factor of 2 in both (13) and (14). Accordingly, the
average symbol energy E{s2x} is given by:

• With m odd:

E{s2x} = 2

m−1
2∑

i=0

(2i+ 1)2 ·
(

m
m−1
2 − i

)
· 1

2m
. (13)

• With m even:

E{s2x} = 2

m
2∑

i=1

(2i)2 ·
(

m
m
2 − i

)
· 1

2m
. (14)

Theorem 1: Let m be the number of active users in a BCL-
based non-uniform M -PAM modulation system, where each
active user transmits ±1 independently with equal probabil-
ity. Then, the average symbol energy E{s2x} satisfies

E{s2x} =
M∑

i=0

|si|2 · P(si) = m,

regardless of m being even or odd.

Proof: Let X ∼ Binomial(m, 1
2 ) represent the number of

users transmitting+1. The received symbol can be written as:

si = 2X − m,
yielding the M = m + 1 constellation points {−m,−m +
2, . . . ,m}. LetD =

∣∣X − m
2

∣∣ be the deviation from the center.
When m is even:

|si| = 2D ⇒ |si|2 = 4D2.

Therefore, the average symbol energy is

E{s2x} = E[|si|2] = E[4D2] = 4 · E[D2]. (15)

To compute E[D2], note that:

D2 =
(
X − m

2

)2
,

so

E[D2] = E
[(
X − m

2

)2]
= E[X2]− m · E[X ] + m2

4
. (16)

One now computes the mean and variance of X . Since X ∼
Binomial(m, 1

2 ), we have:

E[X ] = m · 12 =
m
2
, Var(X) = m · 12 ·

(
1− 1

2

)
=
m
4
.

By the definition of variance:

Var(X) = E[X2]− (E[X ])2 = E[X2]− m2

4
,

which implies that

E[X2] = Var(X) +
m2

4
=
m
4
+
m2

4
.

Substituting this into the earlier expression for E[D2] given
in (16):

E[D2] =

(
m
4
+
m2

4

)
− m · m

2
+
m2

4

=

(
m
4
+
m2

4

)
− m2

2
+
m2

4
=
m
4
.

Finally, using (15), the average symbol energy comes as:

E{s2x} = 4 · E[D2] = 4 · m
4

= m.

For odd m, symbol values are±(2i+1) with similar bino-
mial symmetry and an analogous reasoning can be applied.
□
Interestingly, recovering the direct (and traditional) way of

deriving the average signal power, as done in (14) and (13),
one can now ascertain that, for even m:

E{s2x} =
m
2∑

i=1

(2i)2 · 2
(

m
m
2 − i

)
· 1

2m
= m, (17)

and for odd m,

E{s2x} =
m−1
2∑

i=0

(2i+ 1)2 · 2
(

m
m−1
2 − i

)
· 1

2m
= m. (18)
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These expressions allow us to derive performance met-
rics, such as symbol error rate (SER) and block error rate
(BLER), in the presence of AWGN, as presented in Sec-
tion VI. Obtaining the SER depends on the probabilities of
each symbol and on the distance between the amplitude of
the symbols, thus depending on the Q-function, defined as
Q(x) = 1√

2π

∫∞
x e−

λ2

2 dλ. The signal-to-noise ratio (SNR)

per symbol is SNR =
E{s2x }
σ2 = m

σ2 , where σ2 is the noise
variance of a zero mean AWGN, leading to

1

σ
=

√
SNR
m

. (19)

The symbol error rate (SER), Ps, is the weighted sum of the
individual error contributions from each constellation point
si:

Ps =
M∑

i=1

Pe(si) · P(si), (20)

where Pe(si) is the error probability of symbol si.
The symbols in the physical layer of our MAAC constitute

a constellation ofM symbols, separated by a distance∆ = 2.
The outermost symbols in the ‘‘constellation’’ are s1 = −m
and sM = +m, corresponding to the limit cases of having all
the m active users transmitting −1 or +1, correspondingly.
These symbols have only one adjacent neighbor and thus
contribute with a single-sided error probability of the form
Q(∆/2

σ ). In contrast, the inner symbols (i.e., −m + 2 ≤
si ≤ m − 2) have two adjacent neighbors, resulting in two
possible error directions and a corresponding contribution of
2Q(∆/2

σ ).
The probability of the largest symbol in the sum-

constellation is P(si = +m) = 1
2m . Therefore, the probability

of the two outermost symbols, P(si = ±m) = 2
2m . The

probability associated to the remaining (inner) symbols in the
constellation is thus 1− 2

2m . By using both (19) and (20), we
obtain the symbol error rate

Ps =
2

2m
Q

(√
SNR
m

)
+

(
1− 2

2m

)
2Q

(√
SNR
m

)
. (21)

The block error rate (BLER) for the non-uniform M -PAM
signals at the receiver is defined as the probability that at least
one symbol in a block of n symbols are incorrectly received.
The probability that a symbol is received correctly is (1− Ps)
and the probability that all n symbols in a block are correctly
received is (1− Ps)n. Therefore,

BLER = 1− (1− Ps)n (22)

Finally, the probability density function (pdf) for the ran-
dom variable that makes theM -PAM signal-type observed in
the physical layer of the MAAC is

pS(s) =
M−1∑

i=0

P (si) δ (s− si) . (23)

VI. SIMULATION RESULT
In this section, we evaluate the performance of BCL signature
sequences under noisy channel for various system config-
urations, such that the non-uniform M -PAM arising in the
MAAC are corrupted by AWGN. We investigate three key
performance metrics as functions of the SNR, SER, BLER,
and identification error rate (IDER), which is defined as the
probability that at least one active user is incorrectly detected.
Two (r ,m) example systems are numerically evaluated via
Monte Carlo simulation with 10p+2 simulation events run
when measuring probabilities of the order 10−p.
Expressions (11) and (12) are applied in two representative

cases, one with an odd number of active users and another
with an even number. The first case gives rise to a non-
uniform 4-PAM signal, while the second leads to a 7-PAM
signal. Performance is assessed using both hard and soft-
ML detection techniques, as explained in Section II: in the
hard-ML system, the received signal is first quantized before
detection, while in the soft-ML case, the unquantized received
values are utilized directly in the distance calculation.

A. ODD ACTIVE USER CONFIGURATION: r = 5, m = 3

In this configuration, the MAAC leads to a non-uniform 4-
PAM signal with values {−3,−1,+1,+3}. These arise from
all possible±1 combinations among three users. The symbol
probabilities are P(±1) = 3/8 and P(±3) = 1/8, which,
from (13), yield an average symbol energy E{s2x} = 3. The
PDF of this constellation is depicted in Fig. 4. Fig. 5 shows the
SER, BLER, and IDER versus SNR for both hard and soft-
ML detection. As illustrated in Fig. 4, the SER is computed
step by step by summing the individual error contributions
from each constellation point, weighted by their respective
probabilities:

Ps =
(
1

8
+

1

8

)
Q

(√
SNR
3

)
+

(
3

8
+

3

8

)
· 2Q

(√
SNR
3

)

=
7

4
Q

(√
SNR
3

)
.

(24)
This result aligns with the general SER formulation in (21).
The BLER is calculated from (22) with a block length

nBCL = 8. The simulation results match the derived theoreti-
cal expressions and also demonstrate the performance benefit
of soft-ML decoding.

B. EVEN ACTIVE USER CONFIGURATION: r = 11, m = 6

In this scenario, the MAAC creates a non-uniform 7-PAM
signal with constellation points {−6,−4,−2, 0,+2,+4,+6}
with probabilities: P(0) = 20

64 , P(±2) = 15
64 , P(±4) =

6
64 , P(±6) = 1

64 , given by (12). The average symbol en-
ergy is E{s2x} = 6. Fig. 6 illustrates the resulting distribution.
Based on the constellation depicted in Fig. 6, the SER is
below obtained by aggregating the error contributions of each
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FIGURE 4. PDF of the non-uniform 4-PAM signal resulting from a
BCL-based MAAC system with parameters r = 5, m = 3, and sequence
length nBCL = 8. The constellation symbols are {−3,−1,+1,+3} with
corresponding probabilities obtained from (11).
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FIGURE 5. Symbol error rate (SER), block error rate (BLER), and
identification error rate (IDER) as a function of signal-to-noise ratio (SNR)
for the non-uniform 4-PAM modulation system with BCL sequences
(r = 5,m = 3, nBCL = 8). The theoretical SER is calculated using (24) and
the theoretical BLER using (22).

symbol, weighted by their probabilities:

Ps =
(

1

64
+

1

64

)
Q

(√
SNR
6

)

+

(
6

64
+

6

64
+

15

64
+

15

64
+

20

64

)
· 2Q

(√
SNR
6

)

=
63

32
Q

(√
SNR
6

)
.

(25)
This particular expression is also consistent with the general
expression (21).

The BLER can follow accordingly, using (22) with nBCL =
22. Fig. 7 presents the performances, confirming again that
soft decoding significantly improves detection accuracy.

The results confirm that the analytical expressions for SER
and BLER accurately model the performance of the system
under AWGN. Both evaluated cases, with odd and even num-
bers of active users, illustrate that BCL sequences provide
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FIGURE 6. PDF of the non-uniform 7-PAM signal resulting from a
BCL-based MAAC system with r = 11, m = 6, and sequence length
nBCL = 22. The constellation symbols are {−6,−4,−2, 0,+2,+4,+6} with
associated probabilities obtained from (12).
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FIGURE 7. Symbol error rate (SER), block error rate (BLER) and
identification error rate (IDER) as a function of signal-to-noise ratio (SNR)
for the non-uniform 7-PAM modulation system with BCL sequences
(r = 11,m = 6, nBCL = 22). The theoretical SER is calculated using (25) and
the theoretical BLER using (22).

reliable user identification in noisy conditions. As expected,
soft-ML detection outperforms hard detection. Furthermore,
IDER remains low across practical SNR values, demonstrat-
ing the feasibility of using BCL sequences in grant-free ran-
dom access systems.

It is crucial to note that the BLER measures the errors
caused by noise in the received sequence while the IDER
measures the error after comparing the received sequence y
with all the possible sum-sequences sx , as stipulated in (3).
Because not all sum-sequences sx are valid and they constitute
a finite set, the BCL sequences can in fact be seen as a non-
linear error correction code operating with maximum likeli-
hood decoding. On can see in Fig. 5 a 1.4 dB (asymptotic)
gain, measured between the BLER and the two IDER curves.
In this case, the soft decoder is only able to add an extra gain
in the very-low SNR regime. The reason for soft MLD not
offering a significant gain in this case is due to the shortness
of the sequences, with are only nBCL = 8 symbols long.
In contrast, Fig. 7 reveals a much larger 7 dB gain between
the BLER and the hard-decoded IDER curves, demonstrating
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the effectiveness of hard decoding in significantly reducing
the identification error rate when longer sequences are used.
In the same scenario, soft MLD also achieves a 2.2 dB im-
provement over hard MLD, taking advantage of the increased
sequence length nBCL = 22, which leads to finding the correct
sum-sequence by averaging out the 22 distance coordinates in
(3).

VII. CONCLUSIONS
This paper presents the construction and analysis of Bose-
Chowla-Lindström (BCL) uniquely decodable signature se-
quences for use in the noisy multiple access adder channel
(MAAC). The paper presents for the first time the BCL sets
of unique-sum integers and, by mapping them onto binary
sequences, applied them to the MAAC with AWGN. The
error performance was studied using a general analytical
framework for uniformly distributed random sequences, with
the simulation results of systems with BCL sequences en-
tirely matching those analytical expressions. This study can
serve as a basis for future extensions considering fading
channels and combined with random-access protocols. These
sequences are particularly well suited for grant-free random
access scenarios with partial user activity (m out of t), as
they enable a reliable identification of active users from the
sum-in-the-air of their transmitted signals. We showed that
these sequences give rise to symbol sequences that can be
interpreted as a non-uniform M -PAM signal, and we derived
expressions for performance metrics, including symbol error
rate (SER), block error rate (BLER), and identification error
rate (IDER). The simulation results, covering examples with
an odd and an even numbers of active users, confirmed the
analytical expressions and demonstrated the benefits of soft
maximum likelihood detection (MLD) over hard detection
when the sequences are longer. Compared to traditional or-
thogonal codes, such as Hadamard sequences, BCL signature
sequences are shorter and provide improved flexibility, par-
ticularly in sparse user activity scenarios. This makes them
well-suited for ultra-reliable low-latency communications
(URLLC), massive machine-type communications (mMTC),
and grant-free random access protocols for IoT. An important
open research problem is to find the the error correcting
capability of these sequences over the MAAC, interpreting
the valid sum-sequences as a non-linear code. Most impor-
tantly, the derived BCL integer sets that are explicitly listed
in this work, given their unique-sum property, can potentially
find applications in various contexts, much beyond that of
communication systems.

APPENDIX A
In the appendix, we present the sets of BCL integers di
that have been computationally generated for different fields
GF(rm), where r is a prime number andm is a positive integer.
A Galois field GF(rm) can have numerous primitive elements
in the range r < α < rm. For concision, in this appendix
we present the sets for the ten first primitive elements of each

field, except in the cases where the computational complexity
became infeasible.

TABLE 3. BCL (r = 5,m = 3) in GF(r m)

r m α di
5 3 5 {1, 96, 76, 119, 103}

8 {1, 29, 99, 80, 84}
9 {1, 59, 84, 20, 77}
12 {1, 86, 77, 52, 50}
14 {1, 20, 86, 29, 14}
16 {1, 76, 29, 24, 82}
18 {1, 112, 114, 77, 24}
20 {1, 103, 119, 14, 34}
21 {1, 77, 82, 22, 59}
22 {1, 22, 18, 99, 29}

TABLE 4. BCL (r = 7,m = 2) in GF(r m)

r m α di
7 2 7 {1, 5, 38, 36, 2, 11, 31}

8 {1, 46, 36, 10, 31, 35, 29}
12 {1, 29, 35, 31, 34, 12, 22}
13 {1, 31, 11, 26, 12, 14, 5}
14 {1, 18, 21, 27, 6, 31, 20}
19 {1, 44, 31, 30, 27, 21, 42}
22 {1, 20, 31, 45, 46, 10, 3}
24 {1, 3, 34, 22, 45, 31, 44}
32 {1, 20, 31, 45, 46, 10, 3}
34 {1, 3, 34, 22, 45, 31, 44}

TABLE 5. BCL (r = 7,m = 3) in GF(r m)

r m α di
7 3 7 {1, 83, 72, 22, 291, 273, 55}

8 {1, 108, 128, 123, 267, 149,
239}

13 {1, 199, 101, 306, 274, 111,
291}

14 {1, 63, 311, 45, 186, 55, 22}
16 {1, 153, 336, 263, 242, 11, 9}
19 {1, 274, 199, 225, 329, 63, 78}
23 {1, 110, 88, 78, 309, 70, 186}
28 {1, 300, 177, 55, 197, 22, 159}

31 {1, 215, 274, 177, 199, 192,
339}

32 {1, 14, 39, 125, 222, 237, 35}

TABLE 6. BCL (r = 7,m = 4) in GF(r m)

r m α di
7 4 7 {1, 419, 2395, 47, 264, 1367, 2313}

8 {1, 905, 613, 1656, 1693, 1827, 779}

10 {1, 312, 1561, 1479, 1583, 877,
1685}

12 {1, 639, 1703, 757, 1085, 841, 792}
16 {1, 1693, 105, 227, 613, 2379, 56}
17 {1, 285, 1439, 841, 903, 1592, 757}
19 {1, 119, 1977, 328, 1163, 959, 2115}
20 {1, 783, 1112, 877, 1561, 885, 2279}

21 {1, 567, 1647, 2019, 713, 2264,
2395}

25 {1, 1528, 515, 377, 159, 1719, 363}
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TABLE 7. BCL (r = 7,m = 5) in GF(r m)

r m α di
7 5 7 {1, 12071, 12380, 9244, 8408, 13714, 4038}

8 {1, 4576, 12914, 5812, 15788, 1536, 2843}
14 {1, 14010, 867, 13714, 1176, 15242, 9244}
25 {1, 13097, 995, 15504, 747, 5811, 8372}
26 {1, 10879, 10644, 3303, 2409, 7456, 10331}
27 {1, 14136, 12297, 14937, 9940, 10793, 655}
32 {1, 1710, 4584, 8445, 4576, 5812, 12740}
36 {1, 1367, 10083, 1585, 10842, 16413, 7204}
37 {1, 6597, 11951, 13974, 1893, 9902, 209}
39 {1, 7938, 11589, 2878, 8737, 11219, 14925}

TABLE 8. BCL (r = 11,m = 2) in GF(r m)

r m α di
11 2 11 {1, 27, 58, 80, 100, 98, 117, 71, 65, 66, 55}

18 {1, 55, 6, 65, 71, 117, 38, 40, 20, 118, 27}
22 {1, 93, 3, 71, 70, 89, 44, 6, 64, 79, 110}
25 {1, 50, 79, 4, 66, 104, 89, 10, 71, 3, 93}
27 {1, 76, 54, 56, 71, 70, 89, 117, 27, 79, 110}
31 {1, 50, 79, 27, 117, 89, 10, 71, 116, 114, 16}
33 {1, 28, 113, 99, 2, 66, 82, 69, 103, 8, 71}
35 {1, 3, 34, 42, 74, 93, 71, 16, 7, 17, 116}
41 {1, 56, 17, 7, 76, 71, 93, 14, 102, 94, 3}
43 {1, 71, 68, 103, 69, 22, 6, 62, 99, 113, 88}

TABLE 9. BCL (r = 11, m = 3) in GF(r m)

r m α di
11 3 11 {1, 1214, 238, 21, 523, 324, 65, 1137, 111, 100, 535}

15 {1, 1028, 1175, 849, 697, 580, 975, 857, 338, 476, 707}
18 {1, 723, 220, 645, 1013, 862, 364, 1323, 459, 1032, 675}
19 {1, 600, 1215, 671, 634, 98, 791, 1143, 614, 1055, 837}
24 {1, 1170, 413, 562, 322, 1109, 508, 274, 731, 712, 794}
29 {1, 762, 1076, 99, 1068, 526, 999, 1090, 287, 178, 1148}
32 {1, 172, 274, 131, 320, 903, 472, 952, 309, 48, 1314}
34 {1, 165, 604, 1294, 1112, 476, 377, 177, 175, 583, 325}
40 {1, 131, 385, 439, 1285, 1203, 325, 432, 582, 1086, 728}
41 {1, 805, 379, 355, 263, 835, 582, 1172, 1186, 168, 731}

TABLE 10. BCL (r = 11, m = 4) in GF(r m)

r m α di

11 4 11 {1, 12130, 2803, 5442, 1164, 5677, 9463, 7043, 8166, 502,
7175}

13 {1, 9654, 7908, 3679, 5101, 1841, 12162, 7234, 2285, 13867,
7750}

16 {1, 12019, 14159, 4878, 766, 3395, 9013, 10810, 9439, 4746,
8892}

17 {1, 7781, 6282, 4714, 13745, 13687, 5710, 7861, 10974, 3348,
6619}

18 {1, 14082, 13634, 12685, 8747, 5030, 10481, 6534, 6708,
12479, 12941}

23 {1, 10102, 7781, 7861, 1890, 12438, 6178, 1884, 10817, 763,
1975}

25 {1, 10481, 9690, 7998, 458, 5244, 9757, 6623, 11675, 12941,
9422}

26 {1, 7770, 11118, 8698, 6444, 13997, 12463, 2155, 5101,
12142, 1841}

31 {1, 9179, 2615, 7073, 8246, 3253, 12773, 1650, 2214, 11234,
3132}

32 {1, 6085, 307, 12274, 2447, 12367, 9270, 12066, 8086, 7428,
12179}

TABLE 11. BCL (r = 11, m = 5, 6) in GF(r m)

r m α di

11 5 11 {1, 149272, 31984, 145800, 113093, 121759, 129602, 139759,
15255, 79817, 49461}

6 11 {1, 101410, 703772, 279323, 1053498, 1565140, 1622352,
633225, 820891, 1765613, 1042680}

TABLE 12. BCL (r = 13,m = 2) in GF(r m)

r m α di
13 2 13 {1, 110, 87, 48, 164, 65, 21, 89, 32, 36, 39, 2, 97}

18 {1, 21, 97, 16, 60, 135, 106, 17, 137, 118, 159, 24, 124}
20 {1, 40, 108, 159, 34, 137, 17, 22, 135, 144, 100, 97, 21}
25 {1, 97, 86, 39, 120, 116, 89, 21, 65, 80, 132, 87, 26}
27 {1, 148, 82, 107, 38, 74, 131, 142, 160, 97, 81, 77, 129}
30 {1, 82, 142, 97, 50, 80, 59, 51, 7, 75, 11, 116, 62}
33 {1, 146, 32, 11, 75, 7, 51, 59, 164, 134, 97, 58, 166}
36 {1, 129, 77, 81, 97, 76, 58, 131, 158, 122, 107, 166, 64}
41 {1, 118, 23, 77, 47, 106, 97, 80, 129, 16, 124, 81, 116}
43 {1, 91, 97, 158, 143, 40, 159, 8, 20, 135, 100, 95, 122}

TABLE 13. BCL (r = 13,m = 3) in GF(r m)

r m α di

13 3 13 {1, 1713, 1560, 1688, 1064, 1811, 908, 651, 802, 1887, 207,
1516, 918}

18 {1, 1840, 717, 266, 1461, 1665, 344, 414, 1175, 1239, 1536,
412, 676}

29 {1, 519, 1206, 479, 1182, 1223, 1219, 818, 1749, 311, 1864,
906, 780}

32 {1, 438, 1057, 461, 1102, 375, 1321, 1040, 1038, 2028, 1247,
1569, 1818}

34 {1, 1301, 2062, 339, 2137, 296, 2010, 1236, 1871, 417, 1134,
241, 150}

35 {1, 1622, 1911, 665, 88, 2022, 2148, 1951, 213, 990, 1229,
282, 1217}

38 {1, 1856, 822, 984, 1271, 849, 18, 517, 258, 1861, 1169, 970,
627}

39 {1, 423, 1079, 249, 939, 176, 96, 1516, 1383, 956, 1650, 802,
332}

41 {1, 507, 933, 1840, 804, 1076, 2181, 412, 1878, 998, 676,
1907, 729}

52 {1, 1671, 2115, 698, 981, 418, 1900, 347, 1926, 1284, 1155,
542, 1322}

TABLE 14. BCL (r = 17,m = 2) in GF(r m)

r m α di

17 2 17 {1, 229, 178, 150, 191, 152, 87, 266, 171, 58, 183, 136, 223,
102, 2, 5, 161}

18 {1, 202, 222, 275, 56, 267, 98, 207, 82, 75, 232, 211, 174, 122,
161, 173, 205}

21 {1, 40, 201, 214, 117, 38, 105, 248, 161, 186, 190, 187, 31, 95,
155, 206, 138}

29 {1, 282, 62, 155, 95, 31, 187, 46, 42, 161, 104, 105, 182, 117,
70, 201, 184}

32 {1, 205, 173, 161, 266, 30, 211, 88, 75, 226, 207, 242, 267,
200, 275, 78, 58}

33 {1, 161, 5, 146, 246, 223, 280, 183, 202, 171, 122, 87, 8, 191,
6, 34, 229}

34 {1, 238, 85, 111, 70, 244, 186, 151, 119, 138, 260, 182, 15,
149, 158, 161, 243}

36 {1, 147, 238, 196, 114, 283, 59, 66, 20, 158, 51, 161, 134, 29,
135, 61, 118}

41 {1, 161, 102, 284, 26, 105, 83, 146, 167, 261, 103, 34, 115,
201, 10, 76, 150}

42 {1, 6, 220, 154, 201, 115, 178, 103, 261, 167, 2, 83, 105, 170,
140, 246, 161}
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TABLE 15. BCL (r = 17,m = 3) in GF(r m)

r m α di

17 3 17 {1, 4597, 4660, 4120, 1345, 1385, 4284, 644, 836, 4067, 3475,
1278, 2962, 3873, 2459, 3203, 2800}

18 {1, 2948, 2248, 1789, 1477, 3916, 2836, 356, 4135, 4823, 838,
474, 2701, 959, 3015, 2720, 4413}

21 {1, 841, 1548, 3700, 2820, 675, 2979, 4734, 802, 3969, 1291,
2179, 4768, 1249, 4437, 4532, 3016}

29 {1, 4908, 1412, 3572, 4539, 1563, 2558, 2162, 361, 3027,
2187, 800, 3465, 3901, 1156, 1528, 3849}

32 {1, 4065, 138, 758, 3739, 4601, 1153, 2816, 715, 727, 1564,
3512, 3835, 2963, 2884, 3644, 3388}

33 {1, 3578, 4134, 1515, 1369, 1953, 3888, 1275, 1159, 2892,
2072, 587, 2467, 4868, 796, 4908, 3265}

34 {1, 3723, 3571, 2016, 3697, 4501, 1636, 4440, 1521, 2041,
1660, 3460, 1044, 67, 2195, 4334, 1666}

36 {1, 249, 4208, 819, 2351, 4828, 4648, 1267, 4555, 1428, 1852,
1916, 537, 1977, 426, 4262, 3747}

41 {1, 4416, 891, 4231, 1420, 1656, 4779, 1123, 420, 4012, 3164,
3553, 1665, 4026, 1398, 2619, 217}

42 {1, 2839, 2141, 2247, 362, 664, 2278, 4804, 1345, 3873, 1385,
1231, 4898, 1975, 1258, 958, 1450}

TABLE 16. BCL (r = 31,m = 2, 3, 4, 5) in GF(r m)

r m α di

31 2 31
{1, 655, 23, 146, 573, 508, 38, 408, 779, 332, 345, 557, 726,
709, 194, 734, 379, 906, 467, 615, 212, 629, 648, 698, 868, 3,
206, 233, 625, 511, 624}

3 31

{1, 3080, 19301, 20334, 4892, 25142, 6162, 14029, 2283,
6436, 5549, 10189, 10468, 24439, 16644, 2992, 19437, 1488,
17470, 5175, 15130, 26436, 1742, 6314, 7120, 6759, 19156,
20086, 14898, 3133, 22500}

4 31

{1, 446567, 400155, 219870, 146135, 471241, 476282,
266729, 421472, 262179, 479455, 254531, 658887, 226374,
923004, 389815, 250709, 795186, 494451, 785358, 868213,
324006, 709018, 478267, 79516, 525951, 76542, 514785,
850158, 782610, 468627}

5 31

{1, 10342133, 9604646, 15264964, 16223190, 20012610,
18106802, 7238195, 11511369, 3708129, 18108920,
14120023, 4186988, 26216728, 26092301, 14986702,
24669807, 18097153, 1939695, 13891837, 4963721,
25706100, 5121522, 2907072, 15948053, 354646, 2686880,
7697960, 19164236, 20302054, 21358055}

TABLE 17. BCL (r = 67,m = 2, 3, 4) in GF(r m)

r m α di

67 2 67

{1, 1673, 4380, 292, 1385, 1568, 1038, 2153, 3413, 2859,
3567, 626, 2630, 654, 189, 868, 1504, 4068, 629, 1936, 349,
3543, 1661, 3449, 398, 2359, 3327, 38, 1371, 3560, 2242,
1638, 4278, 4354, 2900, 4341, 302, 753, 3217, 1982, 4439,
1331, 1761, 3187, 1804, 3995, 1032, 4276, 2056, 1443, 1182,
3422, 3794, 3369, 813, 2027, 2879, 4470, 4076, 791, 3856,
3984, 2135, 2311, 33, 34, 4455}

3 67

{1, 285066, 165390, 104198, 1282, 165094, 51537, 188715,
95522, 33373, 54763, 34554, 205910, 262779, 5284, 221197,
258474, 4590, 258881, 61865, 67506, 183360, 268866,
193607, 220175, 217607, 281189, 111066, 81815, 279519,
108950, 135751, 221068, 28356, 14702, 23734, 262271,
97194, 294451, 124908, 178556, 90582, 29362, 283426,
272544, 187782, 286818, 120344, 97356, 74346, 56009,
111587, 141038, 80792, 264873, 180305, 49013, 279336,
261982, 204363, 47134, 196759, 290047, 173293, 65844,
236458, 264576}
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Chapter 6

Conclusions and future research

6.1 Main conclusions

This dissertation examined advanced signal processing and coding strategies designed to en-
able ultra-reliable and low-latency communications (URLLC) in emerging wireless machine-
type communication (MTC) systems, where the simultaneous demands of sub-millisecond
latency and extremely high reliability render conventional long-blocklength and iterative cod-
ing techniques inadequate. The central motivation of this work was therefore to search for
physical-layer structures both in coding and in signal processing to develop a cohesive fam-
ily of finite-blocklength coding and signal-processing methodologies including coded massive
MIMO (mMIMO) with random linear code (RLC) and guessing random additive noise de-
coding (GRAND), symbol-level GRAND with antenna sorting, constrained noise-guessing for
low-density parity-check (LDPC) codes, and uniquely decodable BCL signature sequences that
collectively represent the feasibility of achieving close to maximum-likelihood (ML) detec-
tion performance at short blocklengths without incurring the prohibitive complexity typically
associated with ML decoding.

The first contribution of this dissertation is that RLCs combined with the GRAND framework
offer a powerful and practically implementable solution for URLLC, particularly in spatially
multiplexed mMIMO systems. By reframing decoding around the noise rather than the code
structure, GRAND achieves fast, maximum-likelihood performance in the short-blocklength
regime, where traditional long-code asymptotics break down, and classical decoders incur
prohibitive complexity. The research demonstrates 3.5 – 4.7 dB BLER improvements over
polar codes and significantly reduced average decoding complexity. Moreover, the synergy
between mMIMO’s spatial regularization and GRAND’s noise-centric philosophy reveals that
massive MIMO inherently acts as a reliability amplifier, enabling short-block coding to operate
far beyond its conventional limits, even under high-order QAM and single-shot transmission
conditions.
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The second contribution advanced the decoding strategy by introducing constrained symbol-
level noise-guessing coupled with antenna sorting, designed for mMIMO systems. The proposed
symbol-level GRAND framework, augmented with zero-forcing (ZF) or minimum mean square
error (MMSE)-detection with antenna sorting, shows that carefully exploiting channel-state in-
formation significantly reduces the search space of symbol-error structures. A precise analytical
characterization of symbol-error structures, combined with SNR-indexed lookup tables, yields
a principled ordering of admissible error patterns, while a newly developed lightweight mem-
bership test efficiently filters out infeasible candidates before they enter the guessing sequence.
Collectively, these mechanisms enable search-space reductions exceeding 90% without sacri-
ficing ML optimality and establishing symbol-level GRAND as a practical, high-performance
solution for next-generation URLLC systems.

The third contribution addressed the challenge of noise-guessing decoding to short codes
by beginning with set-partitioning GRAND (SP-GRAND), introduced as a general decoding
mechanism applicable to any linear block code. When first applied to random linear codes,
SP-GRAND reduced complexity by constructing error patterns from Cartesian products of par-
titioned position sets. Although sparsifying RLC parity-check matrices accelerates this process,
the results showed that such sparsity severely harms minimum distance, causing substantial
BLER degradation, sometimes worse than uncoded transmission, thereby revealing a funda-
mental performance limitation of sparse RLCs. This motivated a transition to short, regular, and
quasi-regular LDPC codes, with fixed column weights in the parity-check matrix. Two LDPC-
driven mechanisms were then developed: sieving-GRAND, which uses the “fingerprints” of the
columns of the H on the syndrome to filter likely error positions, and largely constrained GRAND
(LC-GRAND), which eliminates the infeasible error patterns using zero-syndrome constraints.
When combined with the general set-partitioning framework, these constraints reduce over 99%
of membership tests while preserving maximum-likelihood performances. Overall, this strand
showed that while sparse RLCs cannot sustain reliability under constrained guessing, LDPC
codes paired with SP-GRAND, sieving, and large constraints enable practical ML decoding at
short blocklengths, making them strong candidates for URLLC applications.

The fourth contribution focuses on the construction and analysis of Bose–Chowla–Lindström
(BCL) uniquely decodable signature sequences for the noisy multiple-access adder channel
(MAAC). These sequences guarantee that the sum of up to 𝑚 active users produces a unique
signature, enabling reliable identification of active users even in the presence of noise. For the
first time, explicit algebraic BCL integer sets with the required sum of 𝑚 uniqueness proper-
ties were constructed and mapped to short non-uniform 𝑀-PAM–like sequences. Analytical
expressions for symbol error rate (SER), block error rate (BLER), and identification error rate
(IDER) revealed significant performance benefits, including SNR gains of up to 7 dB for longer
sequences. These results confirm that BCL sequences serve as inherently collision-resolving,
making them strong candidates for practical wireless communication systems.

101



Conclusions and future research

Taken together, these contributions form an integrated set of physical-layer tools that bring
short-blocklength, high-reliability, and low-latency operation into alignment. The thesis shows
that noise-centric decoding (via GRAND and its constrained variants), when matched with
appropriate code structures (RLCs and short LDPC) and with signal-processing techniques
(ZF / MMSE mMIMO and antenna-sorting), can reshape the complexity-reliability tradeoff in
short-blocklength communication. Likewise, the BCL-based UD sequences demonstrate that
algebraic combinatorial designs can play a decisive role in enabling and reliable grant-free
access in next-generation MTC systems.

Overall, this dissertation provides a unified perspective on how decoding algorithms, coding
structures, and multi-antenna signal processing can be co-designed to meet the specifications
of URLLC and massive machine-type communications. The resulting techniques not only
outperform existing 5G-NR baselines but also expand the theoretical understanding of what
is achievable within finite-blocklength and multi-user regimes. These contributions lay the
groundwork for future physical-layer designs that can fully exploit short-packet communications
while ensuring stringent reliability and latency requirements.

6.2 Future research proposals

While this dissertation establishes noise-centric decoding and constrained GRAND frameworks
as viable physical-layer solutions for short-blocklength URLLC and massive machine-type
communications, several promising research directions remain open and warrant further inves-
tigation.

1) Hardware-Aware and Low-Power Implementations of GRAND Decoders

A critical next step is the translation of constrained GRAND algorithms into hardware-
efficient architectures suitable for real-time deployment in 6G base stations and edge devices.
Although the proposed methods significantly reduce average decoding complexity, future work
should focus on memory access patterns and energy-per-decode metrics. In particular, mapping
antenna-sorted and symbol-level GRAND to massively parallel architectures could reduce the
average decoding latency while preserving ML optimality under URLLC constraints.

2) GRAND Decoding under Imperfect Channel State Information

The symbol-level GRAND and antenna-sorting framework developed in Chapter 3 relies
on symbol-reliability metrics derived from post-detection effective SNRs under ZF or MMSE
processing. This approach is well justified under strong channel hardening and reliable chan-
nel estimation. However, in practical 6G deployments, particularly under short sequences,
high mobility, or massive connectivity, channel state information (CSI) is inevitably imper-
fect. Future work should therefore focus on extending antenna sorting and constraint design to
explicitly account for imperfect CSI. Rather than relying on point estimates of post-detection
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SNR, uncertainty-aware or probabilistic reliability metrics could be incorporated into the noise-
guessing order and constraint selection, allowing GRAND to maintain near-ML performance
while preserving low-latency under imperfect CSI conditions.

3) Extension to Non-Orthogonal and Cell-Free Massive MIMO Architectures

Future 6G systems are expected to rely heavily on cell-free massive MIMO and non-
orthogonal multiple access (NOMA) paradigms. Extending the proposed antenna-sorting and
constrained symbol-level GRAND techniques to distributed antenna systems and cooperative
multi-point reception remains an open challenge. In such settings, decoding must operate un-
der spatially distributed observations and heterogeneous link qualities, requiring new reliability
metrics and decentralized constraint mechanisms within the noise-guessing framework.

4) Extension to Larger Blocklengths and Higher-Order Error Events

While this dissertation has primarily focused on short blocklengths (typically 𝑛 = 128) and
low error-weight regimes (up to 𝑡 = 3), an important direction for future research is the extension
of the proposed decoding frameworks to larger blocklengths, such as 𝑛 = 256, 𝑛 = 512, and
beyond, together with the consideration of higher-order error events (e.g., 𝑡 = 4 and above as long
as the code holds a 𝑑𝑚𝑖𝑛 ≥ 2𝑡 + 1). Investigating this regime would provide deeper insight into
the scalability of constrained GRAND techniques and their associated complexity–performance
trade-offs as both blocklength and error multiplicity increase. Such an extension is particularly
relevant for emerging 6G scenarios in which slightly longer packets may be acceptable, provided
that ultra-high reliability requirements are maintained.

5) Generalization to Soft-Input and Soft-Output Decoding

All GRAND-based decoding strategies developed and evaluated in this dissertation are based
on hard-decision inputs. While hard-input decoding offers simplicity and deterministic latency,
it discards valuable reliability information available at the receiver. A natural and promising
extension of this work is the generalization of the proposed GRAND-based and constrained
decoding techniques to soft-input, and, potentially, soft-output [69]. By incorporating soft in-
formation such as symbol reliabilities, log-likelihood ratios, or Euclidean distance metrics, the
decoder may further improve error performance and reduce the number of required noise, par-
ticularly in ultra-reliable operating regimes. Exploring how the proposed constraints, antenna
ordering strategies, and noise-guessing mechanisms can be adapted to exploit soft information
constitutes an important way for future research.

6) Comparative and Cross-Layer Analysis of BCL Signature Sequences

A natural extension of this work is the comparative evaluation of the proposed BCL-based
uniquely decodable signature sequences against alternative non-orthogonal signature designs
within an integrated communication system. While the present study focuses on the physical-
layer properties of BCL sequences under noisy adder-channel models, future research should
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investigate their performance in fading channels and end-to-end grant-free random access ar-
chitectures, considering interactions with higher-layer mechanisms. In particular, comparative
studies that incorporate medium access control (MAC) layer procedures, such as user activity
detection, collision resolution, scheduling policies, and retransmission strategies, would provide
deeper insight into the system-level trade-offs between reliability, latency, and scalability. Such
a cross-layer perspective is essential to assess the practical viability of BCL-based signatures in
realistic 6G massive machine-type communication scenarios.
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